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F was a laudable cuſtom among the ancient 
s Geometers, and very worthy to be imitated by 
their Succeſſors, to addreſs their Mathematical 
7 — labours, not ſo much to Men of eminent rank 
5. ſtation in the world, as to Perſons of diftinguiſh'd 
merit and proficience in the ſame Studies. For they knew 
very well, that ſuch only could be competent Judges of 
their Works, and would receive them with the eſteem 
they might deſerve. So far at leaſt I can copy after thoſe 
great Originals, as to chuſe a Patron for theſe Speculations, 
whoſe known skill and abilities in ſuch matters will enable 
him to judge, and whoſe known candor will incline him 
to judge favourably, of the ſhare I have had in the preſent 
performance. For as to the fundamental part of the 
Work, of which I am only the Interpreter, I know it 
cannot but pleaſe you ; it will need no protection, nor 
can it receive a greater recommendation, than to bear the 
name of its illuſtrious Author. However, it very naturally 
applies itſelf to you, who had the honour (for Jam ſure 
you think it ſo) of the Author's friendthip and familiarity 
in his life-time; who had his own conſent to publiſh an 
elegant edition of ſome of his pieces, of a nature not very 
different from this; and wha have ſa juſt an eſteem for, 
as well as knowledge of, his other moſt ſublime, moſt 

admirable, and juſtly celebrated Works. 
3 But 


— 
— —ũ—ũ4 ——— — 


1 aao. 


But beſides theſe motives of a publick nature, I had 


others that more nearly concern myſell. The many per- 
ſonal obligations I have received from you, and your ge- 
nerous manner of conferring them, require all the teſti- 
monies of gratitude in my power. Among the reſt, give 
me leave to mention one, (tho' it be a privilege I have 


enjoy'd in common with many others, who. have the hap- 


pineſs of your acquaintance,) which is, the free acceſs you 
have always allow'd me, to your copious Collection of 
whatever is choice and excellent in the Mathematicks, 
Your judgment and induſtry, in collecting thoſe valuable 


ue), are not more conſpicuous, than the freedom 


and readineſs with which you communicate them, to all 


ſuch who you know will apply them to their proper uſe, 


that is, to the general improvement of Science. 


Before I take my leave, permit me, good Sir, to-join my 


wiſhes to thoſe of the publick, that your own uſeful _— 
cubrations may fee the light, with all convenient f. 
which, if I rightly conceive of them, will be an excellent x 
methodical Introduction, not only to the mathematical 


Sciences in general, but alſo to theſe, as well as to the other 
curious and abſtruſe Speculations of our great Author. Vou 


are very well apprized, as all other good Judges muſt be, 


that to illuſtrate him is to cultivate real Science, and to 
make his Diſcoveries eaſy and familiar, will be no ſmall 
improvement in Mathematicks and Philoſophy. 

That you will receive this addreſs with your uſual can- 
dor, and with that favour and friendſhip I have fo long 


and often experienced, is the carneſt requeſt of, 


8 1 R, JA 59 
Your moſt obedient humble Servant, 


J. COLSON. 
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Cannot but very much congratulate with my Mathe- 
95 . . . SS 
wee matical Readers, and think it one of the moſt for- 
WR tunate circumſtances of my Life, that I have it in my 
EIS power to preſent the publick with a moſt valuable 
CC Anccdote, of the greateſt Maſter in Mathematical and 


and uſeful a piece ſhould be any longer ſuppreſs d, and confined to 
a few private hands, which ought to be communicated to all the 
learned World for general Inſtruction. And more eſpecially at a 
time when the Principles of the Method here taught have been 
{ſcrupulouſly ſifted and examin'd, have been vigorouſly oppoſed and 
(we may ſay) ignominiouſlly rejected as inſufficient, by ſome Mathe- 
matical Gentlemen, who ſeem not to have derived their knowledge 
of them from their .only true Source, that is, from our Author's 
own Treatiſe wrote expreſsly to explain them. And on the other 
hand, the Principles of this Method have been zealouſly and com- 
mendably defended by other Mathematical Gentlemen, who yet 

| a ſeem 
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ſeem to have been as little acquainted with this Work, (or at leaſt 
to have over-look'd it,) the only genuine and original Fountain of 


this kind of knowledge.. For what has been elſewhere deliver'd by 
our Author, concerning: this Method, was only accidental and oc- 
caſional, and far from that copiouſneſs with which he treats of it 
here, and illuſtrates it with a great variety of choice Examples. 
The learned and ingenious Dt: Pemberton, as he acquaints us in 


his View of Sir [/aac Newton's Philoſophy, had once a deſign of 


publiſhing this Work, with the conſent and under the infpeCtion- 
of the Author himſelf; which if he had then accompliſh'd, he would 
certainly have deſerved and received the thanks of all lovers of Science. 


The Work would have then appear'd with a double advantage, as 


receiving the laſt Emendations of its great Author, and likewiſe in 


paſſing through the hands of fo able an Editor. And among the 


other good effetts of this publication, poſſibly it might hav prevent- 


ed all or a great part of thoſe Diſputes; whieh have ſince Been raiſed, 


and which have been fo ſtrenuouſly and warmly purſued on both 
ſides, concerning the validity of the Principles of this Method, They 
would doubtleſs have been placed in ſo good a light, as would have 
cleared them from any imputation of being in any wiſe defective, or 
not ſufficiently. demonftrated; But fince the Author's Death, as the. 


Doctor informs us, prevented the execution of that deſign, and ſince 


he has not thought fit to reſume it hitherto, it became needful that 


this publication ſhould be undertook by another, tho a much in- 


ferior hand. 1 - | Rog 
For it was now become highly neceſſary, that at laſt the great 
Sir _— himſelf. ſhould interpoſe, ſhould produce his genuine Me-- 
thod of Fluxions, and bring it to the teſt of all impartial and con- 
ſiderate Mathematicians; to ſhew its evidence and fimplicity, to 
maintain and defend it in his own way, to convince his Opponents, 
and to teach his Diſciples and Followers upon what grounds: they 
ſhould proceed in vindication of the Truth and Himſelf. And that 
this might be done the more eaſily and readily, I reſolved to accom- 
ny it with an ample Commentary, according to. the beſt of my 
{kill, and (I believe) according to the mind and intention of the Au- 
thor, wherever I thought it needful; and particularly with an Eye 
to the fore-mention'd Controverſy. In which I have endeavour'd to 
obviate the difficulties that. have been raiſed, and to explain every 
thing in ſo full a manner, as to remove all the objections of any 
force, that have been any where made, at leaſt ſuch as have occur'd 
to my obſervation, If what is here advanced, as there is good rea- 
h ſon 
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Fon to hope, ſhall prove to the ſatisfaction of thoſe Gentlemen, who 


firſt ſtarted theſe objections, and who (T am willing to ſuppoſe) had 
only the cauſe of Truth at heart; I ſhall be very'glad to have cor- 
tributed any thing, towards the removing of their Scruples. But if 
it ſhall happen otherwiſe, and what is here offer d ſhould not appear 
to be ſufficient evidence, conviction, and demonſtration ' to them L 


yet I am perſuaded it will be ſich to moſt other thinking Reader 
who ſhall apply themſelves to it with unprejudiced and impartial 
minds; and then I ſhall not think my labour ill beſtow'd. It ſhould 


however be well conſider'd by thoſe Gentlemen, that the great num- 


ber of Examples they will find here, to which the Method of Fluxions 
is ſucceſsfully apply'd, are ſo many vouchers for the truth of the 
Principles, on which that Method is founded. For the Deductions 
are always conformable to what has been derived from other uncon- 
troverted Principles, and therefore muſt be acknowledg'd' as true. 
This argument ſhould have its due weight, even with ſuch as can- 
not, as well as with ſuch as will not, enter into the proof of the 
Principles themſelves. And the hyp3thefis that has been advanced to 
evade this concluſion, of one error in reaſoning being ſtill corrected 
by another equal and contrary to it, and that fo regularly, conſtantly, 
and frequently, as it muſt be ſappos'd to do here; this hypothefis, I 
becauſe I can hardly think it 


. 


ſay, ought not to be ſeriouſly refuted, 
is ſeriouſly propoſed. ]þÞ>Þ © . 

The chief Principle, upon which the Method of Fluxions is here 
built, is this very ſimple one, taken from the Rational Mechanicks; 
which is, That Mathematical Quantity, particularly Extenſion, may 
be conceived as generated by continued local Motion; and that all Quan- 
tities whatever, at leaſt by analogy and accommodation, may be con- 
ceived as generated after a like manner, Conſequently there muſt be 
comparative Velocities of increaſe and decreaſe, during ſuch generations, 
whoſe Relations are fixt and determinable, and may therefore (pro- 
blematically) be propoſed to be found This Problem our Author 
here ſolves by the help of another Principle, not leſs evident; which 


- 


1 


ſuppoſes that Quantity is infinitely diviſible, or that it may (men- 


tally at leaſt) ſo far continually diminiſh, as at laſt, before it is totally 
extinguiſh'd, to arrive at Quantities that may be call'd vaniſhing 

aantities, or which are infinitely little, and leſs than any aſſign- 
able Quantity. Or it ſuppoſes that we may form a Notion, not 
indeed of abſolute, but of relative and comparative infinity, Tis a 
very juſt exception to the Method of Indiviſibles, as alſo to the 
foreign infiniteſimal Method, . that they have recourſe at once to 
| | a4 7 infinitely 
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infinitely little Quantities, and infinite orders and gradations of theſe, 
not relatively but abſolutely ſuch. They aſſume theſe Quantities 
 fmul & ſemel, without any ceremony, as Quantities that actually and 
fl obviouſly exiſt, and make Computations with them. accordingly ; 
| the reſult of which muſt needs be as precarious, as the abſolute ex- 
iſtence of the Quantities they aſſume. And ſome late Geometricians 
have carry'd theſe Speculations, about real and abſolute Infinity, ſtill 
much farther, and have raiſed imaginary Syſtems of infinitely great 
and infinitely little Quantities, and their ſeveral orders and properties; 
which, to all ſober Inquirers into mathematical Truths, muſt cer- 
tainly appear very notional and viſionary. | 3 | 5 
Theſe will be the inconveniencies that will ariſe, if we do not 
rightly diſtinguiſſi between abſolute and relative Infinity. Abſolute 
| | Infinity, as ſuch, can hardly be the object either of our Conceptions 
| 


* — —— — —— — 
— —— — 
— — 


or Calculations, but relative Infinity may, under a proper regulation. 2 
Our Author obſerves this diſtinction very ſtrictly, and introduces F 


3 * N 


none but infinitely little Quantities that are relatively ſo; which he 3 
arrives at by beginning with finite Quantities, and proceeding by a 4 


—— . 
— — 


gradual and neceſſary progreſs of diminution. His Computations 
always commence by finite and intelligible Quantities; and then at 
laſt he inquires what will be the reſult in certain circumſtances; when 
ſuch or ſuch Quantities are diminiſh'd in infinitum. This is a con- 
Fi ſtant practice even in common Algebra and Geometry, and is no 
more than deſcending from a general Propoſition, to a particular Caſe 
which is certainly included in it. And from theſe eaſy Principles, 
managed with a vaſt deal of ſkill and ſagacity, he deduces his Me- 
thod of Fluxions; which if we conſider only fo far as he himſelf 
has carry'd it, together with the application he has made of it, either 
here or elſewhere, directly or indirectly, expreſly or tacitely, to the 
moſt curious Diſcoveries in Art and Nature, and to the ſublimeſt 
Theories: We may deſervedly eſtcem it as the greateſt Work of 
Genius, and as the nobleſt Effort that ever was made by the Hur an 
Mind. Indeed it muſt be nd, that many uſeful Improvements, 
and new Applications, have been ſince made by others, and proba- 
bly will be ſtill made every day. For it is no mean excellence of 
this Method, that it is doubtleſs ſtill capable of a greater degree of 
perfection; and will always afford an inexhauſtible fund of curious 
matter, to reward the pains of the ingenious and induſtrious Analyſt, 
As I am deſirous to make this as ſatisfactory as poſſible, eſpecially 
to the very learned and ingenious Author of the Diſcourſe call'd The 
Analyſt, whoſe eminent Talents I acknowledge myſelf to have a 
I : great 
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great veneration for; I ſhall here endeavour to obviate ſome of his 


principal Objections to the Method of Fluxions, particularly ſuch as 
I have not touch'd upon in my Comment, which is ſoon to follow. 

He thinks our Author has not proceeded in a demonſtrative and 
ſcientifical matter, in his Princip. lib. 2. lem. 2. where he deduces 
the Moment of a Rectangle, whoſe Sides are ſuppoſed to be variable 
Lines, I fhall repreſent the matter Analytically thus, agreeably (I 
think) to the mind of the Author. 

Let X and Y be two variable Lines, or Quantities, which at dif- 
ferent periods of time acquire different values, by flowing or increa- 
ſing continually, either equably or alike inequably. For inſtance, let 
there be three periods of time, at which X becomes A— 4a, A, 
and A a; and Y becomes B— 25, B, and B + #6 ſucceſſively 
and reſpectively ; where A, a, B, 5, are any quantities that may be 
aſſumed at pleaſure. Then at the ſame periods of time the variable 


Product or Rectangle XY will become A— +a x B— 2, AB, and | 


A+Z2xB + 23, that is, AB — 2B — 2A ＋ ab, AB, and 


* 


AB ＋L2aB＋ 246. Now in the interval from the firſt period 


af time to the ſecond, in which X from being A-— +a is become A, 
and in which V from being B — +5 is become B, the Product XY 
from being AB — 2B — 4bA ＋ 2b becomes AB; that is, by Sub- 
traction, its whole Increment during that interval is 422 + 25A 
ab. And in the interval from the ſecond period of time to the 
third, in which X from being A becomes A-+ va, and in which Y 
from being B becomes B'-+ $5, the Product XY from being AB 


becomes AB-+ aB + 2A + rab; that is, by Subtraction, its whole 


Ircrement during that interval is aB + A -+ ab. Add theſe two 
Increments together, and we ſhall have aB + A for the compleat 
Increment of the Product XY, during the whole interval of time, 
while X flow'd from the value A 24 to A +=a, or V flow'd 
from the value B — 26 to B + £54. Or it might have been found 
by one Operation, thus: While X flows from A — 44 to A, and 
thence to A+ za, or Y flows from B- 2 to B, and thence to 
B + #5, the Product XY will flow from AB — $2B— 2A + ab 
to AB, and thence to AB + aB + 44A + 24; therefore by Sub- 
traction the whole Increment during that interval of time will be 


aB ＋ A. QE. D. | | TA 
This may eaſily be illuſtrated by Numbers thus: Make A, a, B, l, 


equal to 9, 4, 15, 6, reſpectively; (or any other Numbers to be aſ- 


ſumed at pleaſure.) Then the three ſucceſſive values of X will be 


7, 9, 11, and the three ſucceſſive values of Y will be 12, 15, 18, 


reſpectively. 
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reſpectively. Alſo the three ſucceſſive values of the Product XY 
will be 84, 135, 198. But aB + bA AXIS ＋ E 144 
198 — 84. Q. E. O 

Thus the Lemma will be true of any conceivable finite Incre- 
ments whatever; and therefore by way of Corollary, it will be true 


of infinitely little Increments, which are call'd Moments, and which 
was the thing the Author principally intended here to demonſtrate. 


But in the caſe of Moments it is to be conſider'd, that X, or defi- 


nitely A — 24, A, and A + za, are to be taken indifferently for 


the ſame Quantity; as alſo V, and definitely B — 4, B, B-+ £4. 


And the want of this Conſideration has occaſion'd not a few per- 
plexities. 


Now from hence the reſt of our Author's Concluſions, in the 
ſame Lemma, may be thus derived ſomething more explicitely. The 


Moment of the Rectangle AB being found to be Ab + B, when 


the contemporary Moments of A and B are repreſented by @ and 6 
reſpectively; make B = A, and therefore 6 a, and then the 


Moment of A x A, or A*, will be Ag + aA, or 22A. Again, 


make 'B — A, and ee 5 2aA, and then the Moment of 


AxA?, or A3, will be 24A + AA, or 3aA>. Again, make B = 
Az, and therefore B == 3a A, and then the Moment of A x A, or 


A+, will be 34A; ＋ As, or 44A3, Again, make B — A+, and 
therefore b=4aA*, and then the Moment of A x A, or A*, will 


be 44A4 + aA+4, or 5aA*. And fo on in infinitum. Therefore in 


general, aſſuming m to repreſent any integer rruntite Number, the 


Moment of A“ will be aA. 


Now becauſe X A i, (where n is any integer affirmative 
Number, ) and l the Moment of Unity, or any other conſtant 


quantity, is o; we ſhall have A® x Mom. A + A= Mom. 


o, Or Mom. A” — — A-*” x Mom. A”. But Mom. A; 


: mat, as found before; therefore Mom. An” = — An N 
man" = - ma. Therefore the Moment of A“ will be 


mac, when m is any _ Number, aca affirmative or 
negative. 


And univerſally, if we put "08 B, or A- B- , where mand 


may be any integer Numbers, affirmative or negative ; ; then we 


web 


= 272 As — I, which 


ſhall have aA = nB =, or 22 


mnn 
b 
* 


is the Moment of B, or of AF. So that the Moment of A- will 
W 1 wo "Vi 107-3. tap 


nA 


ä N " do apes ION Jv : 
fate Fon i IE RP ACS ei Vi LDR ̃ ST Baneet 7 KS ERS * 83 1 2 

Fe Sn I rei 3 5 FE. V WE JS; 5 
7257 ED EC EP Ta it iy ER 8 tug S SOFT 


be 8 V © 8 1 x 4 2 oo 0 4 4 28 "OX" 1 1 r r W 
i - 3 Pils r . ] ↄ ̃ VV ̃ ̃——nn er RR A Te i ASI N E * 
1 * TO Ss oe be EN Dn edt Ds Ee Lu 1 12 es e 3 3 e 8 1 2 N 3 ISI? e 8 Holt N o on 0 22 LEY 25 ay 2 
2 WY me 2 2 8 Oy ITY . N 5 5 * AC 2 oh 8 t 3 oy RA 4 a NES 
7 5 a a 10 a a *** 


| Te PEEFACE. | xv 
Be ſtill man, whether n be affirmative or negative, integer or 
fraction. | 


The Moment of AB being 4A -+ aB, and the Moment of CD 


being dC + D; ſuppoſe D = AB; and therefore d== bA + aB, 
and then by Subſtitution the Moment of ABC will be A + aB x C 
+ cAB = AC + aBC + cAB. And likewiſe the Moment of 


'A®B" will be B — A- + ma- iB. And ſo of any others. 


Now there is ſo near a connexion between the Method of Mo- 


ments and the Method of Fluxions, that it will be very eaſy to paſs 
from the one to the other. For the Fluxions or Velocities of in- 


creaſe, are always proportional to the contemporary Moments. Thus 


if for A, B, C, &c. we write x, y, 2, &c. for 4, b, c, &c. we may 
write x, y, 2, &, Then the Fluxion of xy will be xy + xy, the 
Fluxion of x” will be mati, whether mz be integer or fraction, 
affirmative or negative; the Fluxion of xyz will be xyz + e + 


*, and: the Fluxion of xy» will be mxx*—*y» + nx"yy—, And 


ſo of the reſt, #/ 
Or the former Inquiry may be placed in another view, thus: 
Let A and A-+ @ be two ſucceſſive values of the variable Quantity 


X, as alſo B and B+ be two ſucceſſive and contemporary values 


of Y ; then will AB and AB aB—+ 2A + ab be two ſucceſſive and 
contemporary values of the variable Product XY. And while X, 
by increaſing perpetually, flows from its value & to A 4, or Y 
flows from B to B; XY at the ſame time will low from AB 
to AB + aB + A -+ ab, during which time its whole Increment, . 
as appears by Subtraction, will become 3B + A -+ ab. Or in 


Numbers thus: Let A, a, B, , be equal to 7, 4, 12, 6, reſpectively ;- 
then will the two ſucceſſive values of X be 7, 11, and the two ſuc- 


ceſſive values of Y will be 12, 18. Alſo the two ſucceſſive values of 
the Product XY will be 84, 198. But the Increment aB + bA + 
ab = 48 + 42 + 24 = 114 == 198 — 84, as before. 

And thus it will be as to all finite Increments: But when the In- 
crements become Moments, that is, when à and 4 are fo far dimi- 
niſh'd, as to become infinitely leſs than A and B; at the fame time 


ab will become infinitely leſs than either 2B or A, (for aB. ab : + 
B. &, and bA. ab :: A. a,) and therefore it will vaniſh in reſpect of 


them. In which caſe the Moment of the Product or Rectangle 


will be 2B + 5A, as before. This perhaps is the more obvious and 
direct way of proceeding, in the preſent Inquiry; but, as there was 
room for choice, our Author thought fit to chuſe the former way, 
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as the mare elegant, and in which he was under no neceſſity of hav- 
ing recourſe to that Principle, that quantities ariſing in an Equation, 
which are infinitely leſs than the others, may be neglected or ex- 
punged in, compariſon of thoſe others. Now to avoid the uſe of 
this Principle, tho' otherwiſe a true one, was all the Artifice uſed on 
this occaſion, which certainly was a very fair and juſtifiable one. 


I ſhall conclude my Obſervations with confidering and obviating 


the Objections that have been made, to the uſual Method of finding 


the Increment, Moment, or Fluxion of any indefinite power x” of 
the variable quantity x, by giving that Inveſtigation in ſuch a man- 


ner, as to leave (I think) no room for any juſt exceptions to it. 
And the rather becauſe this is a leading point, and has been ſtrangely 
perverted and miſrepreſented, / | 

In order to find the Increment of the variable quantity or power 
a, (or rather its relation to the Increment of x, conſider'd as given; 
becauſe Increments and Moments can be known only by compariſon 


with other Increments and Moments, as alſo Fluxions by compariſon 


with other Fluxions ;) let us make x"==y, and let X and Y be any 
ſynchronous Augments of * and y. Then by the hypotheſis we 


ſhall have the Equation x XI A I; for in any Equation 


the variable Quantities may always be increaſed by their ſynchronous 
Augments, and yet the Equation will ſtill hold good. Then by 
our Author's famous Binomial Theorem we ſhall have y + Y == x» 


221 2—1 222 
K - N + 1x - x = XK, &c. or re- 


moving the equal Quantities y and x”, it will be Y.=x%X + 


221 


u Dax ＋Ax — x x. Ns, &c. So that when X de- 


notes the given Increment of the variable quantity x, Y will here denote 
the ſynchronous Increment of the indefinite power y or x” ; whoſe 
value therefore, in all caſes, may be had from this Series. Now 
that we may be ſure we proceed regularly, we will verify this thus 
far, by a particular and familiar inſtance or two, Suppoſe 7 == 2, 
then Y =2xX +X*. That is, while x flows or increaſes to x + X, 


x in the fame time, by its Increment Y = 2xX + X*, will increaſe 


to x* + 2xX + X*, which we otherwiſe know to be true. Again, 
Juppoſe #z==3, then Y = 3x*X + 3xX* + X. Or while x in- 


creaſes to x + X, x3 by its Increment Y = 3x*X + 3xX* + X. 


will increaſe to x* + 3x*X + 3xX* + X. And fo in all other 
particular caſes, whereby we may plainly perceive, that this general 
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This Series therefore will be always true, let the Augments X and 

V be ever ſo great, or ever ſo little; for the truth does not at all de- 
end on the circumſtance of their magnitude. Nay, when they are 
infinitely little, or when they become Moments, it muſt be true allo, 
by virtue of the general Concluſion. But when X and Y are di- 
miniſh'd in znfomtum, fo as to become at laſt infinitely little, the 
greater powers of X muſt needs vaniſh firſt, as being relatively of an 
infinitely leſs vale than the ſmaller powers. So that when they are 
all expunged, we ſhall neceſſarily obtain the Equation Y = nx—"X; 
where the remaining Terms are likewiſe infinitely little, and conſe- 
quently would vaniſh, if there were other Terms in the Equation, 
which were (relatively) infinitely greater than themſelves. But as 
there are not, we may ſecurely retain this Equation, as having an 
undoubted right ſo to do; and eſpecially as it gives us an uſeful piece 
of information, that X and Y, tho' themſelves infinitely little, or 


_ vaniſhing quantities, yet they vaniſh in proportion to each other as 


1 to nh We have therefore learn'd at laſt, that the Moment by 
which x increaſes, or X, is to the contemporary Moment by which 


x» increaſes, or V, as 1 is to z And their Fluxions, or Velo- 


Cities of increaſe, being in the ſame proportion as their ſynchronous 
Moments, we ſhall have z i for the Fluxion of x», when the 
Fluxion of x is denoted by x. | 

I cannot conceive there can be any pretence to infinuate here, 
that any unfair artifices, any leger-de-main tricks, or any ſhifting of 
the hypotheſis, that have been ſo ſeverely complain'd of, are at all 
made uſe of in this Inveſtigation, We have legitimately derived 
this general Concluſion in finite Quantities, that in all caſes the re- 
lation of the Increments will be Y = NAA x S N e. 
of which one particular caſe is, when X and Y are ſuppoſed conti- 
nually to decreaſe, till they finally terminate in nothing. But by 
thus continually decreafing, they approach nearer and nearer to the 
Ratio of 1 to 7x%", which they attain to at the very inſtant of the'r 
vaniſhing, and not before. This therefore is their ultimate Ratio, 


the Ratio of their Moments, Fluxions, or Velocities, by which x 
and x» continually increaſe or decreaſe. Now to argue from a 


general Theorem to a particular caſe contain'd under it, is certainly 
one of the moſt legitimate and logical, as well as one of the moſt uſual 


and uſeful ways of arguing, in the whole compaſs of the Mathema- 
ticks, To object here, that after we have made X and V to ſtand 
for ſome quantity, we are not at liberty to make them nothing, or no 
quantity, or vaniſhing quantities, is not an Objection againſt the 

| b Method 
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Method of Fluxions, but againſt the common Analyticks. This 
Method only adopts this way of arguing, as a conſtant practice in 
the vulgar Algebra, and refers us thither for the proof of it. If we 
have an Equation any how compos'd of the general Numbers 2, b, c, 
&c. it has always been taught, that we may interpret theſe by any 


particular Numbers at pleaſure, or even by o, provided that the 


Equation, or the Conditions of the Queſtion, do not expreſsly re- 
quire the contrary, For general Numbers, as ſuch, may ſtand for 
any definite Numbers in the whole Numerical Scale ; which Scale 
(J think) may be thus commodiouſly repreſented, &c. — 3, — 2, 
— 1, o, 1,2, 3, 4, &c. where all poſſible fractional Numbers, inter- 
mediate to theſe here expreſs'd, are to be conceived as interpolated, 
But in this Scale the Term o is as much a Term or Number as any 
other, and has its analogous properties in common with the reſt, 
We are likewiſe told, that we may not give ſuch values to general 


Symbols afterwards, as they could not receive at firſt ; which if ad- 


mitted is, I think, nothing to the preſent purpoſe. It is always 
moſt eaſy and natural, as well as ol regular, inſtructive, and ele- 
gant, to make our Inquiries as much in general Terms as may be, 
and to deſcend to particular caſes by degrees, When the Problem is 
nearly brought to a concluſion. But this is a point of convenience 
only, and not a point of neceſſity. Thus in the preſent caſe, in- 
ſtead of deſcending from finite Increments to infinitely little Mo- 
ments, or vaniſhing Quantities, we might begin our Computation 
with thoſe Moments themſelves, and yet we ſhould arrive at the 
ſame Concluſions. As a proof of which we may conſult our Au- 
thor's own Demonſtration of his Method, in pag. 24. of this Treatiſe. 
In ſhort, to require this is juſt the ſame thing as to inſiſt, that a 
Problem, which naturally belongs to Algebra, ſhould be folved by 
common Arithmetick ; which tho' poſſible to be done, by purſuing 
backwards all the ſteps of the general proceſs, yet would be very 
troubleſome and operoſe, and not fo inſtructive, or according to the 
true Rules of Art. 

But I am apt to ſuſpect, that all our doubts and ſcruples about 
Mathematical Inferences and Argumentations, eſpecially when we are 
ſatisfied that they have been juſtly and legitimately conducted, may 
be ultimately reſolved into a ſpecies of infidelity and diſtruſt. Not 
in reſpect of any implicite faith we ought to repoſe on meer human 
authority, tho' ever ſo great, (for that, in Mathematicks, we ſhould 
utterly diſclaim,) but in reſpect of the Science itſelf. We are hardly 
brought to believe, that the Science is ſo perfectly regular and uni- 
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form, ſo-infinitely conſiſtent, conſtant, and accurate, as we ſhall really 


find it to be, when after long experience and reflexion we ſhall have 
overcome this prejudice, and ſhall learn to purſue it rightly. We 
do not readily admit, or eaſily comprehend, that Quantities have an 
infinite number of curious and. ſubtile properties, ſome near and ob- 
vious, others remote and abſtruſe, which are all link'd together by 
a neceſſary connexion, or by a perpetual chain, and are then only 
diſcoverable when regularly and cloſely purſued ; and require our 


truſt and confidence in the Science, as well as our induſtry, appli- 
cation, and obſtinate perſeverance, our ſagacity and penetration, in 


order to their being brought into full light. That Nature is ever 
conſiſtent with herſelf, and never proceeds in theſe Speculations per 
ſaltum, or at random, but is infinitely ſcrupulous and ſolicitous, as 
we may ſay, in adhering to Rule and Analogy. That whenever we 
make any regular Poſitions, and purſue them through ever ſo great 
a variety of Operations, according to the ſtrict Rules of Art; we 
ſhall always proceed through a ſeries of regular and well- connected 
tranſmutations, (if we would but attend to em,) till at laſt we arrive 
at regular and juſt Concluſions. That no properties of Quantity 
are intirely deſtructible, or are totally loſt and aboliſh'd, even tho 
proſecuted to infinity itſelf; for if we ſuppoſe ſome Quantities to be- 
come infinitely great, or infinitely little, or nothing, or leſs than 
nothing, yet other Quantities that have a certain relation to them 
will only undergo proportional, and often finite alterations, will ſym- 
pathize with them, and conform to 'em in all their changes; and 
will always preſerve their analogical nature, form, or magnitude, 
which will be faithfully exhibited and diſcover'd by the reſult. This 
we may collect from a great variety of Mathematical Speculations, 
and more particularly when we adapt Geometry to Analyticks, and 
Curve-lines to Algebraical Equations. That when we purſue gene- 
ral Inquiries, Nature is infinitely: prolifick in particulars that will 
reſult from them, whether in a direct ſubordination, or whether they 
branch out collaterally; or even in particular Problems, we may often 
perceive that theſe are only certain caſes of ſomething more general, 
and may afford good hints and aſſiſtances to a ſagacious Analyſt, for 
aſcending gradually to higher and higher Diſquiſitions, which may 
be proſecuted more univerſally than was at firſt expected or intended. 
Theſe are ſome of thoſe Mathematical Principles, of a higher order, 
which we find a difficulty to admit, and which we ſhall never be 
fully convinced of, or know the whole uſe of, but from much prac- 


tice and attentive conſideration; but more eſpecially by a diligent 
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ruſal, and cloſe examination, of this and the other Works of our 
illuſtrious Author. He abounded in theſe ſublime views and in- 
quiries, had acquired an accurate and habitual knowledge of all theſe, 
and of many more general Laws, or Mathematical Principles of a 
ſuperior kind, which may not improperly be calld The Philgſophy of 
Quantity; and which, aſſiſted by his great Genius and Sagacity, to- 
gether with his great natural application, enabled him to become fo 
compleat a Maſter in the higher Geometry, and particularly in the 
Art of Invention. This Art, which he poſſeſt in the greateſt per- 
fection imaginable, is indeed the ſublimeſt, as well as the moſt diffi- 


cult of all Arts, if it properly may be call'd ſuch; as not being redu- 


cible to any certain Rules, nor can be deliver'd by my Precepts, but 
is wholly owing to a happy ſagacity, or rather to a kind of divine 
Enthuſiaſm. To improve Inventions already made, to carry them 
on, when begun, to farther perfection, is certainly a very uſeful and 
excellent Talent ; but however is far inferior to the Art of Diſcovery, 
as having a 28 c, or certain data to proceed upon, and where juſt 
method, cloſe reaſoning, ſtrict attention, and the Rules of Analogy, 
may do very much. But to ſtrike out new lights, to adventure where 
no footfteps had ever been ſet before, nullius ante trita ſolo; this is 
the nobleſt Endowment that a human Mind is capable of, is reſerved 


for the choſen few quos Fupiter equus amavit, and was the peculiar 


and diſtinguiſhing Character of our great Mathematical Philoſopher. 
He had acquired a compleat knowledge of the Philoſophy of Quan- 
tity, or of its moſt eſſentral and moſt general Laws ; had conſider d it 
in all views, had purſued it through all its diſguiſes, and had traced it 
through all its Labyrinths and Receſſes; in a word, it may be faid 
of him not improperly, that he tortured and tormented Quantities 
all poſſible ways, to make them confeſs their Secrets, and diſcover 
their Properties. 

The Method of Fluxions, as it 1s here deliver'd in this Treatiſe, 
is a very pregnant and remarkable inftance of all theſe particulars. To 
take a curſory view of which, we may conveniently enough divide 
it into theſe three parts. The firſt will be the Introduction, 
or the Method of infinite Series. The fecond is the Method of 
Fluxions, properly ſo call'd. The third is the application of both 
theſe Methods to ſome very general and curious Speculations, chiefly 
in the Geometry of Curve-lines. 

As to the firft, which is the Method of infinite Series, in this 
the Author opens a new kind of Arithmetick, (new at leaſt at the 


time of his writing this,) or rather he vaſtly improves the old, For 
| he 
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he extends the received Notation, making it compleatly univerſal, 
and ſhews, that as our common Arithmetick of Integers received a 
great Improvement by the introduction of decimal Fractions ; fo the 
common Algebra or Analyticks, as an univerſal Arithmetick, will 
receive a like Improvement by the admiſſion of his Doctrine of in- 
finite Series, by which the ſame analogy will be {till carry'd on, and 
farther advanced towards perfection. Then he ſhews how all com- 
plicate Algebraical Expreſſions may be reduced to ſuch Series, as will 
continually converge to the true values of thoſe complex quantities, 
or their Roots, and may therefore be uſed in their Read: whether 
thoſe quantities are Fractions having multinomial Denominators, which 
are therefore to be reſolved into ſimple Terms by a perpetual Divi- 
ſion; or whether they are Roots of pure Powers, or of affected Equa- 


tions, which are therefore to be reſolved by a perpetual Extraction. 


And by the way, he teaches us a very general and commodious Me- 
thod for extracting the Roots of affected Equations in Numbers. 
And this is chiefly the ſubſtance of his Method of infinite Series. 
The Method of Fluxions comes next to be deliver'd, which in- 
deed is principally intended, and to which the other is only preparatory 
and ſubſervient. Here the Author diſplays his whole ſkill, and ſhews 


the great extent of his Genius. The chief difficulties of this he re- 


duces to the Solution of two Problems, belonging to the abſtract or 
Rational Mechanicks. For the direct Method of Fluxions, as it is 
now calfd, amounts to this Mechanical Problem, The length of the 
Space deſcribed being continually given, to find the Velocity of the N. 
tion at any time propoſed. Alto the inverſe Method of Fluxions has, 
for a foundation, the Reverſe of this Problem, which is, The Velbcity 
of the Motion being continually given, to find the Space deſcribed at any 
time propoſed. So that upon the compleat Analytical or Geometri- 
cal Solution of theſe two Problems, in all their varieties, he builds 
his whole Method, 0 | 

His firſt Problem, which is, The relation of the flowing Yuantities 


being given, to determine the relation of their Fluxions, he diſpatches 


very generally, He does not propoſe this, as is uſually done, A fow- 
ing Quantity being given, to find its Fluxion ; for this gives us too 
lax and vague an Idea of the thing, and does not ſufficiently ſhew 
that Compariſon, which is here always to be underſtood. Fluents 
and Fluxions are things of a relative nature, and ſuppoſe two at leaſt, 
whoſe relation or relations ſhould always be expreſs'd by Equations. He 
requires therefore that all ſhould be reduced to Equations, by which 


the relation of the flowing Quantities will be exhibited, and their 
comparative 
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comparative, magnitudes will be more eaſily eſtimated ; as alſo the 
comparative magnitudes of their Fluxions. And beſides, by this 
means he has an opportunity of reſolving the Problem much more 
enerally than is commonly done. For in the uſual way of taking 
1 luxions, we are confined to the Indices of the Powers, which are 
to be made Coefficients ;, whereas the Problem in its full extent will 
allow us to take any Arithmetical Progreſſions whatever. By this 
means we may have an infinite variety of Solutions, which tho' dif- 
ferent in form, will yet all agree in the main; and we may always 


chuſe the ſimpleſt, or that which will beſt ſerve the preſent purpoſe. 


He ſhews alſo how the given Equation may comprehend ſeveral va- 


riable Quantities, and by that means the Fluxional Equation may be 
found, notwithſtanding any ſurd quantities that may occur, or even 
any other quantities that are irreducible, or Geometrically irrational, 
And all this is derived and demonſtrated from the properties of Mo- 
ments. He does not here proceed to ſecond, or higher Orders of 
Fluxions, for a reaſon which will be aſſign'd in another place. 


His next Problem is, An Equation being propoſed exhibiting the re- 


lation of the Fluxions of Quantities, to find the relation of thoſe Juan- 
tities, or Fluents, to one another ; which is the dire& Converſe of the 
foregoing Problem. This indeed is an operoſe and difficult Problem, 
taking it in its full extent, and requires all our Author's ſkill and ad- 


dreſs ; which yet he ſolves very generally, chiefly by the afliſtance of his 
Method of infinite Series. He firſt teaches how we may return from 


the Fluxional Equation given, to its correſponding finite Fluential or 
Algebraical Equation, when that can be done, But when it cannot be 
done, or when there is no ſuch finite Algebraical Equation, as is moſt 
commonly the caſe, yet however he finds the Root of that Equation 
by an infinite converging Series, which anſwers the ſame purpoſe. 
And often he ſhews how to find the Root, or Fluent required, by 
an infinite number of ſuch Series. His proceſſes for extracting theſe 
Roots are peculiar to himſelf, and always contrived with much ſub- 

tilty and ingenuity. 8 
The reſt of his Problems are an application or an exemplification 
of the foregoing. As when he determines the Maxima and Minima 
of quantities in all caſes. When he ſhews the Method of drawing 
Tangents to Curves, whether Geometrical or Mechanical; or how- 
ever the nature of the Curve may be defined, or refer'd to right 
Lines or other Curves. 'Then he ſhews how to find the Center or 
Radius of Curvature, of any Curve whatever, and that in a fimple 
but general manner ; which he illuſtrates by many curious Examples, 
7 | and 
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and purſues many other ingenious Problems, that offer themſelves by 
the way. After which he diſcuſſes another very ſubtile and intirely 
new Problem about Curves, which is, to determine the quality of 
the Curvity of any Curve, or how its Curvature varies in its progreſs 
through the different parts, in reſpect of equability or inequability. 
He then applies himſelf to conſider the Areas of Curves, and ſhews 
us how we may find as many Quadrable Curves as we pleaſe, or ſuch 
whoſe Areas may be compared with thoſe of right-lined Figures. 
Then he teaches us to find as many | Curves as we pleaſe, whaſe 
Areas may be compared with that of the. Circle, or of the Hyper- 
bola, or of any other Curve that ſhall be aſſign d; which he extends 
to Mechanical as well as Geometrical Curves. He then determines 
the Area in general of any -Curve that may, be Propatess chiefly 
the help of infinite Series; and gives many uſeful Rules for aſcer- 
taining the Limits of ſuch Areas. And by the way be ſquares' the 
Circle and Hyperbola, and applies the Quadratuee of this.to the con- 
ſtructing of a Canon of Logarithms. But chiefly he collects very 
general and uſeful Tables of Quadratures, for 'readily finding the 
Areas of Curves, or for comparing them with the Areas of the Conic 


Sections; which Tables are the fame as thoſe he has publiſfd him- 


ſelf, in his Treatiſe of Quadratures. The uſe and application of theſę 
he ſhews in an ample manner, and derives from them many curious 
Geometrical Conſtructions, with their Demonſtrations. 1 

Laſtly, he applies himſelf to the Rectification of Curves, and ſhews 
us how we may find as many Curves as we pleaſe, whoſe Curve- 
lines are capable of Rectification ; or whoſe Curve-lines; as to length, 
may be compared with the Curve-lines of any Curves. that ſhall be 
afſign'd. And concludes in general, with rectifying any Curve-lines 
that may be propoſed, either by the affiſtance of his Tables of Quadra- 
tures, when that can-be-done, or however by infinite Series. And 
this is chiefly the ſubſtance of the preſent Work. As to the account 
that perhaps may be expected, of what J have added in my Anno- 
tations; I ſhall refer the inquiſitive Reader to the Preface, which 
will go before that part of the Work. 
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INTRODUCTION : fx the Reſolution of bra, 
ak 1 1 Series. 
7 AVIN G obſerved 4 nat of our 2 Cebme- 
tricians, neglecting the Synthetical Method of the 
Ancients, have apply'd themſelves 'chiefly to the 
cultivating of the Analytical Art; by the aſſiſtance 
of which they have been able to overcome ſo many 
aid; Pg ar difficulties, that they ſeem to have exhauſted all the 
Speculations of Geometry, excepting the Quadfature of Curves, and 
ſome other matters of a like nature, not yet intirely diſeuſsd: 
I thought it not amiſs, for the fake of young Students in this Science, 
to compoſe the- following Treatiſe, in which I have endeayour'd 
to enlarge the Boundaries of Analyticks, and to improve the Doctrine 
of Curve lines. 

2. Since there is a great conformity between the Operations in 
Species, and the fame Operations in common Nugbers; nor do they 
ſcem to differ, except in the Characters by Fhich they are re- 

B preſented, 


— —— — — — —üm3E—ä— 
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preſented, the firſt being general and indefinite, and the other defi- 


nite and particular: I cannot but wonder that no body has thought 
of accommodating the lately-diſcover'd Doctrine of Decimal Frac- 


tions in like manner to Species, (unleſs you will except the Qua- 


drature of the Hyberbola by Mr. Nicolas Mercator; eſpecially ſince 


it might have open'd a way to more abſtruſe Diſcoveries, But 


ſince this Doctrine of Species, has the ſame relation to Algebra, 
as the Doctrine of Decimal Numbers has to common Arithme- 
tick; the Operations of Addition, Subtraction, Multiplication, Di- 
viſion, and Extraction of Roots, may eaſily be learned from thence, 
if the Learner be but ſkill'd in Decimal Arithmetick, and the 
Vulgar Algebra, and obſerves, the correſpondence that obtains be- 
tween Decimal Fractions and Algebraick Terms infinitely continued. 
For as in Numbers, the Places towards the right-hand continually 
decreaſe in a Decimal or Subdecuple Proportion; fo it is in Species 
reſpectively, when the Terms are diſpoſed, (as is often enjoin'd in 
what follows,) in an uniform Progreſſion infinitely continued, ac- 
cording to the Order of the Dimenſions of any Numerator or De- 
nominator. And as the convenience of Decimals is this, that all 
vulgar Fractions and Radicals, being reduced to them, in ſome mea- 
fure acquire the nature of Integers, and may be managed as ſuch 
ſo it is a convenience attending infinite Series in Species, that all 
kinds of complicate: Terms, (ſuch as Fractions whoſe Denomina- 
tors are compound Quantities, the Roots of compound Ny. e 
or of affected Equations, and the like,) may be reduced to the Claſs. 
of ſimple Quantities ; that is, to an infinite Series of Fractions, whoſe 


Numerators and Denominators are ſimple Terms; which will no 
longer labour under thoſe difficulties, that in the other form ſeem'd' 


almoſt inſuperable. Firſt therefore I ſhall ſhew how theſe Re- 
ductions are to be perform'd, or how any compound 8 may 
be reduced to ſuch ſimple Terms, eſpecially when the Methods of 
computing are not obvious. Then I ſhall apply this Analyſis to the 
Solution of 'Problems. | 

3. Reduction by Diviſion and Extraction of Roots will be plain 
from the following Examples, when you compare like Methods. 
of Operation in Decimal and in Specious Arithmetick. 


Examples. 
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Example of Reduction by Divi leer. 
4. The Fraction j-— 55 ; being propoſed, divide ag ' by 3 mY in the 


following manner : 
x 2 a ax 2 
+>) ada go ( 7 2 THAT n eat ting &c. 


a a 2 * 4 2 x3 a%x8$ 2 x4 
The an therefore is -K e &c. 
which Series, being infinitely ci will be equivalent to 


Foy Or making x the firſt Term of the Diviſor, i in this manner, 
* +6) aa +0 (the Quotient will be 22 . , &c, 


found as by the foregoing Proceff. 
5. In like manner the Fraction A will be reduced to 
1— X* ＋ K&K na F*, +x*, &c. Or to x2 — x-+ + xs — s, & c. 


2 
6. And the Fraction + —— - will be reduced to 2x* — 2x 
I fb . 
+ 7x* 13 + 34, & , 
7. Here it will be ehe. to obſerve, that I make uſe of r, 
K, , , Sc. fr » X33 27 av .of xz, Xt, Xi, x, XT, &c. 


for Vx, Vs, Vs, Ix, , &c. and of A, 33," FT; &c. for 


FF”, 2 7” &, And this by the Rule of Analogy, as may be 


apprehended from ſuch Geometrical Progreſſions as theſe ; x3, x, 
ot , xt, x, **, x0 (or 1) x*, x", xt, *, &c. 


B 2 — 8. 


— — ͥ : — 


4 The Method of FLuxioxs, 


8. In the fame manner for 2222 2. — » &c, may be wrote 
a*x 1 ar H —— a*0* x3, 3 &c. | 5 
9. And thus: inſtead of v aa — xx may be wrote a. xxl* 3 


and ag —xx'* inſtead of the Square of aa — xx; and abb 13 | 
75 +99 


inſtead of 4 = =: : And the like of others. 
10. So that we may not improperly diſtinguiſh Powers into Affir- 


mative and Negative, Integral and F OT 


Examples of Reduction by Bxtratlion of Roots. 


11. The Quantity ae + xx being * you may thus ex- 
tract its * 


x+:. 2 8 „„ 1 21 x7* & CC 
+ — DP oth — — — EE 7 » 
a XX (4 ＋ 2 4 8 4 5 + T0273 © 128@7 * oF 102441 
1 8 
O- XX 
x4 
= Fx + 
3 
44 * 
* x6 * 8 
— Ban © beat | | 
＋ Tas Wa, 
4 x6 * *r * 12 
2 + 16 as 64'a 3 | 256415 
">, Tx ĩ4 10 ; 2 
64 4 6 64 4 ü 250 aro? l 
5 x g.x*® 5 5 x 3% 


"ou 128 48 | 512 410 
: | 7 — "x * 
* 128 4 256 ar 
= 3 &c. 
$12 a% 


So that the Root is found to be a+ = —_ PRE. 5 . Where 


it may be obſerved, that towards the end of the Operation I neg- 
lect all thoſe Terms, whoſe Dimenſions would exceed the Dimenſions 
of the laſt 1 to which I intend only to continue "me Root, 


ſuppoſe to 2 158 * 
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and IN FIN ITE SERIES. 5 
12. Alſo the Order of the Terms may be inverted in this man- 
ner xx + aa, in which caſe the Root will be found to be 


aa a4 2 6 cas 4 
4 H D d N αι 


bs 5 x Xx x 4 x 6 & g 
— ͤ—— — — — .. 
13. Thus the Root of aa — XX is 4a — 2 e N 


14. The Root of x — Xxx is x* a — Loi , &c. 
1 +Haxx . 1+bHiax*—Zatx4 + La3x6, &c. 
16. And Ve —bxx 18 1—z6x* — 1 x 1 — 1g K, &C. 
over by actually dividing, it becomes 

I + Y + $6*x+ + xe, &c. 

+ 34 + 274 ＋ ral 

2 — y_a* 

8 = —— ra 

17. But theſe Operations, by due preparation, may very Nr 
l AXN 


and more- 


be abbreviated; as in the foregoing Example to find 


1 — XN 


if the Form of the Numerator and Denominator had not been the 
fame, I might have multiply d each by VI — xx, which would 


1 Sax>—abxXx 
have produced £ —3 3 Z and the reſt of the work might 
| 1—bxx * | 


have been performed by extracting the Root of the Numerator only, 


and then dividing by the Denominator. 


18. From hence I imagine it will ſufficiently appear, by what 
means any other Roots may be extracted, and how-any compound 
Quantities, however entangled with Radicals or Denominators, (ſuch 


Vx — i — xx „ 
5 W 


| 9 may be reduced to 


as & + 


x ＋ x3 r 2x — 4 T 


infinite Series conſiſting of ſimple Terms. 


Of the Reduction of affected Equations. 


19. As to affected Equations, we muſt be ſomething more par- 
ticular in explaining how their Roots are to be reduced to ſuch Se- 
ries as theſe; becauſe their Doctrine in Numbers, as hitherto de- 
liver'd by Mathematicians, is very perplexed, and incumber'd with 


ſuperfluous Operations, fo as not to afford proper Specimens for per- 
forming the Work in Species. I ſhall therefore firſt ſhew how the 


Reſolu- 
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Reſolution of affected Equations . compendiouſly perform'd 
in Numbers, and then I ſhall apply the fame to Species, | | 
20. Let this Equation 1 2y -- 5 = be propoſed to be re- 
ſolved, and let 2 be a Number (any how found) which differs from 
the true Root leſs than by a tenth part of itſelf, Then I make 
2 ＋ p ==», and ſubſtitute 2 4-p for y in the given Equation, by 
which is produced a new Equation p. + 6þ* + 10% — 1==0, 
| whoſe Root is to be ſought for, that it may be added to the Quote. 
l Thus rejecting p. + 6p* becauſe of its ſmallneſs, the remaining 
| Equation 10þ - 1 ==0, Or p== o, I, will approach very near to 
Wil the truth, Therefore I write this in the Quote, and _ 
i 6,1-+9 ==, and ſubſtitute this fictitious Value of 5 as before, 
which produces 1 -+ 6,37 + 11,23q ＋ 0,061 =0, And fince 
11,239 +0,061==0 is near the truth, or qzzz—0,0054 nearly, 


l| (that is, dividing 0,061 by 11,23, till ſo many Figures ariſe as 


there are places between the firſt Figures of this, and of the prin- 
cipal Quote excluſively, as here there are two places between 2 and 
0,005) | write — 0,0054 in the lower part of the Quote, as being 
negative; and ſuppoſing —= 0,00 54 +-7z=9, I ſubſtitute this as 
before, And thus I continue the Operation as far as I pleaſe, in the 
manner of the following Diagram: | 5 


w_ * > 


51227520 + 2, 10090000 
— ©, 095 4.4.85 2 


+ 2, 09455 148, &c. = y : 
| 2 . * [+8-þ12p +6p*+73 an ou 


3 LAT — 2p 
| 8 
The Sum —1-+10p-+6p*+p3 Z 


OI =P. +73 [|+0,001+ 05034 4537 +943 1 Fen 
; ö + 6ps [+ 0,06 + 12 9 : 8 | 
Ties [T, o, 
—1 — t, 
The dum 0, o6I ＋ 11, 23 4276, 372 ＋ 43 
eee 7 — 9, 000000157464 + 0000887 48r— 2, 916212 +73 
| | ＋ 6, 37 + 0, 0001383795 — 006894 + 6,3 
T 115237 — 0, 060643 + 11,23 , 
0,061 | +0, 001 
| The Sum [2 0,0005416 


. * 


+7 1,1627 


* 


o, 00004852 ＋ =r. 


2 
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21. But the Work may be much abbreviated towards the end by 
this Method, eſpecially in Equations of many Dimenſions. Having 
firſt determin'd how far you intend to extract the Root, count ſo 
many places after the firſt Figure of the Coefficient of the laſt Term 
but one, of the Equations that reſult on the right ſide of the Dia- 
gram, as there remain places to be fill'd up in the Quote, and reject 
the Decimals that follow. But in the laſt Term the Decimals may 
be neglected, after ſo many more places as are the decimal places 
that are fill'd up in the Quote. And in the antepenultimate Term 
reject all that are after ſa many fewer places. And fo on, by pro- 
ceeding Arithmetically, according to that Interval of places: Or, 
which is the ſame thing, you may cut off every where ſo many 
Figures as in the penultimate Term, ſo that their loweſt places may 
be in Arithmetical Progreſſion, according to the Series of the Terms, 
or are to be ſuppos d to be ſupply'd with Cyphers, when it happens 
otherwiſe. Thus in the preſent Example, if I deſired to continue 
the Quote no farther than to the eighth place of Necimals, when- 
I ſubſtituted 0,0054 ＋ r for , where four decimal places are 
compleated in the Quote, and as many remain to be compleated, I 
might have omitted the Figures in the five inferior places, which 
therefore I have mark'd or cancell'd by little Lines drawn through 
them; and indeed I might alſo have omitted the firſt Term 75, 
although its Coefficient be o, 99999. Thoſe Figures therefore 
being expunged, for the following Operation there ariſes the Sum 
0,00054.16 + 11, 1627, which by Diviſion, continued as far as 
the Term preſcribed, gives — 0,00004852 for , which compleats 
the Quote to the Period required. Then ſubtracting the negative 

rt of the Quote from the affirmative part, there ariſes 2,094.5 5 148 
17 the Root of the propoſed Equation. | 

22. It may likewiſe be obſerved, that at the beginning of the 
Work, if I had doubted whether 0,1 +þp was a ſufficient Ap- 
proximation to the Root, inſtead of 10% — 1 = ©, I might have 
fuppos'd that 6p* + 10% — fro, and ſo have wrote the firſt 
Figure of its Root in the Quote, as being nearer to nothing. And 
in this manner it may be convenient to find the ſecond, or even 
the third Figure of the Quote, when in the ſecondary Equation, . 
about which you are converſant, the Square of the Coefficient of 
the penultimate Term is not ten times greater than the Product of 
the laſt Term multiply'd into the Coefficient of the antepenulti- 
mate Term. And indeed you will often ſave ſome pains,: eſpecially 
in Equations of many Dimenſions, if you ſeek for all the Figures 
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to be added to the Quote in this manner; that is, if you extract the 
leſſer Root out of the three laſt Terms of its ſecondary Equation : 
For thus you will obtain, at every time, as many Figures again 
in the Quote. | MIS”, 
23. And now from the Reſolution of numeral Equations, I ſhall 
proceed to explain the like Operations in Species; concerning which, 
it is neceſſary to obſerve what follows. gr | 
24. Firſt, that ſome one of the ſpecious or literal Coefficients, if 
there are more than one, ſhould be diſtinguiſh'd from the reſt, which 
either is, or may be ſuppos d to be, much the leaſt or greateſt of 
all, or neareſt to a given Quantity. The reaſon of which is, that 
becauſe of its Dimenſions continually increafing in the Numerators, 
or the Denominators of the Terms of the Quote, thoſe Terms ma 
grow leſs and leſs, and therefore the Quote may conſtantly approach 
to the Root required; as may appear from what is faid before of 
the Species x, in the Examples of Reduction by Diviſion and Ex- 


traction of Roots. And for this Species, in what follows, I ſhalt 


generally make uſe of x or 2; as allo I ſhall uſe y, p, 9, r, s, &c. 
for the Radical Species to be extracted. | : 
25. Secondly, when any complex Fractions, or ſurd Quantities, 
happen to occur in the propoſed Equation, or to ariſe afterwards. 
in the Proceſs, they ought to be removed by ſuch Methods as 
are ſufficiently known to Analyſts. As if we ſhould have 
Jy? + 2 5 —x3 o, multiply by 5— x, and from the Pro- 
duct /s — xy? + i — bx* + x4 = o extract the Root y. Or 
we might ſuppoſe y x þ— x , and then writing 1 for y, 
we ſhould have v3 + b4* — , + 359i — 30x* + x* —0, 
whence extracting the Root v, we might divide the Quote by þ — x, 
in order to obtain y. Alſo if the Equation y? — Xy* + x5 = & 
were propoſed, we might put y*== v, and x=, and fo wri- 
ting vv for y, and 25 for x, there will ariſe vs —2*%v+ 24 =0; 
which Equation being reſolved, y and x may be reſtored, For the 
Root will be foundv==2-+2* +625, &c. and reſtoring yand x, we have 
* K* + x + 6x?, &c. then ſquaring, y =x3-+ 2x* + 13x*, &c. 
26. After the ſame manner if there {ould be found negative Di- 


menſions of x and y, they may be removed by multiplying by the ſame 
x and y, As if we had the Equation x*-+3x*%y* - 2X — 165 Doo, 
multiply by x and y*, and there would ariſe & h + 3x*y* —2y5 


. . | | 3 
—16x=0, And if the Equation were x = = = = + i” 


9 FY 3 


any Equation is propoſed, mark ſuch of 


* 
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by multiplying into y* there would ariſe xy! = a* y*—28* y- 344, 
And ſo of others. | | 

27. Thirdly, when the Equation is thus prepared, the work be- 
gins by finding the firſt Term of the Quote; concerning which, as 


alſo for finding the following Terms, we have this general Rule, 


when the indefinite Species (x or 2) is ſuppoſed to be ſmall; to 
which Caſe the other two Caſes are reducible. 

28. Of all the Terms, in which the Radical Species (y,p, 9, or 
r, &c.) is not found, chuſe the loweſt in reſpect of the Dimenſions 
of the indefinite Species (x or 2, &c.) then chuſe another Term in 
which that Radical Species is found, ſuch as that the Progreſſion of 
the Dimenſions of each of the fore-mentioned Species, being con- 
tinued from the Term firſt aſſumed to this Term, may deſcend as 
much as may be, or aſcend as little as may be. And if there 
are any other Terms, whoſe Dimenſions may fall in with this 
Progreſſion continued at pleaſure, they muſt be taken in like- 
wiſe. Laſtly, from theſe Terms thus ſelefted, and made equal to 


nothing, find the Value of the faid Radical Species, and write it in 


the Quote. 

29. But that this Rule may be more clearly apprehended, I ſhall 
explain it farther by help of the following Diagram. Making a 
right Angle BAC, divide its ſides AB, AC, into equal parts, and 
raiſing Perpendiculars, diſtribute the Angular Space into equal Squares 
or Parallelograms, which you may conceive to be denominated from 


the Dimenſions of the Species x and y, B 
as they are here inſcribed. Then, when © = x4 | x4*| x43] x44 


— — — — 


x3 | x3y x 872 Xx3,3 | x3, 4 


2 | 2 242 2 
Xx X2y * * 253 


the Parallelograms as correſpond to all ———— ã— 
its Terms, and let a Ruler be apply'd — 7 = 


ELK 
Y LY MIA 
SE IY> 


to two, or perhaps more, of the Paralle- A 
lograms ſo mark'd, of which let one 

be the loweſt in the left-hand Column at AB, the other touching 
the Ruler towards the right-hand ; and let all the reſt, not touching 
the Ruler, lie above it. Then ſelect thoſe Terms of the Equation 


which are repreſented by the Parallelograms that touch the Ruler, 


and from them find the Quantity to be put in the Quote. 
230 Thus to extract the Root y out of the Equation y%— 5πν, 
DD + 6ax3-+6*x4z=0, I mark the Parallelograms belong- 


C | | ing 
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ing to the Terms of this Equation B = — 
with the Mark +, as you ſee here | | 

done. Then I apply the Ruler X E 
DE to the lower of the Parallelo- D |". |. 

grams mark'd in the left-hand — 2 | 
Column, and I make it turn round mad] * 
towards the right-hand from the ec 
lower to the upper, till it begins A. 7 E 


in like manner to touch another, | 
or perhaps more, of the Parallelograms that are mark'd ; and I ſee 
that the places fo touch'd belong to &, x*y*, and ys. Therefore 
from the Terms y*—7a*x*y*+643x3, as if equal to nothing, (and 
moreover, if you pleaſe, reduced to vs — 7v*-+ 6== o, by making 
u Vax, ) I ſeek the Value of y, and find it to be four- fold, 
ax, Jar, ax, and —\/ 2ax, of which I may take 
any one for the initial Term of the Quote, according as I defign to 
extract this or that Root of the given Equation. | 

31. Thus having the Equation y*—by*-+gbx*—x3=0, I chuſe 
the Terms —hy*+-96bx*, and thence I obtain +3x for the initial 
Term of the Quote. | | 

32. And having y*-þaxy+aay—x*—243==0, I make choice of 
5 ＋4 ) 243, and its Root 4 I write in the Quote. | 

33. Alſo having x*y\—3corxy*—C&x2+"7==0, I ſelect x , 
which gives — Z 5 for the firſt Term of the Quote. And the 
like of others. bo 

34. But when this Term is found, if its Power ſhould happen 
to be negative, I depreſs the Equation by the fame Power of the 
indefinite Species, that there may be no need of depreſſing it in the 
Reſolution ; and beſides, that the Rule hereafter deliver'd,. for the 
ſuppreſſion of ſuperfluous Terms, may be conveniently apply'd. 
Thus the Equation 82 - J*—=270%=0 being propoſed, whoſe 
Root is to begin by the Term = I depreſs by 2*, that it may be- 
come 824y*--a24%y*—2749%3*==0, before I attempt the Reſolu- 
tion. 


35. The ſubſequent Terms of the Quotes are derived by the ſame 
Method, in the Progreſs of the Work, from their ſeveral ſecondary 
Equations, but commonly with leſs trouble. For the whole affair 
is perform'd by dividing the loweſt of the Terms affected with the 
indefinitely ſmall Species, (x, x*, x3, &c.) without the Radical Spe- 
cies, (P, 9, 7, &c.) by the Quantity with which that radical Species 

| | I : of 
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of one Dimenſion only is affected, without the other indefinite Spe- 


cies, and by writing the Reſult in the Quote. So in the following 
Example, the Terms 9e => , &c. are produced by dividing 


4 644 51242 


ax, Nr, TA, &c. by 4a. 


36. Theſe things being premiſed, it remains now to exhibit the 
Praxis of Reſolution, Therefore let the Equation y*-a*y-axy— 
243—x*=0 be propoſed to be reſolved. And from its Terms 
J*--a*y—24%*0, being a fictitious Equation, by the third of the 


foregoing Premiſes, I obtain y——a==o, and therefore I write ＋a in 


the Quote. Then becauſe ＋a is not the compleat Value of y, I put 


a4. L., and inſtead of y, in the Terms of the Equation written 


in the Margin, I ſubſtitute a4-p, and the Terms reſulting (p3-+ 
3ap*-axp, &c.) TI again write in the Margin; from which again, 


according to the third of the Premiſes, I ſelect the Terms 4+ 44*p 


+2*x==0 for a fictitious Equation, which giving == - xx, I 
write — * in the Quote. Then becauſe — * is not the accurate 
Value of p, I put —Zx-+qz==p, and in the marginal Terms for 5 
J ſubſtitute —4x--9, and the reſulting Terms (q*—43x9*+3ag*, &c.) 
I again write in the Margin, out of which, according to the fore- 


going Rule, I again ſelect the Terms 4a*9q—.p7ax*==0 for a fifti- 


o . 41 * e " 4 | 4 "XX * 
tious Equation, which giving 7 — I write 55; in the Quote. 


Again, ſince = is not the accurate Value of 9, I make gry, 


and inſtead of q I ſubſtitute nd in the marginal Terms. And 
thus I continue the Proceſs at pleaſure, as the following Diagram 


Exhibits to view, ; 
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. 37. If it were required to continue the Quote only to a certain 
| | Period, that x, for inſtance, in the laſt Term ſhould not aſcend. 
11 beyond a given Dimenſion ; as I ſubſtitute the Terms, I omit ſuch as. 
| 1 foreſee will be of no uſe. For which this is the Rule, that after 
| the firſt Term reſulting in the collateral Margin from every Quan 
| tity, ſo many Terms are to be added to the right-hand, as the In- 
dex of the higheſt Power required in the Quote exceeds the Index 


| of that firſt reſulting Term. | | 

38. As in the preſent Example, if I deſired that the Quote, (or 
the Species in the Quote, ) ſhould aſcend no higher than to four 
Dimenſions, I omit all the Terms after x“, and put only one after x5. 


Therefore 
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Therefore the Terms after the Mark = are to be conceived to be 
expunged. And thus the Work being continued till at laſt we come 


1 3 » . 
to the Terms IX — — +44*r—+axr,in which p, 9, r, or 5, &c. 


repreſenting the Supplement of the Root to be extracted, are only 
of one Dimenſion; we may find ſo many Terms by Diviſion, 


(+ = + =) as we ſhall ſee wanting to compleat the Quote, 
„ x4 
.$o that at laſt we ſhall have J==a—ax7 + + &c. 
9. For the fake of farther Illuſtration, I ſhall propoſe another 
Example to be reſolved, From the Equation 3y*—4y*+53y*—z5* 
+y—2==0, let the Quote be found only to the fifth Dimenſion, 
and the ſuperfluous Terms be rejected after the Mark, Ge. | 


* 4 bf 
1 * 


T- CY - -o. J=S+I 22+ E- TI -ETTZ ü“, &c. 
SP. = + „ G. bs 
— 7 4 > — —2*þ, &c. ; 
+3 | +$*+2*--2/*, &c. | 
„ > ann.) boos ANTE | 
EF ＋ y ES. np imme © ol +} 


Fr Z LAP. +2þ* r, &c. 

. 2 S &c. 

—2 5 — 2325, &c; $6 2 
2 + T 2829 NH 

A —1x | 1 


| + 42* | +32* 3 t 
5 8 1 W 1 * > p F 
5 — 8 ˙ — +2 | 
+ 423 + 27 


—_ A 


[ I—2+x2*) -S —p2* +2752 (S ETHZ +7 ig 2f 


4.0, And thus | if we pr opoſe the Equation 7 5 3 YH, ＋ ay? >: 
Liz +#5Y*+33)*+3j—2==0, to be reſolved only to the ninth Di- 


menſion of the Quote; before the Work begins we may reject the 


Term :3+zy** ; then as we operate we may reject all the Terms 
beyond 29, beyond 27 we may admit but one, and two only after 
: 2 
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2* ; becauſe we may obſerve, that the Quote ought always to aſcend 
by the Interval of two Units, in this manner, 2, 23, 2*, &c. Then 


at laſt we ſhall have = a ETL (-T -E-z vz Ts, &c. 
1. And hence an Artifice 1s diſcover'd, by which Equations, 


tho' affected in infinitum, and conſiſting of an infinite number of 


Terms, may however be reſolved. And that is, before the Work 
begins all the Terms are to be rejected, in which the Dimenſion of 


the indefinitely ſmall Species, not affected by the radical Species, 


exceeds the greateſt Dimenſion required in the Quote; or from 
which, by ſubſtituting inſtead of the radical Species, the firſt Term 
of the Quote found by the Parallelogram as before, none but ſuch 
exceeding Terms can ariſe. Thus in the laſt Example I ſhould have 
omitted all the Terms beyond , though they went on ad inſini- 
tum. And ſo in this Equation | | 


r c- +2%—42549235%—1623," Kc. 


that the Cubick Root may be extracted only to four Dimenſions of 2, 
J omit all the Terms in infinitum beyond +53 in 2% —324--325, 
and all beyond —) in 3*—24-+25, and all beyond -+y in 2*—22+, 
and beyond —8-+2*—42+. And therefore I aſſume this Equation 
only to be reſolved, 425% —i2+y%+-2*y3i——25y* + 24y* —2* yt=—22+y 
| +2*3y—424++2*—8==0. Becauſe 25-7, (the firſt Term of the Quote,) 
| being ſubſtituted inſtead of y in the reſt of the Equation depreſs d 
by 23, gives every where more than four Dimenſions, 

42. What I have ſaid of higher Equations may alſo be apply'd to 
Quadraticks. As af I defired the Root of this Equation 


| 1 K K* 8 
O== Ain A -& 3 2 &c. 


x4 
Jaa 

as far as the Period x*, 1 omit all the Terms in infinitum, beyond 
— in ax and aſſume only this Equation, y*—ay—xy— 


x+4 


+ Z==0. This I reſolve either in the uſual manner, by making 
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the third Dimenſion, 
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3 ee; or more expeditiouſly by 
the Method of affected Equations deliver'd before, by which we ſhall 
have —=—= 4 Where the laſt Term required vaniſhes, or 
becomes equal to nothing. | . 

43. Now after that Roots are extracted to a convenient Period, 
they may ſometimes be continued at pleaſure, only by obſerving the 
Analogy of the Series. So you may for ever continue this ST 
＋ S EAT -E, &c. (which is the Root of the infinite Equa- 
tion Z- LA , &c.) by dividing the laſt Term by theſe 
Numbers in order 2, 3, 4, 5, 6, Sc. And this, 2— 22 C88 — 
Ter S -EZggr vv, &c. may be continued by dividing by theſe Num- 


x4 a6 


bers 2x3, 4X5, 6x7, 8x9, Se. Again, the Series a= —_— 
— may be continued at pleaſure, by multiplying the Terms 


128a?? 
reſpectively by theſe Fractions, &, — , —8, —$,—, &c. And 
ſo of others. : . | 

44. But in diſcovering the firſt Term of the Quote, and ſome- 
times of the ſecond or third, there may ftill remain a difficulty 
to be overcome. For its Value, ſought for as before, may happen 
to be ſurd, or the inextricable Root of an high affected Equation, 
Which when it happens, provided it be not alſo impoſſible, you 
may repreſent it by ſome Letter, and then proceed as if it were 
known. As in the Example y*-axy-a*y—x3—243=0: If the 
Root of this Equation y*-þa*y—24*==0, had been ſurd, or un- 
known, I ſhould have put any Letter & for it, and then have per- 
form'd the Reſolution as follows, ſuppoſe the Quote found only to 


. 


16 The Method of FlUxfos, 
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—— —— = _ 


45. Here writing & in the Quote, J ſuppoſe b+p==y, and then 
for y I ſubſtitute as you ſee. Whence proceeds p*+3#p*, &c. re- 
jecting the Terms 55-+a*b—293, as being equal to nothing: For 6 
is ſuppos d to be a Root of this Equation y*--a*y—24*==0. Then 
the Terms 36*p+a*p-abx give =: to be ſet in the Quote, and 
A to be ſubſtituted for p. 


46. But for brevity's ſake I write cc for aa-+345, yet with this 
caution, that aa+35b may be reſtored, whenever I perceive that 
the Terms may be abbreviated by it. When the Work is finiſh'd, 
I aſſume ſome Number for a, and reſolve this Equation y*+a*y— 
243==0, as is ſhewn above concerning Numeral Equations; and I 
ſubſtitute for 4 any one of its Roots, if it has three Roots. Or 
rather, I deliver ſuch Equations from Species, as far as I can, eſpe- 
cially from the indefinite Species, and that after the manner before 


inſinuated. And for the reſt only, if any remain that cannot be 


expunged, I put Numbers. Thus y*+a*y—24*==0 will be freed 
from a, by dividing the Root by a, and it will become y*+y—2==o0, 
whoſe Root being found, and multiply'd by a, muſt be ſubſtituted 
inſtead of 5. | | 47. 
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47. Hitherto I have ſuppos d the indefinite Species to be little. 
But if it be ſuppos'd to approach nearly to a given Quantity, for 
that indefinitely ſmall difference I put ſome Species, and that being 
ſubſtituted, I ſolve the Equation as before. Thus in the Equation 
25 — 2% +39) — 4 +35 + 4 — K o, it being known or ſup- 
pos d that x is nearly of the ſame Quantity as a, I ſuppoſe to be 
their difference; and then writing 4 EA or a—2 for x, there will 
ariſe 2) — 4 + 433 — 33* EY , which is to be ſolved 
as before. | | | | 
48. But if that Species be ſuppos'd to, be indefinitely great, for 
its Reciprocal, which will therefore be indefinitely little, I put ſome 
Species, which being ſubſtituted, I proceed in the Reſolution as 
before. Thus having y +y* + y- x* =o, where x is known 
or ſuypos'd to be very great, for the reciprocally little Quantity 


- 1 put , and ſubſtituting - for x, there will ariſe y3 + y* + y— 


. * 1 I 2 2 4 | 
5 s, whoſe Root 18 y==7 Pn ee" + TE 42S, &c. where 


x being reſtored, if you pleaſe, it will be y =x —= + = + — 
2422. &c. . | 

off fe . £5 

49. If it ſhould happen that none of theſe Expedients ſhould 
ſycceed to your deſire, you may have recourſe to another. Thus 
in, the Equation y+ — x*y* + xy* + 2y* —2y + 1==0, whereas 
the firſt Term ought to be obtain'd from the Suppoſition that 
„ ＋ 2 — 25 + I==0, which yet admits of no. poſſible Root 
you may try what can be done another way. As you may ſuppoſe 
that x is but little different from ＋ 2, or that 2 ＋ = K. Then 
ſubſtituting 2 +2 inſtead of x, there will ariſe y+ — 2*y* — 32y* 
—2y +1==0, and the Quote will begin from ＋ 1. Or if you 


ſuppoſe x to be indefinitely great, or - , you will have yt— 


* 


24 L + ay — 2y + IS, and +> for the initial Term of 
the: Qadte at l Ge and ad > 

5o. And thus by proceeding according to ſeveral Suppoſitions, 
you may extract and expreſs Roots after various ways. | 

51. If you ſhould defire to find after how many ways this 
may be done, you muſt. try what Quantities, when ſubſtituted for 
the indefinite Species in the propoſed Equation, will make it diviſible 
by y, + or — ſome Quantity, or by alone. Which, for Example 
ſake, will happen in the . * + axy + a*y — x3— 243) 0, 


4 
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by ſubſtituting ＋ 4, or — 4, or — 24, or — 25, &, inſtead 
of x. And thus you may conveniently ſuppoſe the Quantity x to 
differ little from ＋ a, or — a, or — 29, or — 235/55, and thence 
you may extract the Root of the Equation propoſed after fo 
many ways. And perhaps alſo after ſo many. other ways, by ſup- 
poſing thoſe differences to be indefinitely great. Beſides, if you take 
for the indefinite Quantity this or that of the Species which expreſs 
the Root, you may perhaps obtain your deſire after other ways. 
And farther ſtill, by ſubſtituting any fictitious Values for the inde- 


finite Species, ſuch as az + ba*, ren ==, &c. and then proceeding 


as before in the Equations that will reſult. 

52. But now that the truth of theſe Concluſions may be mani- 
feſt; that is, that the Quotes thus extracted, and produced ad libi- 
tum, approach ſo near to the Root of the Equation, as at laſt to 
differ from it by leſs than any aſſignable Quantity, and therefore: 
when infinitely continued, do not at all differ from it: Vou are to 
conſider, that the Quantities in the left-hand Column of the right- 
hand fide of the Diagrams, are the. laſt Terms of the Equations: 
whoſe Roots are p, 9, 7, 5, &c. and that as they vaniſh, the Roots 
P, J, 7, 5, &c. that is, the differences. between the Quote arid the 
Root ſought, vaniſh at the fame time. So that the Quote will not 
then differ from the true Root. Wherefore at the beginning of the 
Work, if you ſee that the Terms in the ſaid Column will all de- 
ſtroy one another, you may conclude, that the Quote fo far ex- 
tracted is the perfect Root of the Equation, But if it be other- 
wiſe, you will ſee however, that the Terms in which the indefi- 
nitely ſmall Species is of few Dimenſions, that is, the greateſt Terms, 
are continually taken out of that Column, and that at laſt none 
will remain there, unleſs ſuch as are leſs than any given Quantity, 
and therefore not greater than nothing when the Work is continued 
ad infinitum. So that the Quote, when infinitely extracted, will at 
laſt be the true Root. 2 "ks 220 | 

53. Laſtly, altho' the Species, which for the fake of perſpicuity E 
have hitherto ſuppos'd to be indefinitely little, ſhould. however be 
ſuppos'd to be as great as you pleaſe, yet the Quotes will ſtill be 
true, though they may not converge ſo faſt to the true Root. This. 
is manifeſt from the Analogy of the thing. But here the Limits 
of the Roots, or the. greateſt and leaſt Quantities, come to be 
conſider d. For theſe Properties are in common both to finite and 
infinite Equations, 'The Root in theſe is then greateſt or _ 

| when 
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when there is the greateſt or leaſt difference between the Sums of 
the affirmative Terms, and of the negative Terms; and is limited 
when the indefinite Quantity, (which therefore not improperly I 
ſuppos'd to be ſmall,) cannot be taken greater, but that the Mag- 
nitude of the Root will immediately become infinite, that is, will 


become impoſlible. 


54. To illuſtrate this, let ACD be a Semicircle deſcribed on the 
Diameter AD, and BC be an Ordinate. I 
Make AB =, BC), AD 4. Then 

Nax — KX Var — E V 
EY ax — 5 N ax, &c. as before. 
Therefore BC, or y, then becomes greateſt 

when Har molt exceeds all the Terms | 
= Wax ＋ N van =; y ax, &c. that is, when * == 74; but 
it will be terminated when x = 4. For if we take x greater than 
iin, IOH;.04; 2 2 43 

a, the Sum of all the Terms — 5 an — — Van — Nax, 
&c. will be infinite. There is another Limit alſo, when x o, 
by reaſon of the impoſſibility of the Radical /— ax; to which 
Terms or Limits, the Limits of the Semicircle A, B, and D, are cor- 


reſpandent.” oY ON 
Tranfition to the METHOD of FLUXIONS. 

$5: And thus much for the Methods of Computation, of which 
I ſhall make frequent uſe in what follows. Now it remains, that 
for an;Illuſtration of the Analytick Art, I ſhould give ſome Speei- 
mens of Problems, eſpecially ſuch as the nature of Curves will ſup- 
ply. But firſt it may be obſerved, that all the . difficulties of - theſe 
may be reduced to theſe two Problems only, which I ſhall propoſe 
concerning a Space deſcribed by local Motion, any how accelerated 


56, I. The Length of the Space deſcribed being ' continually (that 
is, at all Times) given | ; to find the JV. elocity of the Motion at any 


Time propoſed. 


57. II. The Velocity of the Motion being continually given; to find 
the Length of the Space deſcribed at any Time propoſed. 

58. Thus in the Equation xx q, if y repreſents the Length of 
the Space at any time deſcribed, which (time) another Space x, 


by increafing with an uniform Celerity x, meaſures and exhibits as 
D 2 5 deſcribed: 


4 
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deſcribed : Then 2xx will repreſent the Celerity by which the Space 
y, at the ſame moment of Time, proceeds to be deſcribed ; and 
contrary-wiſe. And hence it is, that in what follows, I conſider 
Quantities as if they were generated by continual Increaſe, after the 
manner of a Space, which a Body or Thing in Motion deſcribes. 
59. But whereas we need not confider the Time here, any 
farther than as it is expounded and meaſured by an equable local 
Motion; and beſides, whereas only Quantities of the ſame kind 
can be compared together, and alſo their Velocities of Increaſe and 
Decreaſe : Therefore in what follows I ſhall have no regard to Time 
formally conſfider'd, but I ſhall ſuppoſe ſome one of the Quantities 
propoſed, being of the ſame kind, to be increaſed by an' equable 
Fluxion, to which the reft may be referr'd, as it were to Time ; 
and therefore, by way of Analogy, it may not improperly receive 
the name of Time. Whenever therefore. the word Time occurs in 


what follows, (which for the ſake of perſpicuity and diſtinction 1 


have ſometimes uſed,) by that Word I would not have it under- 
ſtood as if I meant Time in its formal Acceptation, but only that 
other Quantity, by the equable Increaſe or Fluxion whereof, Time 
is expounded and meaſured. | | 

60. Now thofe Quantities which I conſider as gradually and 
indefinitely increaſing, I ſhall hereafter call Fluents, or Flowing 
Quantities, and ſhall repreſent them by the final Letters of the 
Alphabet v, x, y, and 2; that I may diſtinguiſh them from other 
Quantities, which in Equations are to be conſider'd as known and 
determinate, and which therefore are repreſented by the initial 
Letters a, ö, c, &c. And the Velocities by which every Fluent 


is increaſed by its generating Motion, (which I may call Fluxtons, 


or ſimply Velocities or Celerities,) I ſhall repreſent by the fame 
Letters pointed thus b, x, y, and z. That is, for the Celerity of 
the Quantity v I ſhall put v, and fo for the Celerities of the other 
Quantities x, y, and 2, I ſhall put x, y, and reſpectively. 

61. Theſe things being premiſed, I ſhall now forthwith proceed 


to the matter in hand; and firſt I ſhall give the Solution of the 
two Problems juſt now propoſed, 


P R OB. 
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? 


P R O B. I. 


The Relation of the Flowing Quantities to one another being 
given, Zo determine he Relation of their Fluxions. ; 


SOLUTION. 


3 1. Diſpoſe the Equation, by which the given Relation is ex- 
preſs' d, according to the Dimenſions of ſome one of its flowing 
Quantities, ſuppoſe x, and multiply its Terms by any Arithmetical 


Progreſſion, and then by - 2. And perform this Operation ſeparately 
for every one of the flowing Quantities. Then make the Sum of 
all the Products equal to nothing, and von. will have the ae 
required. 
7 2. EXAMPLE 1. If the Relation of the flowing Quantities & and 
1 be x%—ax*+ axy — y* =0; firſt diſpoſe the Terms according 
1 to x, and then n, to y, and un them in the follow- 
i ing manner. 1 a dhe Tok 
- Mult, „ — en. ö . axy I Sog 


4 ö 8 zx 416 x : 


makes cle: * * . 1 3 


Fo „% 


4 7 which ian gives the Relation between the F * 78 x and 7. 
1 For if you take x at pleaſure, the Equation x*— ax* * — 7 
Ss will give y. Which being determined, it will be K * 
3 — : 3x. — 24x + ay. | 
Ex. 2. If the Relation of the Quantities x, y, and $87 be ex- 
preſsd by the Equation 297 + * 2092 + 32" —2. , 


Ne 
>, KS * 8 


1 Mult. 25 + xx 2. | * e v 2 20 r 
1 a * 
1 TT, © oY 4 


3 = : : 4 . 
1 1 | | | 2x | 
37 by. So... „„ Er 


IR. 
0 
N 


ö 8 
= _— & of * P 
—— 8 
0 . = "Ez ©. 
' 2 
< 


F nk, 4 h rs. . 
1 makes 49 * + 2 2XXY | —Z22* + OSSY—2C2y * 
> W here- 


e . —. I ] ͤͤ LESS 


Wherefore the Relation of the Celerities of Flowing, or of the 1 

F 547 op x, 5 and 2, ee = Mis 3 + 62zy——2cay 3 
4. But Bake there ate here IN flowing Quantities, x, y, and 

Z, another Equation onght alfo to be given, by which the Relation 

among them, as alſo among their Fluxions, may be intirely deter- 

mined. Asif it were ſuppoſetd that x + y— z =o. From whence 


another Relation among the Fluxions x + y — 2 would be 


found by this Rule. Now compare theſe with the foregoing Equa- 


tions, by 1 any one of the three Quantities, and alſo any 
one of the Fluxions, and then you will obtain an Equation which 


will intirely determine the Relation of the reſt. 


In the Equation propos d, whenever there are complex Frac- 
tons, or ſurd Quantities, I put ſo many Letters for each, and ſu 
poſing them to repreſent flowing Quantities, I work as before. Af- 


terwards!T ſupprets and exterminate the aſſumed Letters, as you ſee 3 
done hers. 1 13 | Y 


6. Ex. 3. If the Relation bf a Quantities x: and y body ae 
& Vu K o; for x V aa—xx I write 2, and thenee 1 
have the two Equations -a o, and a —2˙ 
o, of which the firſt will give 2yy — 2 o, as before, for the 
Relation of the Celeritics y and 2, and the latter will give 24*xx 


a — 3 
— A4 — 23Z==0, of 2 — — - =2, for the Relation of the 


Olerities & and 2. News ing wenge it will be 25) DE? 
nt Do. and then reſtoring x. Ta x ag — xx for 2, we ſhall habe 27 
8, for the Relation between & and J, as was re- 


2 — X * 
quired, 


7. Ex. 4 e ar G d, expreſſes 


the Relation that is between x and y: I make 25 = =, and 


K* xx, from basel ſhall have the three Equations x*— 

ay* + & -b o, 42 + Y# - Do, and axty & — vy==0, 
The firſt gives zx. 2ayy + $—vV==09, the ſecond gives ag + 
23 ＋ 92 — 30% o, and the third gives 4axx* Jo 6xx* aye 


er forthe Relations-of the Velocities * W. I, and S. 8 
e 


18 


Wy 
Is Ta 
by 
* 2 
1 
e 
3 * 
39 
zz 


Ta 
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the 1 oy and v, found by the ſecond and third Equations, 


(that i is, 2 9 e for z, and 42559 2 8 for v) I ſubſtitute in the 


20 
229 — — —— V 
firſt Equation, and there ariſes Za. af EFD Wah Tint 


o. Then inſtead. of 2 and v reſtoring their Values = and 


xx. ay + xx; there will ariſe the Equation fought 3xx* — 2ayy 
+ gabyy* + 2553 — 4axxy—bex 3 — | 
2 . ben v | by which the Relation of the 
Velocities x and y will be expreſsd. 
8. After what manner the Operation is to be-perform'd in other 
Caſes, I believe is. manifeſt from hence; as when in the Equation 


propos d there are found ſurd Denominators, Cubick Radicals, Ra- 


dicals within Radicals, as Vax + VA 44 — 8 or any other com- 
plicate Terms of the like kind. 

Furthermore, altho in the Easton Se 3 Gould 
be Quantities involved, which cannot be determined or expteſs'd 
by any Geometrical Method: ſuch as Curvilinear Areas or the Lengths: 
of Curve-lines ;. yet the Relations of their Fluxions wahr be found, 
as will appear from the following Example. e 


Preparation for RAG Bri 5. wolf 


= 


10. Suppoſe BD to be an Ordinate at right Angles: to AB, and 
that ADH be any Curve, which is defined 8 | 
the: Relation - between AB: and BD exhibited | 
by an. Equation. . Let AB be called x,” and 
the Area of the Curve ADB, apply'd to Unity, 
be call'd Z. Then erect the Perpendicular AC 
equal to Unity, and thro C draw CE. parallel 
to AB, and 88 BD in E. Then conceiving N. LTP 
theſe two Superficies ADB and ACER to be generated by the 
Motion of the right Line BED; it is manifeſt that their Fluxions, 
{that is, the Fluxions of the Quantities 1 x 2, and I x &, or of the 
Quantities S and x,) are to W other as the generating Lines BD 
and BE. Therefore S.: * 5D BE or. 1, and therefore 
— xx BD. | | 

13. And hence it is, chat 2 may be involved in any Equation, 

expreſſing the Relation between x and any other flowing Quantity y; 


and yet the Relation of the Fluxions æ and y may however be diſ- 


cover'd. 1 


24 The Method of Flux los, 
| 12. Ex. 5. As if the Equation 22 + axz — y+ = © were pro- 
pos'd to expreſs the Relation between x and y, as alſo Ha xx 
== BD, for determining a Curve, which therefore will be a Circle. 
The Equation 22 + @x2 — y* =0, as before, will give 282 + 


- ew 


az + ax% — 4yy* Do, for the Relation of the Celerities x, 75 


and z. And therefore ſince it is > = x x BD or =x Vax—axx, 


ſubſtitute this Value inſtead of it, and there will ariſe the Equation 


2 + a Vax — xx —+ ag — 455 So, which determines the 


Relation of the Celerities x and y. 
ane DEMONSTRATION of the Solution. | 
13. The Moments of flowing Quantities, (that is, their indefi- 
nitely ſmall Parts, by the acceſſion of which, in indefinitely ſmall 
rtions of Time, they are continually. increaſed,) are as the Ve- 
[cities of their Flowing or Increaſing. 5 . 


. x 


3 * * 


* 


o (that is, by xo, ) the Moments of the others v, y, S, will be 
repreſented by vo, 9, 293: becauſe do, x0, yo, and So, are to each 
other as v, x, y, and S. V | 
15. Now ſince the Moments, as xo and 9, are the indefinitely 
little acceſſions of the flowing Quantities x and y, by which thoſe 
Quantities are increaſed through the ſeveral indefinitely little in- 
tervals of Time; it follows, that thoſe Quantities: x and y, after 
any indefinitely ſmall interval of Time, become x ＋ xo and y-+ yo. 
And therefore the Equation, which at all times indifferently expreſſes 
the Relation of the flowing Quantities, will as well expreſs the 


Relation between x ＋ x0 and y + yo, as between x and y: So 
that x + xo and y + yo may be ſubſtituted in the ſame Equation 


for thoſe Quantities, inſtead of x and y. 


16. Therefore let any Equation x" — ax* + axy — „* o be 
given, and ſubſtitute x + xo for x, and y + yo for y, and there 


will ariſe | _ 25 To 
* + x0%* ＋ Jx*00x + K 
ga — 24x08 — @x*00, |, - 
＋ axy + axoy I ayox + axyoo 
PETIT —Fw er 


17. 


14. Wherefore if the Moment of any one, as x, be repreſented 
by the Product of its Celerity x into an indefinitely ſmall Quantity 
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17. Now by Suppoſition x*— ax*—+ axy — y*==0, which there- 


fore being expunged, and the remaining Terms being divided by o, 


there will remain gxx* + 3x*0x + x30 — 24XxX — ax*0 + axy + 
ayx + axyo 3% — 3y*09y —3*00==0, But whereas o is ſuppoſed 
to be infinitely little, that it may repreſent the Moments of Quan- 


tities ; the Terms that are multiply'd by it will be nothing in reſpect 


of the reſt. Therefore I reject them, and there remains 3xx* — 
24xx + axy + ayx— 3yy*== o, as above in Examp. 1. 
18. Here we may obſerve, that the Terms that are not multiply'd 
by o will always vaniſh, as alſo thoſe Terms that are multiply'd by o 
of more than one Dimenſion. And that the reſt of the Terms 
being divided by o, will always acquire the form that they ought 
to have by the foregoing Rule : Which was the thing to be proved. 
19. And this being now ſhewn, the other things included in the 
Rule will cafily follow. As that in the propos'd Equation ſeveral 
flowing Quantities may be involved ; and that the Terms may be 


multiply'd, not only by the Number of the Dimenſions of the flow- 


ing Quantities, but alſo by any other Arithmetical Progreſſions; ſo 


that in the Operation there may be the ſame difference of the Terms 


according to any of the flowing Quantities, and the Progreſſion be 
diſpos'd according to the ſame order of the Dimenſions of each of 
them. And theſe things being allow'd, what is taught beſides in 


Examp. 3, 4, and 5, will be plain enough of itſelf, 


PR OB. II. 


An Equation being propoſed, including the Fluxions of 


 Reantities, to find the Relations of thoſe Quantities to 
one another. | : 


A PARTICULAR SOLUTION. 


I. As this Problem is the Converſe of the foregoing, it muſt be 
ſolved by proceeding in a contrary manner. That is, the Terms 


multiply'd by x being diſpoſed according to the Dimenſions of ; 
they muſt be divided by -, and then by the number of their Di- 


menſions, or perhaps by ſome other Arithmetical Progreſſion. Then 


the ſame work muſt be repeated with the Terms multiply'd by v, y, 
E or 


75 — 


2 _ — 0 
= —— — 4" 2 —̃ͤ — C7 ²˙A ⁵ʒu-.« « mm ̃—⏑¹uipt ˙ ¼ůmͥ˙ ̃ᷣ ᷣ ù EE 
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or 2 and the Sum reſulting muſt be made equal to nothing, re- 
jecting the Terms that are redundant. 


2. EXAMPLE. Let the Equation propoſed be 3xx*— 2 + axy: 


— yy + aYN = Soo. The Operation will be after this manner: 


Divide zx —20XXI-axy | Divide — 357% » + ayx 


by =- Quot. zu —2ax* ah by =. Quot. — 35 # + axy 
/ .! 3, Divide by 3 
Quote * —ox* -þayx| Quote — 5 „ + axy 


Therefore the Sum * — ax* + axy — y* =O, will be the required, 


Relation of the Quantities x and y. Where it is to be obſerved, 
that tho' the Term axy occurs twice, yet I do not put it twice in 
the Sum * — ax* + axy — y} o, but I reject the redundant 


Term. And ſo whenever any Term recurs twice, (or oftener when 
there are ſeveral flowing Quantities concern'd,) it muſt be wrote 


only once in the Sum of the Terms. 


There are other Circumſtances to be obſerved, which I ſhall. 
leave to the Sagacity of the Artiſt ; for it would be needleſs to dwell 
too long upon this matter, becauſe the Problem cannot always be 


folved by this Artifice. I ſhall add however, that after the Rela- 


tion of the Fluents is obtain'd by this Method, if we can return, 
by Prob. 1. to the propoſed Equation involving the F luxions, then 


the work is right, otherwiſe not. Thus in the Example propoſed, 
after J have found the Equation x* — ax* + axy — y* o, if from 


thence I ſeek the Relation of the Fluxions x and y by the firſt 


Problem, I ſhall arrive at the propoſed Equation zxx- — 2a ＋ 
axy — 30 + ayx—=0, Whence it is plain, that the Equation 


* — @x* + axy - == © is rightly found, But if the Equation 


XX — &y + @&y o were propoſed, by the preſcribed Method 1 
ſhould obtain this 4x* — xy + ay =o, for the Relation between 


x and y; which Concluſion would be erroneous : Since by Prob. 1. 


the Equation xx — xy — yx + ay == © would be produced, which. 


is different from the former Equation. 


Having therefore premiſed this in a render manner, I 
hall now undertake the general Solution, 


A. 


"MF 
7 N 5 
2 1 8 
x e 
„ 
-” 9 
= 
200M 
Fe; 5 FF 
ogy 
Re LS 
4 

3 

f 


8 os 73 2 
N 8 7 kg 3 8 


* 2 PR - 1 * 
N F 
1 


4 
. 2 
= 


3 of 


and INFINITE SERIES. 27 


A PREPARATION FOR THE GENERAL SOLUTION. 


s, Firſt it muſt be obſerved, that in the propoſed Equation 
the Symbols of the Fluxions, (ſince they are Quantities of a diffe- 
rent kind from the Quantities of which they are the Fluxions,) 
ought to aſcend in every Term to the ſame number of Dimenſions : 
And when it happens otherwiſe, another Fluxion of ſome flowing 
Quantity muſt be underſtood to be Unity, by which the lower 
Terms are ſo often to be multiply'd, till the Symbols of the Fluxions 
ariſe to the ſame number of Dimenſions in all the Terms. As if 
the Equation x + xyx — axx==0 were propoſed, the Fluxion 2 
of ſome third flowing Quantity z mult be underſtood to be Unity, 
by which the firſt Term x muſt be multiply'd once, and the laſt 
axx twice, that the Fluxions in them may aſcend to as many Di- 
menſions as in the ſecond Term xyx: As if the propoſed Equation 
had been derived from this x2 + xyx — azzx* o, by putting 
2==1. And thus in the Equation ya yy, you ought to ima- 
gine x to be Unity, by which the Term yy is multiply'd. 

6. Now Equations, in which there are only two flowing Quan- 
tities; which every where ariſe to the ſame number of Dimenſions, 
may always be reduced to ſuch a form, as that on one ſide may be 
had the Ratio of the Fluxions, (as 2 Or 5 Or 7 Kc.) and on the 
other ſide the Value of that Ratio, expreſsd by ſimple Algebraic 
Terms ; as you may ſee here, 7 2 ＋ 2R — . And when the 
foregoing particular Solution will not take place, it is required that 
you ſhould bring the Equations to this form. | 
7. Wherefore when in the Value of that Ratio any Term is de- 
nominated by a Compound quantity, or is Radical, or it that Ratio 
be the Root of an affected Equation ; the Reduction muſt be per- 
form'd either by Diviſion, or by Extraction of Roots, or by the 
Reſolution of an affected Equation, as has been before ſhewn. 

8. As if the Equation 954 — * — xa + XxX — Xy == were pro- 


poſed ; firſt by Reduction this becomes === 1 + 2, or 2 


= . And in the firſt Caſe, if I reduce the Term = deno- 


minated by the compound Quantity a - x, to an infinite Series of 
"Lore E 2 | ſimple 


— 
— 


— - 2 — - 
—— —— ———_—_ - — — — — 


- — —— — 
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ſimple Terms = =+ 2 2 4-32 Ker. by dividing the Numerator 


y by the Denominator a— x, I ſhall . have 4 == 1 + = + 2 + 


= — = &c. by the help of which the Relation. between x and 
y is to be determined. 


MY 


* So the Equation yy == xy + Kr being given, or = == =, 


＋ xx, and by a farther Reduction 5 131 EV: I extract 


the ſquare Root out of the Terms = = + xx, and obtain the infinite 
Series 2 EK — . + 2x5 — 5x* + 14x"*, &c. which if I ſubſti- 


tute for Vr + xx, I ſhall have 2 = 1 + N — X + 2x5 — 5x5, 
* 


&c. or 5 == + x+ — 2x* + 5x*, &c. according as V/ZÞxx 


18 either added to 2, or ſubtracted from it. 
10. And thus if the Set y + axx*y + a- - Ns — 


2X34 =0 were propoſed, or 2 uE. — &. — = 0, 
I extraCt the —_ of * affected Cubick Equation, and there 


131x3 
5124 


Ks. as may be ſeen 


ariſes = > 2 4 — > 7 * 178 


er 


11. But here it may be obſerved, that I look upon thoſe Terms. 
only as compounded, which are compounde d in reſpect of flowing 
Quantities. For I eſteem thoſe as ſimple Quantities which are com- 
pounded only in reſpe& of given Quantities. For they may be re- 
duced to ſimple Quantities by ſuppoſing them equal to other given 


bx x .. 


„ ee Thus I conſider the Quantities 

— . 
be 

may all be reduced to the ſimple 2 50736 = =, 2 =» Wer ex (or 


e&x*) &c. by ſuppoſing a + 6 — 
12. Moreover, that the wine Quantities may the more eaſily 


be diſtinguiſh'd from one another, the Fluxion that is put in the 


Numerator of the Ratio, or the Antecedent of the Ratio, may not 
improperly be call'd the Relate Quantity, and the other in the De- 


nominator, to which it is compared, the Correlate : Alſo the 
flowing 


Var + bs, &c. as ſimple * becauſe they — 5 


1 and IN INIT E SERIES. 29 


flowing Quantities may be diſtinguiſh'd by the ſame Names reſpec- 
tively. And for the better underſtanding of what follows, you may 
conceive, that the Correlate Quantity is Time, or rather any. other 
Quantity that flows equably, by which Time is expounded and 
meaſured. And that the other, or the Relate Quantity, 1s Space, 
which the moving Thing, or Point, any how accelerated or retarded, 
deſcribes in that Time. And that it is the Intention of the Problem, 
that from the Velocity of the Motion, being given at every Inftant 
of Time, the Space deſcribed in the whole Time may be deter- 
mined. #8 
13. But in reſpect of this Problem Equations may be diſtinguifh'd 
into three Orders. | A” 

14. Firſt: In which two Fluxions of Quantities, and only one 
of their flowing Quantizies are involved. 

15. Second: In which the two flowing Quantities are involved, 
together with their Fluxions. 

16. Third: In which the Fluxions of more than two Quantities 
are involved. | 

17. With theſe Premiſes I ſhall attempt the Solution of the 
Problem, according to theſe three Caſes. 2 


SOLUTION OF CAsE I. 


18. Suppoſe the flowing Quantity, which alone is contain'd in 
the Equation, to be the Correlate, and the Equation being accord- 
ingly diſpos'd, (that is, by making on one ſide to be only the 
Ratio of the Fluxion of the other to the Fluxion of this, and on 


the other fide to be the Value of this Ratio in ſimple Terms, ) mul- 


tiply the Value of the Ratio of the Fluxions by the Correlate Quan- 
tity, then divide each of its Terms by the number of Dimenſions 
with which that Quantity is there affected, and what ariſes will be 
equivalent to the other flowing Quantity, | » 4 
19. So propoſing the Equation yy =xy + xxxx; I ſuppoſe » 
to be the Correlate Quantity, and the Equation being accordingly 


reduced, we ſhall have $ == I + x* —x+ + 2x5, &, Now I mul- 


tiply the Value of = into x, and there ariſes x + x? — xs + 2x”, 


&c. which Terms I divide ſeverally by their number of Dimenſions, 


and the Reſult x + A* — * + 5x", &c. I put =y. And 5 
1 pe this 


1 


this Equation will be defined the Relation between x and y, as was 
required. | 


20. Let the rag be 2 == ＋ wo = + = &c. there 


will ariſe = 0x — — . 75 + 225 yy . &. for determining the 


Relation between x 450 Ye 
21. And thus the . — 4 D., 


* 7 


gives y=— T. —_ + ; + a2 — * + 1 , For multiply the 


Value of 2 into X, — it becomes = — + a - K* ＋ of, 
x 
or x2 -& Nr — xt + x5, which Terms being divided by 
the number of Dimenſions, the Values of will ariſe as be- 
fore. 
20% 3 


2. After the ſame manner the Equation © 5 == + 55 + 


© | bac 
v by + 5 Slves X = — 75 7 ＋ I ＋ cs For the 


Value of being multiply d by 5, FER ariſes = + 2 tho 

y of OF 
ich or 2bcaty* + 2 1 y T cxy*» And thence 
the Value of x reſults; by dividing by the number of the Dimen- 
ſions of each Term. 


23. And ſo = . gives Y = 327, And 2 | == gives == 
. But e Equation = = 2 gives y — 5 8 : multiply'd 
into x makes a, which being divided by the number of Dimen- 
ſions, which is o, there ariſes = =, AN infinite Quantity for the Value 


of y. 
24. Wherefore, whenever a like Term ſhall occur in the Value 


of , whoſe Denominator involves the Correlate Quantity of one 


3 only; inſtead of the Correlate Quantity, ſubſtitute the 
Sum or the Difference between the ſame and ſome other given 
uantity to be aſſumed at pleaſure. For there will be the ſame 
Relation of Flowing, of the Fluents in the Equation ſo produced, 
as of the Equation at firſt propoſed; and the infinite Relate Quan- 
| tity 
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tity by this means will be diminiſh'd by an infinite part of itſelf, 
and will. become . but yet conſiſting of Terms infinite in 


number. 


Fe 
© »5 


24 Therefore the Equation 1 == 1 being RAT if for K I 


write b-+ x, aſſuming the Quantity þ at pleaſure, e will ariſe 


a ax _ _ ax> 


! = ; and by Diviſion = = == 7 56 + 77 — = Kc. And 


=> 7 
en * axs 2 | 
now the Ruleaforegoing will give J= 7 7 OM . &c. for 


the Relation between x and 9. 


26. So if you have the W 7 = - 6s bee x6: Seiko 


2 
of the Term 5» if you write 1 + x for x, there wall ariſe 2 


* 


—_ == + 2 — 2x —xx. Then reducing the Term 2 into an in- 


finite Series + 2 — 2 + 20% — 2X + 2x4, &c you will have 2 = 


== 4 —4X | x* AK ＋ 2x4, &c. And then according to the Rüle 
A — 20% + * — * + z, &c. for the A * * 


and pr 


. 1! 


27. And thus if * the e Equation 2 1 ＋ art . * were pro- 


* 


poſed; becauſe I here obſerve the Term * — (or 7) to be found, 


1 tranſmnte * by nnen ] — X for it, and there ariſes 2 


* 


= 7= ne og 


I+x+x* + x3, &c. and the Term Vi=s is equivalent to 
I 2 - — rs, and therefore or 


3 * 
1—x - FEET. Tc. is 


the ſame as 1 A* A* + re, &. So that when theſe Values 


are- ſubſtituted, I ſhall have, © 2. ==1 + 2x + «ip 42x3, &c. And 
then by the Rule y = * * =þ 4x? + #5 , &c. And fo of 


others. 


veniently reduced, by ſuch- a e 0 flowing 3 


— > N ms... * 
Phe 30 + d=. 5 inſtead 


ä — — 


As if this Equation were propoſed > == 


of. 


1 * Now the Term e produces 


28. Alſo in other Caſes the Equation ma * 5 be 9 0 
the 


— — > > I Re dear ew - 


A — — 
—— * 
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63 — 4 83 c 
— —  * 


of x I write c — X, 104 ed x 1 tal have Tens — 7 


* 


and then by the Rule y = — — + =. But the uſe of ſuch Tranſ- 


2XX 


mutations will appear more Plainly in what follows. 


/ 


S — von OF CASE IL 


29. PREPARATION. And ſo much for Equations that involve 
only one Fluent, But when each of them are found in the 
Equation, firſt it muſt be reduced to tlie Form preſcribed, by 
making, that on one ſide may be had the Ratio of the Fluxions, 
equal to an aggregate of ſimple Terms on the other ſide. 

39. And beſides, if in the Equations ſo reduced there be any 
Fractions denominated by the flowing Quantity, they muſt be freed 
from thoſe Denominators, by the above-mentioned Tranſmutution 
of the flowing Quantity. 


31. N Equation yar — xx) — aax =0 being propoſed, or 
! = = - = + = =; becauſe of the Term 2, I aſſume 6 at pleaſure, and 
for x I eller write þ ＋ x, or b—s, or x — 5. As if I ſhould 


write 6 + x, it wall become 2 — 2 = + ; rs And then the Term 


- being converted by Diviſion into an mln Series, we ſhall have 


y a ax ax ax3 
44 1-5.) Jn them e ce. : 


3 And after the fame manner the Equation T = = 37 — 2x + 


x 


72 cf = being propoſed ; if, by reaſon of the Terms; 7 and -: 2 


J write 1 — y for y, OY I—x for x, there will _ . = 


1 — 35 +2 x + _ + —Y But the Term . by 
infinite Diviſion ee. * J— x) . —xy* + — x3, &c. 
and the Term = by a like Diviſion gives 2y — 2 ＋ 4xy 


— 4x + * — 6x* + Bx3y — 8x3 + 10 y — 10%4, &c. There- 


fore >==— 3x ＋ 3xy + j*— xy* + 3 xys, 4 + 6x19 — 6x" 


+ g 55 — 8x + ro — IOx9t+, Kc. 
33. 
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33. Rur. The Equation being thus prepared, when need re- 
quires, diſpoſe the Terms according to the Dimenſions of the flow- 
ing Quantities, by ſetting down firſt thoſe that are not affected by 
the Relate Quantity, then thoſe that are affected by its leaſt Dimen- 
ſion, and ſo on. In like manner alſo diſpoſe the Terms in each of 


theſe Claſſes according to the Dimenſions of the other Correlate 


Quantity, and thoſe in the firſt Claſs, (or ſuch as are not affected 
by the Relate Quantity,) write in a collateral order, proceeding to- 
wards the right hand, and the reſt in a deſcending Series in the left- 
hand Column, as the following Diagrams. indicate. The work be- 
ing thus prepared, multiply the firſt or the loweſt of the Terms in 
the firſt Claſs by the Correlate Quantity, and divide by the number 
of Dimenſions, and put this in the Quote for the initial Term of 


the Value of the Relate Quantity; Then ſubſtitute this into the 


Terms of the Equation that are diſpoſed in the left-hand Column, 
inſtead of the Relate Quantity, and from the next loweſt Terms 
you will obtain the ſecond Perm of the Quote, after the ſame man- 
ner as you obtain'd the firſt. And by repeating the Operation you 
may continue the Quote as far as you pleaſe, But this will appear 
plainer by an Example or two; | 


34. EXAMP. I. Eet the Equation 7 = I — JX+y + xX*+ xy 


be propoſed, whoſe Terms 1 — 3x + x*, which are not affected 
by the Relate Quantity y,. you ſee diſpos'd: collaterally in the up- 


— 0 hot] 25 3* + xx 5 F - = 
+9 . er = ext, . 
3 22 + XxX——xt + 3X*+—3xX*+Fx65,8C 
The Sum | 1—2x-+xx—2x*+$x*—,x", &c. | 
1 y= : - X— x. EAN 3 — pxtbgoxi—_xx**, &c. " | 


8 
1 
o 
1 
2 
* 
DJ 
32 
OW 
Mg 
* 
£43 
54 
4% 
£3: 


TY Wow, . 


8 Row, and the reſt y and xy in the left-hand Column. And. 
rſt J multiply the initial Term 1 into the Correlate Quantity x, 
and it makes x, which being divided by the number of Dimen- 
frons 1, I place it in-the Quote under-written, Then ſubſtituting 
this Term inſtead of y in the marginaÞ Terms + y and + xy, I 
have ++ x and ＋ xx, *vhich T write over againit them to the right 
hand. Then from the ret I take the loweſt Terms — zx and x, 
whoſe aggregate — 2x multiply'd into x becomes — 2xx,- and 

being. 


34 The Method of FLuxIioNs, 


being divided by the number of Dimenſions 2, gives — xx for the 
ſecond Term of the Value of y in the Quote. Then this Term 
being likewiſe aſſumed to compleat the Value of the Marginals + y 
and ＋ xy, there will ariſe alſo — xx and — *, to be added to 
the Terms + x and +xx that were before inſerted. Which being 
done, I again aſſume the next loweſt Terms ＋ xx, — xx, and + xx, 
which I collect into one Sum xx, and thence I derive (as before) 
the third Term + 5x3, to be put in the Value of y. Again, taking 
this Term 4x3 into the Values of the marginal Terms, from the 
next loweſt + 4x3 and — x3 added together, I obtain — 4x+ for 
the fourth Term of the Value of y. And ſo on in infinitum. 

35. EXAMP.2. In like manner if it were required to determine 
the Relation of x and y in this Equation, 2 —1 += + = 1 — * 


* 57 


, &c. which Series is ſuppoſed to proceed ad infinitum; I put 1 


in the beginning, and the other Terms in the left-hand Column, 
and then purſue the work according to the following Diagram. 


t 


rr 
e — 
2 R * 
* „% 
| * ** ** a4 x5 . 
* „% 
x2y | x3 x4 xs 
+ 22 „ „ #« +>, , &. 
x3y x4 | * 
5 * * * Nas 5 
＋ 755 * > * 27 &c. 
5 F 
* LS * * +—  &c. 
Aa & 4 
&c. | 
1 28 * JX>. _ x9 5x4 3x 
Sum . — ＋ , &. ö 
- x2 x3 x4 ** * 
„ 


36. As I here propoſed to extract the Value of y as far as fix 
Dimenſions of x only; for that reaſon I omit all the Terms in 
the Operation which I foreſee will contribute nothing to my pur- 
poſe, as is intimated by the Mark, &c, which I have ſubjoin'd to 
the Series that are cut off. 


3. 37. 


LS 


Ws & 8 
3 


I 2 7 Sox, "vY Dr 5 r 2 
> 2 CS 1 9 . 0 N " 
vs 3 £ 7 . UE FN Fans 142 2 S 
A. c Wore Et FO ERNIE {74 
3 FFF . 3 5 
1 \ *.£ 1 1 % . * p v5 8 * 


Et, + 


| =” a RSS 
I == — 2 2X = X re of r* - „&c. 
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37. EXAMP. 3. In like manner if this Equation were propoſed 
=== 38 + 3 + J* — xy* +15 — x97 gi — t, &c. Aba 


— 6x* + 8x3y — 8x? + 10xyt — 10x+, &c. and it is intended to 
extract the Value of y as far as ſeven Dimenſions of x. I place the 


Terms in order, according to the following Diagram, and I work 


as before, only with this exception, that fince in the left-hand Co- 
lumn y is not only of one, but alſo of two and three Dimenſions; 
(or of more than three, if I intended to produce the Value of y 
beyond the degree of x,) I ſubjoin the ſecond and third Powers of the 
Value of y, ſo far gradually produced, that when they are ſubſtitu- 
ted by degrees to the right-hand, in the Values of the Marginals 


2 


— zu — 6x* — 8x* — 10K — I2x* — 14K „ &c. 


_—_ WS, 
+ 6x*y 7 * 


9 2 3, 4 
TL 1oxty {| +#* * * * * 


| " 
n—_ x — 12x — Px „&c. 

* — I2X* — 1G, &c. 
— 15K, &c. 


XR 1 


* 


+ 2x4 ＋ Gx; ＋ K, &c. 


A- 
2 
* 
* 
* 


| 5 9 
— xy 8 * 5 F 6x5 ,&c.| 


b 8 5 f — * : 27 - 


| 2 
Sum — 3* — 0x* — x3 — + — — 


* 8 n 


+ * 6x + x65, &c. 


27 
— 1 50 &Cc. 


to the left, Terms may ariſe of ſo many Dimenſions 2s I obferve 
to be required for the following Operation, And by this Method 


there ariſes at length y =— * — 0x? — x, &c. which is the 


F 2. Equation. 


— . —— —-— 
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Equation required, But whereas this Value is negative, it appears 
that one of the Quantities x or y decreaſes, while the other in- 
creaſes. And the fame thing is allo to be concluded, when one of 
the Fluxions is affirmative, and the other negative, | 

38. ExaMPp. 4. You may proceed in like manner to reſolve the 
Equation, when the Relate Quantity is affected with fractional Di- 
menſions. As if it were propoſed to extract the Value of x from 


this Equation, 5 = 7) — 4)* + 27x — xx -- 79 + 293, in 


ds 


_|+w »- —+pmgy 5 
25 „ # +j* „ 20-29%, &c. 
— » 5 * * = Wm * — 3) 1, &c. 
Sum +35 e tc. 
eee. ee, e 
= +3) —)* + 257 — 5, &c. 
== | T3), &c. 


which x in the Term 2yx* (or 2y VJ) is affected with the Frac- 
tional Dimenſion 4. From the Value of x I derive by degrees the 
Value of K, (that is, by extracting its ſquare-Root,) as may be 
obſerved in the lower part of this Diagram ; that it may be in- 
ſerted and transfer'd gradually into the Value of the marginal Term 
2yx*, And ſo at laſt I ſhall have the Equation x == 4y* — y3 4- 
25 + 3y* — £53", &c. by which x is expreſs' d indefinitely in re- 
ſpect of y. And thus you may operate in any other caſe what- 
toever. | | 

29. I ſaid before, that theſe Solutions may be perform'd by an 
infinite variety of ways. This may be done if you aſſume at 
pleaſure not only the initial 33 of the upper Serjes, but any 
other given quantity for the firſt Term of the Quote, and then you 
may proceed as before. Thus in the firſt of the preceding Exam- 
ples, if you aſſume 1 for the firſt Term of the Value of y, and 
ſubſtitute it for y in the marginal Terms + y and -+ xy, and pur- 
ſue the reſt of the Operation as before, (of which I have here given a 
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D | by 
ere eee 
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Sum +2 » + 3x* 4X LAN-, &, 
a= oo erate Ke 


Specimen,) another Value of y will ariſe, 1 + 2x + X + xx4, &c. 
And thus another and another Value may be produced, by aſſum- 
ing 2, or 3, or any other number for its firſt Term. Or if you 
make uſe of any Symbol, as a, to repreſent the firſt Term inde- 
finitely, by the ſame method of Operation, (which I ſhall here ſet 
down,) you will find y = a+ x + ax — xx + axx + 4xX3-+43ax3, 
&c. which being found, for a you may ſubſtitute 1, 2, o, x, or any 
other Number, and thereby obtain the Relation between » and y 
an infinite varicty of ways, hy, Fn | 


- - CLY 4 4. * 
* * "4 do o 
. 7 ; ; > * 
1 x ; 
4 2x + Xx 
ͤ„— mY i x * 2 


- 


— 


ar —xx +43) , &c. 
＋ a + ax* + as, &c. 
+ XY | * + 0X + x* —x* „ &c, 
| ＋ ax* + ax3 , &c. 
Sn == 26 NT ne nr GR 
-+ a + 24 2a4x*+ a,, No. 


* — 


W 


7 a +x —x* I= *- bc. 


rie 

40. And it is to be obſerved, that when the Quantity to be. ex- 
tracted is affected with a Fractional Dimenſion, (as you ſee in the 
fourth of the preceding Examples, ) then it is convenient to take 
Unity, or ſome other proper Number, for its firſt Term. And in- 


deed this is neceſſary, when to obtain the Value of that fractional 


Dimenſion, the Root cannot otherwiſe be extracted, | becauſe of 
the negative Sign ; as alſo when there are no Terms to be diſpoſed 
in the firſt or capital Claſs, from which that initial Term may be 
deduced, 41. 


22229 r ———— — — — _ . —— — 


38 The Method of FLluxloxs, 
41. And thus at laſt I have compleated this moſt troubleſome 
and of all others moſt difficult Problem, when only two flowing 
Quantities, together with their Fluxions, are comprehended in an 
Equation. But beſides this general Method, in which I have taken 
in all the Difficulties, there are others which are generally ſhorter, by 
which the Work may often be eafed; to give ſome Specimens of which, 
ex abundanti, perhaps will not be difagreeable to the Reader. 

42. I. If it happen that the Quantity to be reſolved has in ſome 
places negative Dimenſions, it 1s not of abſolute neceſſity that there- 
fore the Equation ſhould be reduced. to another form. For thus. 


the Equation y == - — xx being propoſed, where y is of one ne- 
gative Dimenſion, JI might indeed reduce it to another Form, as 
by writing 1 + y for y; but the Reſolution will be more expe- 
dite as you have it in the following Diagram. 


2 We #4 . ' ; 4 _—W 
"4 «| | : | 1% # * ; N [EIN XX 4 ; E: } "8b 
4 3 & E. 


—— — Sum 2 „ e 1 3 Xx * XA. n ; £2 5 "7 
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J T1111 * 5 
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| = I.—X—+ 2xx, &c. =. 
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| 43. Here aſſuming. 1 for the initial Term of the Value of y, 3 
18 IT extract the reſt of the Terms as before, and in the mean time A 
1 deduce from thence, by degrees, the Value of - by Diviſion, and 
inſert it in the Value, of the marginal Term. 6 
44. II. Neither is it neceſſary that the Dimenſions of the other 
flowing Quantity ſhould be always affirmative. For from the Equa- 
| 3 1 „ Fe ab wed * 1 

j tion y = 3 + 2y — , without the preſcribed Reduction of the 
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Term 2, there will ariſe y = 2x — xX + 2x*, &c.. 9 
1 ie | ( n 3) I ; | 
| 45. And from the Equation = — y + = — =, the Value 


of 5 will be found y = =, if the Operation be perform'd after 3 


* 


the Manner of the following Specimen. 4 
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be given to that Symbol, which may render the v 
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46. Here we may obſerve by the way, that among the infinite 


manners by which any Equation may be reſolved, it often happens 


that there are ſome, that terminate at a finite Value of the Quan- 


tity to be extracted, as in the foregoing Example. And theſe are 


not difficult to find, if ſome Symbol be aſſumed for the firſt Term: 
For when the Reſolution is perform'd, then ſome proper Value may 

; Abi. A 
47. III. Again, if the Value of ꝙ is to be extracted from this 
Equation q 5; + 1 — 2 + bx, it may be done conyeniently 
enough, without any Reduction of the Term 2000 by ſuppoſing 
{after the manner of Analyſts,) that to be given which is requited. 
Thus for the firſt Term of the Value of y I put 2ex, taking 2e for 
the numeral Coefficient which is yet unknown. And ſubſtituting 


2ex inſtead of y, in the marginal Term, there ariſes e, Which I 
write on the right-hand; and the Sum 1 + e will give x + ex for 


the fame firſt Term of the Value of 5, which I had firſt repre- 
ſented by the Term 2ex. Therefore I make 22x == x + ex, and 
thence I deduce e = 1. 80 that the firſt Term 2ex of the Value 
of y is 2x. After the ſame manner I make uſe of the fictitious 
Term 2fx* to repreſent the, ſecond Term of the Value of y, ani 
thence at laſt I derive — £ for the Value of /, and therefore that ſe- 
cond Term is — gu. And ſo the fictitious Coefficient g in the 
third Term will give Y, and 5 in the fourth Term will be o. 
Wherefore fince there are no other Terms remaining, I conclude 
the work is finih'd, and that the Value of y is exactly 2x — 4x+ 
-+3x*, See the Operation in the following Diagramng. 
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48. Much after the ſame manner, if it were y == ; ſuppoſe 
y ex, where e denotes the unknown Coefficient, and s the, num- 
ber of Dimenſions, which is alſo unknown. And ex* being ſub- 


K - 
ſtituted for y, there will ariſe y , and thence oa Y= 1 
=, Compare theſe two Values of y, and you will find E : De, 4 
and: therefore 5 == 3, and e will be indefinite. Therefore — 


eat pleaſure, you will have up 6. 
IV. Sometimes alſo the Operation may be begun from ho 


hin Dimenſion of the equable Quantity, and. continually, Pro- 
790 to the lower Wos. As if this Equation. were given,  y == 
2. 2 ＋ = + 3 ＋ 2K — 25 and. we would begin from the higheſt 
Term 2%, by diſpoſing the capital Series in an order rr to the 
foregoing ; ; there will ariſe at laſt y xx +4x.—- , &c. as may. 
be ſeen in the form of working here ſet down. 
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vo. And here it may be obſerved by the way, that as the Opera- 
tion proceeded, I e, have inſerted any given Quantity between 


the Terms 4x and — =, for the intermediate Term that is deficient, 


and fo the Value of y might have been exhibited an infinite variety 
of ways. 

51. V. If there are beſides any fractional Indices of the Dimen- 
ſions of the Relate Quantity, they may be reduced to Integers by 


ſuppoſing that Quantity, which is affected by its fractional D:. 
menſion, to be equal to any third Fluent ; and then by ſubſtituting. 
that Quantity, as alſo its Fluxion, ariſing from that fictitious 


Equation, inſtead of the Relate Quantity and its Fluxion. 


52. As if the Equation y = 3xy* + y were propoſed, where the 
Relate Quantity is affected with the fractional Index 3 of i its Dimen- 


ſion; a Fluent z being aſſumed at pleaſure, pp JI==2, or 


„sz; the Relation of the Fluxions, by Prob. 1. will be 
Y = 322*, Therefore ſubſtituting 322* for y, as alſo 2 for y, 


and 2* for 55, there will ariſe 322* == 3x2* + 2%, Or S & +48, 
where 2 performs the office of the us Quantity. 2 after the 


&c. in- 
ſtead of 2 reſtore N, and you will have the. deſired Relation be- 


Value of 2 is extracted, as — LS . — 2 3240 


tween x and y; at is, 11 Ax n TN“, Ke. and by 
Cubing each ſide, v - 2 AUT, &c. 


53. In like manner 1 the Equation y = VS 4y + Pw were. 


given, or y == 295 = * N; ; I make 2 , or 2Z ==}, and thence 
by Prob. 1. 22% = y, and by conſequence 222 == 22 ＋ x72, or 
3 = 1 + z. Therefore by the firſt Caſe of this tis z ==x + 
ix, or y =x + u, then by ſquaring each fide, y==xx + * 
+» *. But if you ſhould deſire to have the Value of y exhibited 
an infinite number of ways, make 3 == x + 2, aſſuming * 
initial Term c, and it will be zz, that is y, C + 20x + g 


+ X* A + g. But perhaps I may ſeem too minute, in treat- 
ing of ſuch things as will but ſeldom come into pratice. | 


SOLUTION OP l III. 


84. The Reſolution of the Problem will ſoon be diſpatch'd, when 
the Equation involves three or more Fluxions of Quantities. For 
G between 
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between any two of thoſe Quantities any Relation may be aſſumed, 
when it is not determined by the State of the Queſtion, and the Re- 
lation of their Fluxions may be found from thence; ſo that either 
of them, together with its Fluxion, may be exterminated. For which 
reaſon if there are found the Fluxions of three Quantities, only one 
Equation need to be aſſumed, two if there. be four, and fo on; 
that the Equation propos'd may finally be transform'd into another 
Equation, in which only two Fluxions may be found. And then. 
this Equation being reſolved as before, the Relations of the other 
Quantities may be diſcover'd. 701 

55. Let the Equation propoſed be 2x - ++ yx = ©; that 1 
may obtain the Relation of the Quantities x, y, and 2, whoſe Fluxions 
x, y, and E are contained in the Equation ; J form a Relation at 
pleaſure between any two of them, as x and y, ſuppoſing that x==y,. 
or 2 =@ +2, Or x , &. But ſuppoſe at preſent x == yy, 
and thence x =2yy. Therefore writing 2yy for x, and yy for x, 
the Equation propoſed will be transform'd into this : 4yy — 2+ ** 
== ©. And thence the Relation between y and 2 will ariſe, 255 + 
Ly: =2. In which if æ be written for yy, and x* for y*, we ſhall 
have 2x + 4 Z. So that among the infinite ways in which 
x; y, and 2 may be related to each other, one of them is here 
found, which is repreſented by theſe Equations, x ==yy, 2y* ＋ 4y3 
, and 2x + 4x* =2. 


DEMONSTRATION. 


56. And thus we have ſolved the Problem, but the Demonſtra- 
tion is {till behind.. And in fo great a variety of matters, that we. 
may not derive it ſynthetically, and with too great perplexity, from 
its genuine foundations, it may be ſufficient to point it. out thus in 
ſhort, by way of Analyſis. That is, when any Equation is propos d, 
after you have finiſh'd the work, you may try whether from the 
derived Equation you can return back to the Equation propos'd, by 
Prob. 1. And therefore, the Relation of the Quantities in the de- 
rived. Equation requires the Relation of the Fluxions in the propoſed: 
Equation, and contrary-wiſe: which was to be ſhewn. 
57. So if the Equation propoſed were y == x, the derived Equa- 
tion will be y = *; and on the contrary, by Prob. 1. we have 


= xx, that is, y x, becauſe x is ſuppoſed Unity. And _ 
om 
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from y= 1—3x +y +xx + xy is derived y=x— + 5x3 

— * + N — N, &c. And thence by Prob. 1. y==I1—2x 
+ X* — * + EX! —Fqx*, &c. Which two Values of y agree 
wy each other, as appears by ſubſtituting Kr — ＋ K* 

*, &C. inſtead of y in the firſt Value. 

7 But in the Reduction of Equations J made uſe pt an Opera- 
85 of which alſo it will be convenient to give ſome account. And 
that is, the Tranſmutation of a flowing Quantity by its connexion 
with a given Quantity. Let AE and ae be two Lines indefinitely 
extended each way, along which two moving Things or Points may 
paſs from afar, and at the ſame time _ 
may reach the places A and a, B and A 3 © I. 
5, C and c, D and d, &c. and let B er 
be the Point, by its diſtance from x —ů 


the Motion of the moving thing o 


point in AE is eſtimated ; fo that — BA, BC, BD, BE, fnobeltively, 
may be the flowing Quantities, when the moving thing is in the 
places A, C, D, E. Likewiſe let & be a like point in the other Line. 
Then will — BA and — ba be contemporaneous Fluents, as alſo 
BC and bc, BD and bd, BE and be, &c. Now if inſtead of the points 
B and 6, be ſubſtituted A and c, to which, as at reſt, the Motions 
are refer ; then o and — ca, AB and — cb, AC and o, AD and 


cd, AE ind ce, will be contemporaneous flowing Quantities. 'There- 


fore the flowing Quantities are changed by the Addition and Sub- 
traction of the given Quantities AB and ac; but they are not changed 
as to the Celerity of their Motions, and the mutual reſpect of their 
Fluxion. For the contemporaneous parts AB and ab, BC and bc, 
CD and d, DE and de, are of the fame length in both caſes. And 
thus in Equations in which theſe Quantities are repreſented, the 
contemporaneous parts of Quantities are not therefore changed, not- 


withſtanding their abſolute magnitude may be increaſed or diminiſhed 


by ſame given Quantity. Hence the thing propoſed is manifeſt : 


For the only Scope of this Problem is, to determine the contempo- 


raneous Parts, or the contemporary Differences of the abſolute Quan- 
tities v, x, , or 2, deſcribed with a given Rate of Flowing. And 
it is all one of what abſolute magnitude thoſe Quantities are, fo that 
their contemporary or correſpondent Differences may wh with the 
propoſed Relation of the Fluxions. 

59. The reaſon of this matter may alſo be thus explain'd Al- 


poſe 
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poſe x = 1 +. Then by Prob, 1. x = 2. So that for y=xxy, 
may be wrote y== xy . Now ſince x E, it is plain, that 


though the Quantities x and 2 be not of the ſame length, yet that 


they flow alike in reſpect of y, and that they have equal contem- 
poraneous parts. Why therefore may I not repreſent by the fame 
Symbols Quantities that agree in their Rate of Flowing ; and to de- 


termine their contemporaneous Differences, why may not I uſe 
yx + xXy inſtead of y —=Xxxy? | 


60. Laſtly it appears plainly in what manner the contemporary 
parts may be found, from an Equation involving flowing Quantities. 
Thus if y=5z + x be the Equation, when x ==2, then y 22. 
But when K D 3, then y == 34. Therefore while x flows from 


2 to 3, y will flow from 24 to 35. So that the parts deſcribed in 
this time are 3 — 2 ==1, and 33 — 23 =. | 


61. This Foundation being thus laid for what follows, I ſhall 


now proceed to more particular Problems. 


P R O B. III. | 
To determine the Maxima and Minima of Duantities; 


1. When a Quantity is the greateſt or the leaſt that it can be, 
at that moment it neither flows backwards or forwards. For if it 
flows. forwards, or increaſes, that proves it was leſs, and will pre- 
ſently be greater than it is. And the contrary if it flows backwards, 
or decreaſes. Wherefore find its Fluxion, by Prob. 1. and ſuppoſe 
it to.be nothing. 


2. Ex AM. I. If in the Equation x* — ax*-+ axy — y} =0© the 
greateſt Value of x be required; find the Relation of the Fluxions 
of x and , and you will have JXX* — 2a + AR — 30 + ayx 
==0. Then making x == ©, there will remain — g3yy- + ayx==o, 
or 2y*==ax. By the help of this you may exterminate either & 


or y out of the primary Equation, and by the reſulting Equation you 


may determine the other, and then both of them by — 35. + 


ax == O. | 
3. This Operation is the ſame, as if you had multiply'd the 


Terms of the propoſed Equation by the number of the Dimenſions. 


of the other flowing Quantity y. From whence. we may derive the 
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famous Rule of Huddenius, that, in order to obtain the greateſt or 
leaſt Relate Quantity, the Equation muſt be diſpoſed according to 
the Dimenſions of the Correlate Quantity, and then the Terms are 
to be multiply'd by any Arithmetical Progreflion. But fince neither 
this Rule, nor any other that I know yet publiſhed, extends to Equa- 


- tions affected with ſurd Quantities, without a previous Reduction; 
"= I ſhall give the following Example for that purpoſe. 

_ 4. EXAMP, 2. If the greateſt Quantity y in the Equation x* — 
1 7 by3 — — E 2: 

3 ay* + = „ — KA Vay ＋ xx==0 be to be determin'd, ſeek the 
B Fluxions of x and y, and there will ariſe the Equation 2xx*%— 2ayy+ 
1 e o. And ſince by ſuppoſition Y=0, 


a* þ+ 2 +33 2y/ ay + xx | ; 
omit the Terms multiply'd by y, (which, to ſhorten the labour, 
might have been done before, in the Operation,) and divide the reſt 


by xx,and there will remain 3x — 2. When the Ne 


bw a XX 
= duction is made, there will ariſe ah wg zx o, by help of which 
IB ou may exterminate either of the quantities x or y out of the pro- | 
2M pos'd Equation, and then from the reſulting Equation,. which will.” | 
b | be Cubical, you may extract the Value of the other. 5 
= 5. From this Problem may be had the Solution of theſe fol- 
1 lowing. | | 
1 E In a given Triangle, or in a Segment of any given. Curve, to. 
inſeribe the greateſt Rectangle. 888 885 | 
II. To draw the greateſt or the leaſt right Line, which can lie | 
between a given Point, and a Curve given in poſition. Or, to draw. 
a Perpendicular to a Curve from à given Point. 
III. To draw the greateſt or the leaſt right Lines, which paſſing. 
through a given Point, can lie between two others, either right Lines 
or- Curves. BY 
IV. From a'given Point within a Parabola, to draw a right 
Line, which ſhall cut the Parabola more obliquely than any other. i 
And to do the ſame in other Curves. = 
V. To determine the Vertices of Curves, their greateſt or leaſt” g 
Breadths,.. the Points in which revolving parts cut each other, ; ke. | 
VI. 2% find the Points. in Curves, where they have the greateſt” | 
or leaſt Curvature. | | : | 
VII. To find the leaſt Angle in @ given Ellipfis, in which the. | 


Ordinates can cut their Deameters. 


VIII. ? 
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VIII. Of Ellipſes that paſs through four given Points, to deter- 


mine the greateſt, or that which approaches neareſt to a Circle. 

IX. To determine ſuch @ part of a Spherical Superficies, which 
can be illuminated, in its farther part, by Light coming from 4 
great diftance, and which is refratted by the nearer Hemiſphere. 

And many other Problems of 2 like nature may more eaſily be 
propoſed than reſolved, becauſe of the labour of Computation. 


NOB. IV. 
To draw Tangents to Curves. 


Fir Manner. 


1. Tangents may be variouſly drawn, according to the various 
Relations of Curves to right Eines. And firſt let BD be a right 
Line, or Ordinate, in a given Angle to | 
another right Line AB, as a Baſe or Ab- 
ſciſs, and terminated at the Curve ED. 
Let this Ordinate move * an inde- 
finitely, ſmall Space to the pen ba, ſo 
that it may be increaſed by the Moment 
cd, while AB is increaſed by the Moment 
Bb, to which De is equal and parallel. 
Let Dd be produced till it meets with AB in T, and this Line will 
touch the Curve in D or d ; and the Triangles _ DBT will be 
ſimilar. So that it is TB : BD : : De (or Bb) : | 

2. Since therefore the Relation of BD to AB is  hibited be the 
Equation, by which the nature of the Curve is determined ; ſeek for 
the Relation of the Fluxions, by Prob. 1. Then take TB to BD 
in the Ratio of the Fluxion of AB to the Fluxion of BD, and TD 
will touch the Curve in the Point D. 

3. Ex. 1. Calling AB x, and BD y, let their Relation be 
* — 4X* + axy — y* = 0. Rnd the Relation of the F ye will 


be 3xx* — 2axx + axy — 2 =_ ayx = o. So that y: & :: 3xx 
— 2a + ay: 3 — ax :: BD () : BT. Tharafone: BT =— 


=" __. 'Therefore Bia Point D being given, and thence DB 


and AB. or 7 and x, the length BT will be given, by which the Tan- 
gent TD 1 is determined. 


DAE] BZ 
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4. But this Method of Operation may be thus concinnated. Make 
the Terms of the propoſed Equation equal to nothing : multiply by 
the proper number of the Dimenſions of the Ordinate, and put the 
Reſult in the Numerator : Then multiply the Terms of the fame 
Equation by the proper number of the Dimenſions of the Abſciſs, and 
put the Product divided by the Abſciſs, in the Denominator of the 

- Value of BT. Then take BT towards A, if its Value be affirmative, 
but the contrary way if that Value be negative. 


| , 3 . 
5. Thus the Equation & — ax* + axy -e = ©, being multi- 


3 2 2 
ply' d by the upper Numbers, gives axy — 3y* for the Numerator ; 
and multiply'd by the lower Numbers, and then divided by x, gives 
3X* — 24x ＋ ay for the Denominator of the Value of BT. 
6. Thus the Equation y* — by* — cdy + bed + dxy = o, (which 
z denotes a Parabola of the ſecond kind, by help of which Des Cartes 
7 conſtructed Equations of fix Dimenſions ; ſee his Geometry, b. 42. 


— — 


; Amfterd. Ed. An. 1659.) by Inſpection gives 222 = r 
! = — 2 — e x BT. 1 

5 F. And thus à⸗ — 7 —)* o, (which denotes an Ellipſis 
; | whoſe Center is A,) gives — „ or — == BT. And fo in others. 


8. And you may take notice, that it matters not of what quantity 
the Angle of Ordination ABD may be. 
9. But as this Rule does not extend to Equations affected by ſurd 
Quantities, or to mechanical Curves; in theſe Caſes we muſt have 


recourſe to the fundamental Method. | 
10. Ex. 2. Let x — 25 + = — XX Vay+ x os be the 


a 


Equation exprefling the Relation between AB and BD; and by Prob. 1. 
the Relation of the Fluxions will be 3xx* — 2ayy 4. 22int + 2byt 


: i | 44 ＋ 2 + Y 
— — Ox 3 — 2 8 a 4 i as . — 3 
——— So. Therefore it will be zur . 

2 M Px | 24 ay + xx * 
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Fluxions v, y, and 2 being found by Prob. 1. and ſuppoſing v o, 
| | by 
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1 I. Ex, 3. Let ED be the Conchoid of Nicomedes, deſcribed with 
the Pole G, the Aſymptote AT, and the Diſtance LD; and let 


GAS, LD==c, AB x, and BD y. And becauſe of ſimi- 
lar Triangles DBL and DMG, it will be LB : BD :: DM: MG; 
that is, Vcc - : y :: x: b+y, and therefore b+ Vcc = 
==yx, Having got this Equation, I ſuppoſe Vcc —yy , and 
thus I ſhall have two Equations bz + yz yx, and ⁊ cc —yy, 
By the help of theſe I find the Fluxions of the Quantities x, y, and 
S, by Prob. 1. From the firſt ariſes bz + ys + ys == yx + xy, 


and from the ſecond 222 = — 2yy, or zz + yy=0. Out of 


theſe if we exterminate 2, there will ariſe — 2 — — —+ JS == y 


+ xy, which being reſolved it will be y : 2 — 2 ek ap? 


Z 


(3 : x :) BD : BT. But as BD is y, therefore BT 2 
=2=Y, That is, — BT —= AL + — where the Sign — 


2 
refixt to BT denotes, that the Point T muſt be taken contrary to 


the Point A. - | 

12. SCHOLIUM. And hence it appears by the bye, how that 
point of the Conchoid may be found, which ſeparates the concave 
from the convex part. For when AT is the leaſt poſſible, D will 
be that point. Therefore make AT = v; and ſince BT —=— 2 


5 
nn 22 , then v =—2 + 2x + 2 . Here to ſhorten 
bz + yz 


the work, for x ſubſtitute „ Which Value is derived from what 


is before, and it will be = 5 + — 2 == v. Whence the 
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by Prob. 3. there will ariſe = E _ — +2 +22 — =o: 


Laſtly, ſubſtituting i in this = 2 for 2, and cc - yy for 22, (which 


values of z and 22 are had * what goes before,) and making a 
due Reduction, you will have yi ＋ 350 — 2 =0. By the Con- 


ſtruction of which Equation y or AM, will be given. Then thro' * 


M drawing MD parallel to AB, it will fall As the Point D of 
contrary Flexure. 

13. Now if the Curve be Mechanical whoſe Tangent is to be 
drawn, the Fluxions of the Quantities are to be found, as in Examp. * 

of Prob. 1. and then the reſt is to be perform'd as before. 

14. Ex. 4. Let AC and AD be two cm which are cut in 
the Points C and D by the right Line 
BCD, apply'd to the Abſciſs AB in a 
given Angle. Let AB = x, BD == y, 


and — — i= — 2. Then (by Prob. 1. 


«BE. to Examp. 5.) it will be 2 = x - 
x BC | 
Now let AC be a Circle, or any known Curve ; and to idetes- 
mine the other Curve AD, let any Equation be propoſed, in which 
2 is involved, as 22 + axz == y*. Then by Prob. 1. 222: + ar 
* a = == 4508. And writing x BC for >, it will be 2 x BC 
+, axx x BC + ar = == 4yy*. Therefore 22 x BC —+ ax x BC + 
4% :: (y : x :: BD: BT. 80 that if the nature of the 
Carve AC be given, the Ordinate BC, and the Area ACB or > ; 5, 
the Point T will be given, rb which the Tangent DT. will 
ls. 
” 16. After the ſame manner, if 3 e 2 be the Ectuatich to 2 
Curve AD; *twill be (35) 3x * BC — 2y. So that 350 
(y : * ::) BD : BT. And fo in others. 
17. Ex. 5. Let AB x, D y, as hetoge., and let the length 
of any Curve AC be S. And drawing a Tangent to it, as Ce, twill 


be Bf : Ct :: x : 2, or = net 
18, Now 1 determining the other Carve AD, whoſe Tangent 


is to be drawn, let there be given any Equation in which 2 is in- 


volved, K * 7 Then it will be > = == y, fo that Cr : Br :: 


G: * 2): BD: BT. But the Point T being found; the Tan- 


gent DT may be Gn 
0. 19. 


— — — — * 
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19. Thus ſuppoſing x2 == yy, 'twill be * + 2x = 2yy ; and 


* 22» ee. * Ct a 0 Ee 7 
for z writing , there will ariſe x2 + —5.— 
* X * 


== 2%. There- 


forez+ DX: 2y :: BD: DT. 


20. Ex, 6. Let AC be a Circle, or any other known Curve, 
whoſe Tangent is Cz, and let AD be any 
other Curve whoſe Tangent DT is to be 


D 
drawn, and let it be defin'd by aſſuming | . 5 
AB == to the Arch AC; and (CE, BB 7 
axes, Ordinates to AB in a given Angle,) 


let the Relation of BD to CE or AE be n 
expreſs d by any Equation. 

21. Therefore call AB or AC == x, BD = =), AE = 2, and 
CE D v. And it is plain that v, x, and E, the Fluxions of CE, 
5 and AE, are to each other as CE, Ct, and Er. Therefore x x 


—— SIS 


22. 0 . let any Equation * given to define pars Curve AD, 
as y =. Then 0 2 and therefore Er: : OG: * ::) 
BD : BT. 


23. Or let the 15 be y + Vx, BY it will be 
y==(v+ n . And therefore CE + Er 


c-: Ct :: G: x ::) BD: BT. 
24- Or finally, hey the Equation be ayy == us, nad it will be 
CE 
2ayy = (3vv* =) zx X T7 So that 30. x CE : 2ay x CH: 
BD : BT. 


25. Ex. 7. Let FC be a Circle, which is touched by CS in C; 
and let FD be a Curve, which is de- 
fined by aſſuming any Relation of the 6 
Ordinate DB to the Arch FC, which is 8 
intercepted by DA drawn to the Center. 7 
Then letting fall CE, the Ordinate in 
the Circle, call AC or AF 1, AB 
==X, DB y. AE = Z, CE =», 


ew = and it will be ed 


=) A E B F TS 
"3 En 


and —y == U = =) 2. Herel put 2 negatively, becauſe 


HO i diminiſird while EC is increaſed. And beſides AE : EC :: 


AB : 
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AB : BD, fo that zy = vx, and thence by Prob. 1. 2y + 7 


== ux + av. Then exterminating v, 2, and v, tis 5 5 — 
4 = xy. 


26. Now let the Curve DF be defined by any M from 


which the Value of? may be derived, to be ſubſtituted here. Sup- 
poſe let T, (an Equation to the firſt Quadratrix,) and by Prob. 1. 
it will be , ſo that yy—yy* —yx* =xy, Whence y: xx 


+ yy —x ::(y: —x ::) BD O): BT, Therefore BT = x* 


+5* —x; and AT = xx+yy = I. 


27. After the fame manner, if it is r == by, there will ariſe 
8 ADg 


| 2H == by; and thence AT 2 * And ſo of others. 


28. Ex. 8. Now if AD be taken equal to the Arch FC, the 


Curve ADH being then the Spiral of Archimedes ; the ſame names 


of the Lines ſtill remaining as were put —, 
afore : Becauſe of the right Angle ABD 


tis xx + yy==f, and therefore (by Prob. 1 Y e 
xx + yy rt. Tis alſo AD : AC: * Le 
DB: CE, fo that tu g, and thence (oy P 


Prob. 1.) u vi ==y. Laſtly, the Fluxion 


right Line CE, as 8 to AE, or as AD | Ne 


to AB, that is, F: V:: F: x, and thence RK 
fx == ut. Compare the Equations now found, 117. you will ſee 


tis #0 + 7x Yi, and thence xx + (it) —— = — And there- 
fore compleating the Parallelogram ABD if you make OD: 
QP :: (BD: 3 2 ü: -* 0 *: = 533 that is, if you 
take AP = „PD will be perpendicular to the Spiral. 


29. And from (I imagine) it will be ſufficiently manifeſt, 
by what methods the Tangents of all forts of Curves are to be 
drawn. However it may not be foreign from the purpoſe, if I alſo 
ſhew how the Problem may be perform'd, when the Curves are re- 
fer'd to right Lines, after any other manner whatever: So that hav- 


ing the choice of ſeveral Methods, the eaſieſt and moſt ſimple may 


always be uſed. 
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Second Manner. 


30. Let D be a point in the Curve, from which the Subtenſe 


DG is drawn to a given Point G, and let DB be an Ordinate in any given 


Angle to the Abſciſs AB. Now let the 
Point D flow for an infinitely ſmall ſpace | 
Dad in the Curve, and in GD let G be 5 PL. 
taken equal to Ga, and let the Parallelo- Ge MX. 
gram dcBb be compleated. Then DE“ 
and Dc will be the contemporary Mo- 
ments of GD and BD, by which they 
are diminiſh'd while D is transfer'd to d. Now let the right Line 
D/ be produced, till it meets with AB in T, and from the Point T to 
the Subtenſe GD let fall the perpendicular TF, and then the Trapezia 
Dead and DBTF will be like; and therefore DB: DF :: De: De. 

31. Since then the Relation of BD to GD is exhibited by the 
Equation for determining the Curve ; find the Relation of the Fluxions, 
and take FD to DB in the Ratio of the Fluxion of GD to the 
Fluxion of BD. Then from F raiſe the perpendicular FT, which 
may meet with AB in T, and DT being drawn will touch the 
Curve in D. But DT muſt be taken towards G, if it be affirmative, 
and the contrary way if negative. 

32. Ex. 1. Call GD =x, and BD ==y, and let their Relation 
be x? — ax* + axy - =. Then the Relation of the Fluxions 


will be zx — 24xX + axy + ayx — 3 =o. Therefore Zæ 


5 I [E ; ET 


— 2ax + ay : 3yy —ax :: (Y: x ::) DB (y) : DF. So that 
DF = —==Z—. Then any Point D in the Curve being given, 


x — 24 + ay 
and thence BD and GD or y and x, the Point F will be given 
alſo. From whence if the Perpendicular FT be raiſed, from its 
concourſe T with the Abſciſs AB, the Tangent DT may be 
drawn. 

33. And hence it appears, that a Rule might be derived here, as well 
as in the former Caſe, For having diſpoſed all the Terms of the given 
Equation on one fide, multiply by the Dimentions of the Ordinate y, 
and place the reſult in the Numerator of a Fraction. Then multipl. 
its Terms ſeverally by the Dimenſions of the Subtenſe x, and dividing 
the reſult by that Subtenſe x, place the Quotient in the Deno- 
minator of the Value of DF. And take the fame Line DF to- 


wards G if it be affirmative, otherwiſe the contrary way. Where 
51 you 
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you may obſerve, that it is no matter how far diſtant the Point G 
is from the Abſciſs AB, or if it be at all diſtant, nor what is the 


Angle of Ordination ABD. 


34. Let the Equation be as before x3 — ax · T axy —y* =0; 
it gives immediately axy — 3y* for the Numerator, and 3x* — 2ax 


＋ ay for the Denominator of the Value of DE. | 
35. Let allo a + 2 — y=0, (which Equation is to a Conick 
Section,) it gives — y for the Numerator, and 2 for the Denomi- 


nator of the Value of DF, which therefore will be — = 


36. And thus in the Conchoid, (wherein theſe things will be 
perform'd more expeditiouſly than before,) putting GA == 5, 


* F. 


LD==c, GD ==x, and BD==y, it will be BD (3) : DL ( :: 
GA (65) : GL (x -c). Therefore xy — cy ==cb, or xy — cy — 
ch So. This Equation according to the Rule gives 22 , that 


is, x —c DF. Therefore prolong GD to F, ſo that DF — 


LG, and at F raiſe the perpendicular FT meeting the Aſymptote 
AB in T, and DT being drawn will touch the Conchoid. 

37. But when compound or ſurd Quantities are found in the 
Equation, you muſt have recourſe to the general Method, except you 


ſhould chuſe rather to reduce the Equation. 


38. Ex. 2. If the Equation þ+y xy/c— yy = yx, were given 
for the Relation between GD and BD ; (ſee the foregoing Figure, 
P. 52.) find the Relation of the Fluxions by Prob. 1. As ſuppoſing 


Vcc - D, you will have the Equations bz + ys == yx, and 
cc—Yy== £23, and thence the Relation of the Fluxions bz + yz 


JS == yx + yx, and — 2 288. And now S and S being 
I exter- 
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exterminated, there will ariſe y Vcc - = EE ;— Jo — x = xy. 


cc yy 
Therefore y : D 7 — „ :: (y : * :) BD (9): DF. 
Third Manner. 


39. Moreover, if the Curve be refer'd to two Subtenſes AD and 
BD, which being drawn from two vo Points A and B, may 
meet at the Curve: Conceive that Point 
D to flow on through an infinitely little 
Space Dd in the Curve; and in AD and 
BD take Akt == Ad, and Br —= Bd; and 
then D and D will be contempora- 
neous Moments of the Lines AD and 


BD. Take therefore DF to BD in 
the Ratio of the Moment D# to the | 
Moment Dc, (that is, in the Ratio of the Fluxion of the: Line 
AD to the Fluxion of the Line BD ) and draw BT, FT perpendicu- 
lar to BD, AD, meeting in T. Then the Trapezia DFTB and D#dc 
will be ſimilar, and therefore the Diagonal DT will touch the 
Curve. 

40. Therefore from the Equation, by which the Relation is 
defined between AD and BD, find the Relation of the Fluxions by 
Prob. 1. and take FD to BD in the ſame Ratio. 

41. ExXAMP. _Suppoſing AD x, and BD = y, let their Rela- 


tion be a + = —y=0., This Equation is to the Ellipſes of 
the ſecond Order, whoſe Properties for Refracting of Light are ſhewn 


by Des Cartes, in the ſecond Book of his Geometry. Then the 


N of the Fluxions will be = 7 — y So. "Tis OMe” : 


: (y : x :) BD : PF. 


42. And for the fame reaſon if a — 7 — y o,, "twill be 


: — d :: BD: DPF. In the firſt Caſe take DF towards A, and 
canton in the other caſe. 

43. CooL. 1. Hence if 4 D e, (in which caſe the Curve be- 
comes a Conick Section,) 'twill be Þ 
DF — DB. And therefore the Tri- 5 
angles DFT and DBT being equal, 
the Angle FDB will be biſected by 
the Tangent. 
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44. CoRoL. 2. And hence alſo thoſe things will be manifeſt of 
themſelves, which are demonſtrated, in a very prolix manner, by 
Des Cartes concerning the Refraction of theſe Curves. For as much 
as DF and DB, (which are in the given Ratio of 4 to e,) in reſpect 
of the Radius DT, are the Sines of the Angles DTF and DTB, 
that is, of the Ray of Incidence AD upon the Surface of the Curve, 
and of its Reflexion or Refraction DB. And there is a like reaſon- 
ing concerning the Refractions of the Conick Sections, ſuppoſing 
that either of the Points A or B be conceived to be at an infinite 
_ diſtance. | 

45. It would be eaſy to modify this Rule in the manner of the 
foregoing, and to give more Examples of it: As alſo when Curves 
are refer'd to Right lines after any other manner, and cannot com- 
modiouſly be reduced to the foregoing, it will be very eaſy to find 
out other Methods in imitation of theſe, as occaſion ſhall require. 


| Fourth Manner. 

46. As if the right Line BCD ſhould revolve about-a given Point. 
B, and one of its Points D ſhould deſcribe. a Curve, and another 
Point C ſhould be the 
interſection of the right | „„ 
Line BCD, with another 2 
right Line AC given in Xp 

'F 


poſition. Then the Re- Fre — 
tion of BC and BD be- 5 N 


ing expreſs d by any E- pe ee eo 

— 3 draw BF N pa- | * | 

rallel to AC, ſo as to meet DF, perpendicular to BD, in F. Alfo 
erect FT perpendicular to DF; and take FT in the fame Ratio to 
BC, that the Fluxion of BD has to the Fluxion of BC. Then DT 
being drawn will touch the Curve. 


| Fifth Manner, | 
47. But if the Point A being given, the Equation ſhould expreſs 
the Relation between AC and BD; draw CG parallel to DF, and 
take FT in the ſame Ratio to BG, that the Fluxion of BD has to 
the Fluxion of AC. : 
| | Sixth Manner. | 
48. Or again, if the Equation expreſſes the Relation between AC 
and CD; let AC and FT meet in H; and take HT in the fame 


Ratio to BG, that the Fluxion of CD has to the Fluxion of AC. Aad 
the like in others, Sevent? 
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Seventh Manner : For Spirals. 


4459. The Problem is not otherwiſe perform'd, when the Curves 
are refer'd, not to right Lines, but to other Curve-lines, as is uſual 
in Mechanick Curves. Let BG be the Circumference of a Circle, 
in whoſe Semidiameter AG, while it revolves E 

about the Center A, let the Point D be con- 

ceived to move any how, ſo as to deſcribe the | 
Spiral ADE. And ſuppoſe Dd to be an in- Ne 
finitely little part of the Curve thro? which — 

D flows, and in AD take Ac = Ad, then f EN . 
D and Gg will be contemporaneous Moments 7 


of the right Line AD and of the Periphery | 2 G "0 


BG. Therefore draw Af parallel to cd, that 
is, perpendicular to AD, and let the Tangent dE 
DT meet it in T; then it will be D : C: Wt 
AD : AT. Alſo let Gr? be parallel to the Tangent DT, and it 
will be cd: Gg :: (Ad or AD: AG ::) AT : Af. | 

50. Therefore any Equation being propoſed, by which the Re- 
lation is expreſs'd between BG and AD; find the Relation of their 
Fluxions by Prob. 1. and take Ar in the ſame Ratio to AD: And then 
Gt will be parallel to the Tangent. | | 

51. Ex. 1, Calling BG x, and AD == y, let their Relation be 
* — 4 + axy — y* o, and by Prob. 1. 3x* — 24 ＋ ay: 35% 
— ax :: ( y x ::) AD : Ar. The Point ? being thus found, draw 
Gt, and DT parallel to it, which will touch the Curve. 


52. Ex. 2. If tis + =, (which is the Equation to the Spiral 


of Archimedes,) "twill be 7 , and therefore @ : 6 :: (y:x::) 


AD: Af. Wherefore by the way, if TA be produced to P, 
that it may be AP: AB :: @ : 6, PD will be perpendicular to 
the Curve. | 
53. Ex. 3. If xx == by, then 2xx = by, and 2x : b:: AD: 
Af. And thus Tangents may be eaſily drawn to any Spirals what- 
ever. | 


Etrghtb 
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Eighth Manner : For Quadratfices. 


54. Now if the Curve be ſuch, that any Line AG, being drawn 
from the Center A, may meet the Circular Arch in G, and the Curve in 
D; and if the Relation between the | 
Arch BG, and the right Line DH, 
which is an Ordinate to the Baſe . 
or Abſciſs AH in a given Angle, 
be determin'd by any Equation _ 
whatever: Conceive the Point D to © 
move in the Curve for an infinite- 
ly ſmall Interval to d, and the Pa- 3 
rallelogram 4H being compleat- K i TB E F 
ed, produce Ad to c, ſo that „„ | 
Ac = AD; then Gg and Dæ will be contemporaneous Moments of 
the Arch BG and of the Ordinate DH. Now produce. Dd ſtrait 
on to T, where it may meet with AB, and from thence let fall 
the Perpendicular TF on DcF. Then the Trapezia D4dc and DHTF 
will be ſimilar; and therefore D: Dc :: DH: DF. And beſides 
if Gf be raiſed perpendicular to AG, and meets AF in /; becauſe 
of the Parallels DF and Gf, it will be Dc :.Gg :: DF : Gf. There- 


fore ex aquo, tis D: Gg :: DH : Gf, that is, as the Moments or 


Fluxions of the Lines DH and BG. | 


[£81 Therefore by the Equation which expreſſes the Relation of 


BG to DH, find the Relation of the Fluxions (by Prob. 1.) and in 


that Ratio take Gf, the Tangent of the Circle BG, to DH. Draw 
DF parallel to Gf, which may meet AF produced in F. And at 


F erect the perpendicular FT, meeting AB in T; and the right 
Line DT being drawn, will touch the Quadratrix. 7" 
56. Ex. 1. Making BG x, and DH ), let it be x= ly; 


then (by Prob. I.) 2xx == by. Therefore 2x: 5 :: (O : * 0 DH: 


J and the Point F being found, the reſt will be determin'd'as above. 
But perhaps this Rule may be thus made ſomething neater: 


Make x: y:: AB: AL. Then AL: AD :: AD: AT, and then 


DT will touch the Curve. For becauſe of equal Triangles AFD and 
ATD, tis AD x DF=AT x DH, and therefore AT: AD :: (DF or 


8 Gf : DH or 2 Gf ::) AD: (2 AG or) AL. 


57. Ex. 2. Let x , (which is the Equation to the Quadratrix 
of the Ancients,) then xy. Therefore AB: AD :: AD: AT. 


58. 
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58. Ex. 3. Let ax X ys, then 2axx== 3yy*. Therefore make 


3: 2% :: (x: y::) AB: AL. Then AL: AD:: AD: AT. And 
thus you may determine expeditiouſly the Tangents of ROY. pf other 
Quadratrices, howſoever compounted. 


Ninth Maur 


Tan. if ABF be any given Curve, which i is touch d by the 
right Line B7 ; and a part BD of | | 
the right Line BC, (being an mn. SA „ 
. to le * 
Abſciſs AC,) intercepted between 
this and another Curve DE, has a 
Relation to the portion of the 
Curve AB, which is expreſs d by 
an Equation: You may draw a 
Tangent DT 5 the other Ls As Lot 9 88 
by taking (in the Tangent of this LE Ix 
Carre 9 BT in the ſame Ratio to OY ws 
BD, as the Fluxion « of the Curve AB 1 to the Fluxion of, the 
right Line BD. © 
© 560, Ex. 1. Calling AB x, and BD =y: let it be ar Hus and 


therefore ax = 205 Then 4: 25 :: O * ::) BD: BT. 


61. Ex. 2. Let 3 = (the Equation to the Trochoid, if ABF | 


be a. Circle,) then 3x =», and FE 8 2: BD: BT. 


62. And with the fame caſe may. Tangents be drawn, ben 1 
g of BD to AC, or to BC, is expreſs'd by any Equation; or 
when the Curves are refer'd to right Lines, or to any other Curves, 
after any other manner whatever. 

63. There are alſo many other Problems, whoſe Spingions are 
to be derived from, the fame Principles ; ſuch as theſe following. 
I. 7 find a Point of a Curve, where the J. angent is parallel to the 
Abſerſs, er to any other right Line given in pgſition; or is perpendicular 
to it, or inclined to it in any given Angle. 


II. To find the, Point where the Ti angent 15 "muſt 7 or - Jeaft inclined to 


the Abjciſs, or to any other right Line given in poſition. That is, to find 
the confine of contrary Flexure. Of chis 1 have already given a Spe- 
cimen in the Conchoid. 

III. From any given Point 297 the Perimeter of a Curve, to 


Ly ava right Line, which with He Perimeter may make an Angle of 
| Contact, 
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Contact, or a right Angle, or any other given Angle. Tat is, from 
a given Point, to draw Tangents, or Perpendiculars, or right. Lines 
that ſhall have any other Inclination to à Curve-line. 

IV. From any given Point within a Parabola, to draw a right 


Line, which may make with the Perimeter the greateſt or leaji fog 


72 U ble. And ſo of all Curves whatever. 


. To draw a right Line which may touch to Curves given in 


5 or the ſame Curve in two Points, when that can be done. 
VI. To draw any Curve with given Conditions, which ma y touch 
another Curve given in poſition, in a given Point. 


VII. To determine the Reæfraction of any Rey of Light, that falls 


upon any Curve Superfictes. 


The Reſolution of theſe, or of any other the like Problems, will 


not be ſo difficult, abating the tediouſneſs of Computation, as that 
there is any occaſion to dwell upon them here: And I imagine it 
may be more agreeable to eee ee nn to haue mention d 
them. 7] [7 | 1 60 


fry 


PROB. V. 


At 4 given Point of a given Curve, 70 2 the 


h - Ruantiry of Curvature. 


_ 


1. There are few Problems concerning Cure more elegant than 


this, or that give a greater Inſight into their nature. In order to its 


Reſolution, I muſt premiſe theſe following general Conſiderations. 


2. I. The fame Circle has every where the fame Curvature, and 


in different Circles it is reciprocally proportional to their Diameters. 
If the Diameter of any Cirele is as little again as the Diameter of 


another, the Curvature of its Periphery will be as great again. If 


the Diameter be one-third of the other, the Curvature will be thrice 
as much, &c. | | 

3. II. If a Cirele touches any Cue on its concave ſide, in any 
given Point, and if it be of ſuch magnitude, that no other tangent 
Circle can be interſcribed in the Angles of Contact near that Point; 


that Circle will be of the ſame Curvature as the Curve is of, in that 


Point of Contact. For the Circle that comes between the Curve 
and another Circle at the Point of Contact, varies leſs from the 
Curve, and makes a nearer approach to its Curvature, than that 
other Circle does. And therefore that Circle approaches neareſt to ĩts 

1 Curvature, 


1 Ae 1,4 ib <2 ee I AIY ep..s 
P A ⁵˙——ͤ— t — — 


—— 
_ 


= — 
—— —ͤ— 


— An 63 


A 
r 


5 W w . 


- = 
— —— — 2 
D 


60 The. Method of Fuxtons, 


Curvature, between which and the Curve no other Circle can in- 
tervene. n 0h 4 | 

4. III. Therefore the Center of Curvature to any Point of a 
Curve, is the Center of a Circle equally curved. And thus the Ra- 
dius or Semidiameter of Curvature is part of the Perpendicular 
to the Curve, which is terminated at that Center. 

F. IV. And the proportion of Curvature at different Points will 
be known from the proportion of Curvature of æqui- curve Circles, 
or from the reciprocal proportion of the Radii of Curvature. 

6. Therefore the Problem is reduced to this, that the Radius, or 
Center of : Curvature: may be found. _ | 

Imagine therefore that at three Points of the Curve q, D, and 4, 

Perpendiculars are drawn, of which thoſe that are 
at D and ꝙ meet in , and thoſe that are at D 
and d meet in 5: And the Point D being in the 
middle, if there is a greater Curvity at the part Dœ 
than at Dd, then DH will be leſs than 45. But 
by how much the Perpendiculars H and % are 
nearer the intermediate Perpendicular, ſo much the 
leſs will the diſtance be of the Points H and 5h: 
And at laſt when the Perpendiculars meet, thoſe 
Points will coincide. Let them coincide in the Point 
C, then will C be the Center of Curvature, at the 
Point D of the Curve, on which the Perpendicu- 
lars ſtand; which is manifeſt of itſelf. 

8. But there are ſeveral Symptoms or Properties of this Point C, 
which may be of uſe to its determination. | | 

9. I. That it is the Concourſe of Perpendiculars that are on each 
fide at an infinitely little diſtance from DO. | 4 l 

10. II. That the Inter ſections of Perpendiculars, at any little finite 
diſtance on each ſide, are ſeparated and divided by it; ſo that thoſe 
which are on the more curved ſide Dò ſooner meet at H, and thoſe. 
which are on the other leſs curved fide Dd meet more remotely 
at H. | . | | | 
11. III. If DC be conceived to move, while it inſiſts perpendi- 
cularly on the Curve, that point of it C, (if you except the motion 
of approaching to or receding from the Point of Infiſtence C,) will 
be leait moved, but will be as it were the Center of Motion. 

12. IV, If a Circle be deſcribed with the Center C, and the di- 
ſtance DC, no other Circle can be deſcribed, that can lie between 
at the Contact. | 


13. 
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13. V. Laſtly, if the Center H or þ of any other touching Circle 
approaches by degrees to C the Center of this, till at laſt it co- 
incides with it ; then any of the 1 — in which that Circle ſhall 
cut the Curve, will coincide with the point of Contact D. 

14. And each of theſe Properties may ſupply the means of ſolving 
the Problem different ways: But we ſhall here make choice of the 
firſt, as being the moſt ſimple. | 

15. At any Point D of the Curve let DT be a Tangent, DC a 
Perpendicular, and C the Center of Curvature, as before. And let 
AB be the Abſciſs, to which let DB be apply'd at right Angles, 
and which DC meetsin P. Draw 
DG parallel to AB, and CG per- d, 
pendicular to it, in which take N — 
Cg of any given Magnitude, and Np Al 
draw gd perpendicular to it, which 
meets DC in . Then it will be 
Cg: gd ::(TB: BD::)the Fluxion © A 
of the Abſciſs, to the Fluxion of 

the Ordinate. Likewiſe imagine 
the Point D to move in the Curve 
an infinitely little diſtance Dd, and 
drawing de perpendicular to DG, and Cd perpendicular to the Curve, 
let Cd meet DG in F, and Sg in Then will De be the Momen- 
tum of the Abſciſs, de the Momentum of the Ordinate, and , the 


contemporaneous Momentum of the right Line ga. Therefore DF 


I x ; 185 
— De+ — . Having therefore the Ratio's of theſe Moments, or, 


which is the ſame thing, of their generating Fluxions, you will have 
the Ratio of CG to the given Line Cg, (which is the fame as that of 
DF to ) and thence the Point C will be determined. 

16. Therefore let AB = x, BD = y, Cg—1, and gd = 2; 


then it will be1:S::x:y, or 3 = 2. Now let the Mo- 
Xx 


mentum of 2 be 2 x0, (that is, the Product of the Velocity 
and of an infinitely ſmall Quantity o,) and therefore the Moments 


De xx, de==y x0, and thence DF = x0 + 2 , Therefore 


G 


H 


tis Cg (1) : CG :: (: DF: ) 8% 0 +2, That is, CG 


K ＋ oy 


XY 


17. 


62 The Method of FL u xioxs, 


17. And whereas we are at liberty to aſcribe whatever Velocity 
we pleaſe to the Fluxion of the Abſciſs x, (to which, as to an 
equable Fluxion, the reſt may be referr'd ;) make x = 1, and 


then y , and CG = ==, And thence DG= ==, and 
DS e — =_ 


18. Therefore any Equation being propoſed, in which the Rela- 
| | tion of BD to AB 1s expreſs d for defining the Curve; firſt find 


1 the Relation betwixt x and y, by Prob. 1. and at the fame time ſub- 
| ſtitute 1 for x, and & for y. Then from the Equation that ariſes, 
| by the ſame Prob. 1. find the Relation between x, y, and 2, and at 


the fame time ſubſtitute 1 for x, and > for . as before. And thus 
by the former operation you will obtain the Value of E, and by 


| the latter you will have the Value of z ; which being obtain'd, pro- 
| duce DB to H, towards the concave part of the Curve, that it 
may be DH = —=, and draw HC parallel to AB, and meet- 


ing the Perpendicular DC in C; then will C be the Center of Cur- 
vature at the Point D of the Curve. Or ſince it is 1 + SS = 


PT PT DP.13 
— CES Or DC == — —— 1 
1 make DPH £xBT * K * DB 13 


19. Ex. I. Thus the Equation ax + bx*— y* =0 being pro- 
poſed, (which is an * to the Hyperbola whoſe Latus rectum 


is a, and Tranſverſum 750 there will ariſe (by Prob. 1.) a + 2 — 
22y o, (writing 1 for x, and 2 for y in the reſulting Equation, 
which otherwiſe would have been ax -- 2bxx — 2yy = 0;) and 
hence again there ariſes 26— 223 — 2zy o, (1and 2 being again 
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wrote for x and 5. By the firſt we have 2 — = „and by the 
latter 8 = . Therefore any Point D of the Curve being given, 
Ls and ERIN © x and 5 from thence à and 2 will be given, which 


being known, make - = GC or DH, and draw HC. 


20. As if definitely you make a==3, and b= 1, ſo that 3x + 
xx == may be the condition of the de And if you 
aſſume x==1, then y 2, 2 , — 1, and DH==—g:.. 
H being found, raiſe the Perpendicular HC meeting the Perpendi- 


cular 


22 y: So that 2 
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40 DC before drawn ; or, which is the fame thing, make HD : 
nnn 4 Then draw DC the Radius of Curva- 


— — . 
21. When you think the Computation will not be too perplex, you 


may ſubſtitute the indefinite Values of & and 2 into <= , the 
Value of CG. Thus in the preſent Example, by a due Reduction 
you. will have DH = y + —— —.— Vet the Value of DH by 
Calculation comes out negative, as may be ſeen in the numeral Ex- 


ample. But this only ſhews, that DH muſt be taken towards B ; 


for if it had come out affirmative, it ought to have been drawn the 


contrary Way. 
22. CoRoL. Hence let the Sign prefixt to the Symbol & be 


changed, that it may be ax —bxx — yy =o, (an Equation to the 
. Ellipfis, ) then DH = HY UL BE: 


23. But ſuppoſing b—o, that 2 Equation may become, ax — 
y =0, (an Equation to the Parabola,) then Di = == — — and 


thence DG 424 + 2x. 


24. From theſe ſeveral Expreſſions it may eafily be concluded, 


= the Radius of Curvature of any Conick Section is always 


Ex. 2. If x* = ay* xy be pr ropoſed, (which is the Equa- 


25. 
tion to the Ciſſoid of Diocles,) by Prob. 1. it will be firſt 3x*==2azy 


— 2x2y— y*; and wm 6* == 2429 2 2 — 2 — 2 | 
e and 2 a * 2 There- 
fore any Point of the Ciſſoid being given, and hade x and q, 


al Foe 


there will be given alſo z and & ; which being known, make 


2 p 


= CAE, 

26. Ex. 3. If b + y Vcc yy = xy ͤ were given, (which is the 
Equation to the Conchoid, in pag. 48 ;) make Vcc —yy==wv, and 
there will ariſe bv + yv == xy. Now the firſt of theſe, (e yy 


D vo, ) will give (by Prob. 1.) — 27 = 2, (writing 2 for y;) 


and the latter will give bv + yv + Se =y + x2 And from theſe 


Equations rightly diſpoſed v and & will be determined. But that = 
1 alſo be found; out of the laſt Equation cxterminate the Fluxion 


7 


-, by ſubſtituting — = 8 ng there will ariſe — — — — ＋ SV 
as” 


— 
—— —— — 
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xs, an Equation that comprehends the flowing Quantities, 
without any of their Fluxions, as the Reſolution of the firſt Pro- 
blem requires. Hence therefore by Prob. 1, we ſhall have — 


2 4 — e 22 + x6. 
This Equation being reduced, and 8 in order, will give S. 
But when 2 and S are known, make —— == CG. 


27. If we had divided the laſt Equation We one by. S, then 
by Prob. 1. we ſhould have had — — = + 2 — = += 7 þ Va= 


2 — =, which would have been a more ſimple Equarion than the 
former, for determining 2 . | 

28, 1 have given this Example, that it may appear, how the qpe- 
ration is to be perform'd in ſurd Equations: But the Curvature of 
the Conchoid may be thus found a ſhorter way. The parts of the 


Equation þ+y J Mar = being ſquared, and divided by Y. 


2 ＋ 42 


e 2by — y* == x*, and thence by Prob. 1. 


b2; 
there ariſes — 
— Sn als ar, Of — png mb 5 


IS 72 uus 3 
And hence again by Prob. 1. 2 = — 2 "if 


33 2 KXR 
the firſt reſult 2 is determined, and > by the latter. . 
29. Ex, 4. Let ADF be a Trochoid Cor Cycloid ] belibging! to 
the Circle ALE, whoſe Diameter i Is AE; and 1 the Ordinate 


* e 


BD to cut the 
Circle in L, 

call AE Da, 

AB==x, BD 
— BLa==v, 
and the Arch 
AL r, and 
the Fluxion of 
the ſame Arch 


= 1 And 
firſt (drawing 
the Semidia- 
meter PL,\the 
Fluxion ofthe 
Baſe or Abſciſs AB will be to the Fluxion of the Arch AL, as BL 


to 


dee ee e ee B 


W es ned ES, « Ds 
3 wb EY N . > 
n n So et 
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to PL; that is, x or 1: 7: : : 44. And therefore = ==f. Then 
from the nature of the Circle ax — xx == vv, and therefore by 
Prob. 1. 4-— 2x == 2b, or —_— =. 

39. Moreover from the nature of the Trochoid, tis LD == Arch 
AL, and therefore v＋ F =. And thence(by Prob. 1) F S. 


' Laſtly, inſtead of the Fluxions v and ? let their Values be ſubſti- 


tuted, and there will ariſe — = 3, Whenceé (by Prob. 1.) is de- 


rived — = + = — . And theſe being found, make 
= — DH, and raiſe the perpendicular HC. 


31. CoR. 1. Now it follows from hence, that DH == 2BL, and 
CH — 2BE, or that EF biſects the radius of Curvature CD in N. 


And this will appear by ſubſtituting the values of & and S now 
found, in the Equation ——==DH, and by a proper reduction of 


the reſult. 

32. Cor. 2. Hence the Curve FCR, deſcribed indefinitely by the 
Center of Curvature of ADF, is another Trochoid equal to this, 
whoſe Vertices at I and F adjoin to the Cuſpids of this. For let 
the Circle FA, equal and alike poſited to ALE, be deſcribed, and 
let Cg be drawn parallel to EF, meeting the Circle in A: Then 
will Arch Fa = (Arch EL NF =) Ca. 


33. Cor. 3. The right Line CD, which is at right Angles to the 


Trochoid IAF, will touch the Trochoid IKF in the point C. 

34. Cok. 4. Hence (in the inverted Trochoids,) if at the Cuſpid K 
of the upper Trochoid, a Weight be hung by a Thread at the di- 
ſtance KA or 2EA, and while. the Weight vibrates, the Thread be 
ſuppos'd to apply itſelf to the parts of the Trochoid KF and KI, 
which reſiſt it on each fide, that it may not be extended into a 
right Line, but compel it (as it departs from the Perpendicular) to 
be by degrees inflected above, into the Figure of the Trochoid, 
while the lower part CD, from the loweſt Point of Contact, ſtill 
remains a right Line : The Weight will move in the Perimeter of 
the lower Trochoid, becauſe the Thread CD will always be perpen- 
dicular to it, 25 

35. CoR. 5. Therefore the whole Length of the Thread KA is 
equal to the Perimeter of the Trochoid KCF, and its part CD is 
equal to the part of the Perimeter CF. 


K | 36. 
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36. Cor, 6. Since the Thread by its oſcillating Motion revolves 
about the moveable Point C, as a Center ; the Superficies through 
which the whole Line CD continually paſſes, will be to the Super- 
ficies through which the part CN above the right Line IF paſſes at 
the ſame time, as CD* to CN, that is, as 4 to 1. Therefore the 
Area CFN is a fourth part of the Area CFD; and the Area KCNE 
is a fourth part of the Area AKCD. | 

37. Cor. 7. Alſo ſince the ſubtenſe EL is equal and parallel to 
CN, and is converted about the immoveable Center E, juſt as CN 
moves about the moveable Center C; the Superficies will be equal 
through which they paſs in the ſame time, that is, the Area CFN, 
and the Segment of the Circle EL. And thence the Area NFD- 
will be the triple of that Segment, and the whole. area EADF will 
be the triple of the Semicircle. | | 

38. Cor. 8. When the Weight D arrives at the point F, the 
whole Thread will be wound about the Perimeter of the Trochoid 
KCF, and the Radius of Curvature will there be nothing. Where- 
fore the Trochoid IAF is more curved, at its Cuſpid F,. than any: 
Circle; and makes an Angle of Contact, with the Tangent F produ- 
ced, infinitely greater than a Circle can make with à right Line. 

9. But there are Angles of Contact that are infinitely greater 
than Trochoidal ones, and others infinitely greater than theſe, and 
ſo on in inſinitum; and yet the greateſt of them all are infinitely 
leſs than right-lined Angles. Thus xx ay, x* = by*, x+* =cy3, 
* = dy+, &c. denote a Series of Curves, of which every ſucceeding. 
one makes an Angle of Contact with its Abſciſs, which is infinitely 
greater than the preceding can make with the fame Abſciſs. And the 
Angle of Contact which the firſt xx==ay makes, is of the ſame kind 
with Circular ones; and that which the ſecond x = y makes, is of 
the ſame kind with Trochoidals. And tho' the Angles of the ſucceed- 
ing Curves do always infinitely exceed the Angles of the preceding, yet 
they can never arrive at the magnitude of a right-lined Angle. 

40. After the ſame manner x , xx ay, * = bay, x4 ==c3y, 
&c. denote a Series of Lines, of which the Angles of the ſubſequents, 
made with their Abſciſs's at the Vertices, are always infinitely leſs 
than the Angles of the preceding. Moreover, between the Angles 
of Contact of any two of theſe kinds, other Angles of Contact may 
be found ad infinitum, that ſhalt infinitely exceed each other. 

41. Now it appears, that Angles of Contact of one kind are in- 
finitely greater than thoſe of another kind.; fince a Curve of one 
kind, however great it may be, cannot, at the Point of Contact, 

I 1 
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from Center A; and letting fall DB 
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lie between the Tangent and a Curve of another kind, however ſmall 
that Curve may be. Or an Angle of Contact of one kind cannot 
neceſſarily contain an Angle of Contact of another kind, as the whole 
contains a part. Thus the Angle of Contact of the Curve x+=—=cyz3,, 
or the Angle which it makes with its Abſciſs, neceſſarily includes the 
Angle of Contact of. the Curve x3 == by*, and can never be contain'd 


by it. For Angles that can mutually exceed each other are of the 


ſame kind, as it happens with the aforeſaid Angles of the Trochoid, 
and of this Curve x3 == by*. "= 

42. And hence it appears, that Curves, in ſome Points, may be 
infinitely more ſtraight, or infinitely more curved, than any Circle, and 
yet not, on that account, loſe the form of Curve-lines. But all 


this by the way only. 


43. Ex. 5. Let ED be the Quadratrix to the Circle, deſcribed 


perpendicular to AE, make AB = x, 
BD y, and AE = 1, Then 'twill 
be yx — Dh — yx == xy, as before. 
Then writing 1 for x, and 2 for y, the 
Equation becomes Z — SY — 2x* 
== y ; and thence, by Prob, 1. Sx C. E 
— 2 — IX". ＋ IX. 22XX — 22 = 5. Then reducing, and 


again writing 1 for x, and 2 for y, there ariſes 2 == 2er 
N Xx — K * — 2 


But 2 and & being found, make b. and draw HC as 
above. 


44. If you deſire a Conſtruction of the Problem, you will find it 
very ſhort, Thus draw DP perpendicular to DT, meeting AT in P, 


and make 2AP : AE :: PT: CH. For 2 A= Al 


and 2y = INF = — P; and y + x ==—AP, and — 


of <_— — 


3 3 Fe: 6 17 
into 2) E π ——— into AP=—=2, Moreover it is 1. S == 


BDg ___ DTy T PTxAExXBT- 


1. (becauſe = 1 Fr, = BT; >) and therefore =D As 
=DH. Laſtly, it is BT : BD :: DH: H= = Here 
the negative Value only ſhews, that CH muſt be taken the ſame 


way as AB from DH. i 
45. In the ſame manner the Curvature of Spirals, or of any other 
Curves whatever, may be determined by a very ſhort Calculation. : 
| MM 46. 
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46. Furthermore, to determine the Curvature without any pre- 
vious reduction, when the Curves are refer d to right Lines in any 
other manner, this Method might have been apply'd, as has been 
done already for drawing Tangents. But as all Geometrical Curves, 
as alſo Mechanical, (eſpecially when the defining conditions are re- 
duced to infinite Equations, as I fhall ſhew hereafter,) may be re- 
fer d to rectangular Ordinates, I think I have done enough in this 
matter. He that deſires more, may eaſily ſupply it by his own in- 
duſtry ; eſpecially if for a farther illuſtration J ſhall add the Method 
for Spirals. 0 n ns 19%”: of 

47. Let BK be a Circle, A its Center, and B a given Point in 


its Circumference. Let ADA 3 

be a Spiral, DC its Perpen- | NETS 

dicular, and C the Center ff _—_— 

Curvature at the Point D. 4 — . 
Then drawing the right Line — T1 | > Q 


ADK, and CG parallel and || PA 
equal to AK, as alſo the Per. {| Te 
pendicular GF meeting D OHEœ= N. 
in F: Make AB or AA RöV 9 — : 
Eee. BK = x, AD y, 
ee * 
ceive the Point D to move in, the Spiral for an infinitely little Spece 
Da, and then through 4 draw the Semidiameter Ax, and Cp parallel 
and equal to it, draw g/ perpendicular to gC, fo that Cd cuts gf 
in /, and GF in P; produce GF to , ſo that Gy—=gf, and draw 
de perpendicular to AK, and produce it till it meets CD at IJ. Then 
the contemporaneous Moments of BK, AD, and Go, will be K, De 


and Fg, which therefore may be call'd xo, yo, and 20. 
48. Now it is AK : Ae (AD) :: K: de Spo, where I aſſume 
* I, as above. Alſo CG: GF :: %: D De oy, and there- 


fore y =y. Beſides CG : CF :: de: D = oy xCF :: D: 


dl = oy x CFg. Moreover, becauſe CPC (== 7.GCg) = £LDA&d, 
and CPS (= 4CdI— Led + ReR.) = 4 AD4, the Triangles 


Ce and ADd are ſimilar, and thence AD: Dd :: CP (CF): 


Pp = 0x CFg. From whence take Fe, and there will remain PF 

= 0x CFq—oxz. Laſtly, letting fall CH perpendicular to AD, 

'tis PF : dI :: CG: eHor DH — —— Or ſubſtituting 12 
5 


for CFgq, twill be DH = . Here it may be obſerved, 
| | that 
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that in this kind of Computations, I take thoſe Quantities (AD and 


Ae) for equal, the Ratio of which differs but infinitely little from 
the Ratio of Equality. on 

49. Now from hence ariſes the following Rule. The Relation 
of x and y being exhibited by any Equation, find the Relation ' of 
the Fluxions x and y, (by Prob. 1.) and ſubſtitute 1 for x, and 5 
for y. Then from the reſulting Equation find again, (by Prob. 1.) 
the Relation between &, y, and z, and again ſubſtitute 1 for x. 
The firſt reſult by due reduction will give y and æ, and the latter 


will give 23 which being known,” make = , and raiſe 


+ 24—2. 
the Perpendicular HC, meeting the Perpendientar to the Spiral DC 
before drawn in C, and C will be the Center of Curvature. Or 
which comes to the fame Ming. | take Ck HD: :: S: 1, and 
draw CD. 

50. Ex. 1. If the Equation be ar Mc (which, will belong to 
the Spiral of Archimedes, then (by Prob. 1.) ax , or (writing 1 
for æ, and ys for „ a r. And hence again (by Prob 1.) o= 
v z. Wherefore any Point D of the Spiral _ given, and 


thence the length AD or I, there will be given Z= 57> and 2= 


(—E or) — 5 . Which being known, make 12 : 
1 ＋ 22 :: DA G) : DH. And 1: 2 :: DH : CH: 
And hence you will eaſily deduce the following Conſtruction. | 
Produce AB to Q, ſo that AB : Arch BK:: Arch BK: BO,, 
and make AB + AQ : AQ :: DA : DH :* a HC. 
51. Ex. 2. If ax qs be the Equation that determines the Re- 


lation between BK and AD; (by Prob. 1.) you will have 22 ] 


3%, or 2ax== 32y*, Thence again 2ax == 3 + 9 =. Tis. 
therefore 2 = 21 and 2 = . Theſe being known, make 


1＋22 — : 1+22 :: DA: DH. Or, the work being reduced 
to a better form, make gxx ＋ 10: gxx ＋ 4 :: DA: DH. 

. After the fame manner, if ax*— bxy ==y* determines 
the Relation of BK to we, there, will ariſe FEED = == 2, and. 


ES 7 7 = | From which DH, and thence the: 


N C. E determined as before. 


53.1 


in the n 4, D, and &; 


N — 4 — . — 
8 1 5 s 
—ů — — —— 
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53. And thus you will eaſily determine the Curvature of any 
other Spirals ; or invent Rules for any other kinds of Curves, in 


imitation of theſe already given. 


4. And now I have. finih'd the Problem; but having made uſe 
of a Method which is pretty different from the common ways of 
operation, and as the Problem itſelf is of the number of thoſe 
Which ate nat very frequent among Geometricians : For the illuſtra- 
tion and confirmation of the Solution here given, I ſhall not think 
much to give a hint of another, which is more obvious, and has a 
nearer relation to the uſual Methods of drawing Tangents. Thus if 
from any Center, and with any Radius, a Circle be conceived to 
be deſcribed, which may cut any Curve in ſeveral Points; if that 
Circle be ſuppos d to be contracted, or enlarged, till two of the 
Points of inter ſection coincide, it will there touch the Curve. And 
beſides; if its Center be ſuppos'd to approach towards, or recede 
from, the Point of Contact, till the third Point of interſection ſhall 
meet with the former in the Point of Contact; then will that Cirele 
be æquicurved with the Curve in that Point of Contact: In like man- 
ner as I inſinuated before, in the laſt of the five Properties of the 
Center of Curvature, by the help of each of which I affirm'd the 
Problem might be folyed-i in a diff: rent manner. | 

5. Therefore with Center C, and Radius CD, ou a ; Circle be 
deſcribed; that: cuts the Curve ' © FR 8 


and letting fall the Perpendi- | 
culars DB, db, 88, and CF, 
to the Abſciſs AB; call. AB 1 5 
Sc, BD==3, AF vf, 
FC t, and DCG . Then / 
BF == U— x, and DB+FC = 
=) +f. The ſum of the . 
Squares of theſe is equal to the 
Square of DC; that is, v*— 
2 + X* N + 2% ＋ 2⸗ 
==5s. If you would abbrevi- : 
ate this, make v* + #* — , (any Symbol. at, pleaſure,) and it 
becomes * — 20x + * + 2/y + o. After you have found 


t, v, and , you will have s==v/ v* + #* — . 
56. Now let any Equation be propoſed. for defining the Curve, 
the quantity of whoſe Curvature is to be found. By the help of 
this Equation you may exterminate either of the — x Or , 
and 
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and there will ariſe an Equation, the Roots of which, (db, DB, 48. 
&c. if you exterminate &; or Ab, AB, Ag, &c. if you exterminate 
y,) are at the Points of interſection d, D, d, &c. Wherefore ſince 
three of them become equal, the Circle both touches the Curve, 
and will alſo be of the ſame degree of Curvature as the Curve, in. 
the point of Contact. But they will become equal by comparing 
the Equation with another fictitious Equation of the ame number 
of Dimenſions, which has three equal Roots; as Des Cartes has 
ſhew'd. Or more expeditiouſly by multiplying its Terms twice by 
an Arithmetical Progreſſion. | 5's 

57. EXAMPLE. Let the Equation be ax = y, (which is an 
Equation to the Parabola,) and exterminating x, (that is, ſubſtitu- 
ting its Value 2 in the forego- | | 


ing Equation,) there will ariſe 2 * —— + 2ty + & =o. | 


Three of whoſe Roots y are to be ＋ 
made equal. And for this purpoſe 4, 2 1 "I 
I multiply the Terms twice byan 3 1 © —x 


Arithmetical Progreſſion, as you >—————— "LL 
ſee done here ; and there ariſes — | — ＋ 2)” ==0. 
Or v= ＋ + 44. Whence it is eaſily infer'd, that BF = 2x + 
22, as before. SE oe og 0 TI 

58, Wherefore any Point D of the Parabola being given, draw the 
Perpendicular DP to the Curve, and in the Axis take PF = 2AB, - 
and erect FC Perpendicular to FA, meeting DP in C; then will C 
be the Center of Carvity defect. 

59. The ſame may be perform'd-in the Ellipſis and Hyperbola, 
but the Calculation will be troubleſome enough, and in other Curves 
generally very tedious. 5 | 


Of Queſtions that have ſome Affinity to.the preceding 
60. From the Reſolution of the preceding Probleni ſome others 
may be perform'd; ſuch are, $4 | = 
I. To find the Point where the Curve has à given degree of Cur- 
vature. F „ 

61, Thus in the Parabola, ax = yy, if the Point be required 
whoſe Radius of Curvature is of a given length /: From the Cen- 
ter of Curvature, found as before, you will determine the Radius 


A - 


to 
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to be < up v4 aa + 4ax, which muſt be made equal to 7 Then 
by reduction there ariſes x = — 44 ＋ rr | 

II. To find the Point of Reftitude, = _ 9 

62. I call that the Point of Rectitude, in which the Radius of 

Flexure becomes infinite, or its Center at an infinite diſtance: Such 
it is at the Vertex of the Parabola a**— y+, And this fame Point 
is commonly ithe Limit of contrary Flexure, whoſe Determination 


I have exhibited before. But another Determination, and that not 
inelegant, may be derived from this Problem. Which is, the 


longer the Radius of Flexure is, ſo much the leſs the Angle DC/ _ 


(Fig. pag. 61.) becomes, and alſo the Moment J; ſo that the 
Fluxion of the Quantity S is diminiſh'd along with it, and by the 
Infinitude of that Radius, altogether vaniſhes. Therefore find the 


Fluxion z, and ſuppoſe it to become nothing. | 
63. As if we would determine the Limit of contrary Flexure in 
the Parabola of the ſecond kind, by the help of which Cartgſus con- 
ſtructed Equations of fix Dimenſions; the Equation to that Curve 
is x3 — bx* cdx + bcd + dxy == o. And hence (by Prob. 1.) ariſes 
3æx— 2bxx — cdx + dxy + dxy = o. Now writing 1 for , 
and 2 for y, it becomes 3x* — 2bx—cd + dy + dea Doo; whence 
again (by Prob. 1.).6xx — 2bx + dy + dx ＋ dx O. Here again 
writing 1 for x, S for y, and o for E, it becomes 6x — 26 + 2dzs 
=o. And exterminating 2, by putting 6 — 3x for dz in the 
Equation JXX — 25x nm cd _ dy —+ AN = O, there will ariſe — 
—cd-+ Do, or Y c this being ſubſtituted in the room 


of y in the Equation of the Curve, we ſhall have & ＋ cd D o; 
which will determine the Confine of contrary Flexure. : 
64. By a like Method you may determine | 
the Points of Rectitude, which do not come 
between parts of contrary Flexure. As if the 
uation X+ 4a] + 64*X* — þ3y O ex- 
preſs'd the nature of a Curve; you have firſt, ZN 
(by Prob. I.) 4* — 12ax* + 124˙ — b*S==0, — | 
and hence again 12x* — 24ax ＋ 124* — 5 
Soo. Here ſuppoſe S , and by Reduc- 
tion there will ariſe & =. Wherefore take 4 2 
AB D a, and erect the perpendicular BD; this will meet the 
Curve in the Point of Rectitude D, as was required. | 
| 40 N III. 
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III. To find the Point of infinite Flexure. | 
65. Find the Radius of Curvature, and ſuppoſe it to be nothing. 
Thus to the Parabola of the ſecond kind, whoſe Equation is x* == 


ay*, that Radius will be CD = EEE r. = gxx; which be- 
comes nothing when x = o. | | 
IV. To determine the Point of the greateſt or leaſt Flexure. 
66. At theſe Points the Radius of Curvature becomes either the 
greateſt or leaſt. Wherefore the Center of Curvature, at that mo- 
ment of Time, neither moves towards the point of Contact, nor 


the contrary way, but is intirely at reſt. Therefore let the Fluxion 
of the Radius CD he found; or more ex- 


os 


peditiouſly, let the Fluxion of either of the 

Lines BH or AK be found, and let it be F | 
made equal to nothing. | | D 
67. As if the Queſtion were propoſed con- — 5 


cerning the Parabola of the ſecond kind | | 
* —=a*y; firſt to determine the Center of 2 


Curvature you will find DH = 2 


7 


O 
and therefore BH = — —f 2, make BH v, then 2 ＋ £y==v. 


Hence (by Prob. 1.) — 75 + uv. But now ſuppoſe v, or the 
Fluxion of BH, to be nothing; and beſides, ſince by Hypotheſis 
x3 == 4*y, and thence (by Prob. 1.) 3xx* =a*y, putting x = 1, ſub- 
ſtitute = for , and there will ariſe 45 = 0+. Take therefore 
AB Da jy =ax45| and raiſing the perpendicular BD, it will 
meet the Curve in the Point of the greateſt Curvature. Or, which 
is the fame thing, make AB : BD :: 24/5 : 1. | 
68. After the ſame manner the Hyperbola of the ſecond kind 


repreſented by the Equation xy* == a3, will be 
moſt inflected in the points D and d, which you 
may determine by taking in the Abſciſs AQ==r, 0 
and erecting the Perpendicular Q =\/ 5, and D) 
Q - equal to it on the other ſide. Then draw- 1... 
ing AP and Ap, they will meet the Curve in the K 
points D and d required, N 
J. 
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V. To determine the Locus of the Center of Curvature, or to de- 
ſeribe the Curve, in which that Center is always found. | 
69. We have already ſhewn, that the Center of Curvature of the 
Trochoid is always found in another Trochoid, And thus the Cen- 
ter of Curvature of the Parabola is found in another Parabola of 
the ſecond kind, repreſented by the Equation axx == y*, as will 
eaſily appear from Calculation. 


VI. Light falling upon any Curve, to find its Focus, or the Con- 
courſe of the Rays that are refrafted at any of its Points. 
70. Find the Curvature at that Point of the Curve, and deſcribe 
a Circle from the Center, and with the Radius of Curvature. Then 
find the Concourſe of the Rays, when they are refracted by a Cir- 
cle about that Point: For the ſame is the Concourſe of the refrac- 
ted Rays in the propoſed Curve. | 
71. To theſe may be added a particular Invention of the Curva- 
ture at the Vertices of Curves, where they cut their Abſciſſes at right 
Angles. For the Point in which the Perpendicular to the Curve, 
meeting with the Abſciſs, cuts it ultimately, is the Center of its 
Curvature. So that having the relation between the Abſciſs x, 
and the rectangular Ordinate y, and thence (by Prob. 1.) the rela- 


tion between the Fluxions x and y; the Value yy, if you ſubſtitute 
1 for x into it, and make y = ©, will be the Radius of Curva- 
ture. 5 . 

72. Thus in the Ellipſis ax — 7xx ==yy, it is — = y; 
which Value of yy, if we ſuppoſe y Do, and conſequently x == 6, 


writing 1 for x, becomes 34 for the Radius of Curvature. And ſo 
at the Vertices of the Hyperbola and Parabola, the Radius of Cur- 
vature will be always half of the Latus rectum. mes 


73. 


4 
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Iz. And in like manner for the Conchoid, defined by the Equation 
he + n xx == yy, the Value of yy, (found by 


E x — 33 


8 


9 
P — 


1 , IE 
Prob. 1.) will be — r — r — 5 — x, Now ſuppoſing y =o, 


and thence x = c or — c, we ſhall have — - — 2þ — Cc, Or = — 
25 ＋ e, for the Radius of Curvature. Therefore make AE : EG:: 
EG : EC, and Ae : eG :: eG : ec, and you will have the Centers 
of Curvature C and c, at the Vertices E and e of the Conjugate 


Conchoids. Ws 
PRO B. VI. 
To determine the Quality of the Curvature, at a given 
Point of any Curve. 


1. By the Quality of Curvature I mean its Form, as it is more 
or leſs inequable, or as it is varied more or leſs, in its progreſs thro? 
different parts of the Curve, So if it were demanded, what is the 

uality of the Curvature of the Circle? it might be anſwer'd, that 
it is uniform, or invariable. | * 
And thus if it were demand. INE 
ed, what is the Quality of the FAN 
Curvature of the Spiral, which 
1s deſcribed by the motion of 
the point D, proceeding from 
A in AD with an accelerated 
velocity, while the right 
Line AK moves with an uni- 
form rotation about the Cen- 
ter A; the acceleration, of 


L 2 | which 
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which Velocity is ſuch, that the right Line AD has the ſame ratio 
to the Arch BK, deſcribed from a given point B, as a Number has 
to its Logarithm: I fay, if it be aſk'd, What is the Quality of th 
Curvature of this Spiral? It may be anſwer'd, that it is uniformly 
varied, or that it 1s equably inequable. And thus other Curves, in 
their ſeveral Points, may be denominated inequably inequable, ac- 
cording to the variation of their Curvature, | 
2. Therefore the Inequability or Variation of Curvature is re- 
quired at any Point of a Curve. Concerning which it may be ob- 
ſerved, | 
3. I. That at Points placed alike in like Curves, there is a like 
Inequability or Variation of Curvature, 

4. H. And that the Moments of the Radii of Curvature, at thofe 
Points, are proportional to the contemporaneous Moments of the 
Curves, and the Fluxions to the Fluxions. 55 

5. III. And therefore, that where thoſe Fluxions are not propor- 
tional, the Inequability of the Curvature will be unlike. For 
there will be a greater Inequability, where the Ratio of the Fluxion 
of the Radius of Curvature to the Fluxion of the Curve is 
greater. And therefore that ratio of the Fluxions may not impro- 
perly be call'd the Index of the Inequability or of the Variation 
of Curvature. OE EEE Ln e 

6. At the points D and d, infinitely near to each other, in the 
Curve ADa, let there be drawn the | DE on. 
Radii of Curvature DC and dc; and Dd 
being the Moment of the Curve, Cc 
will be the contemporaneous Moment 


of the Radius of Curvature, and 55 


will be the Index of the Inequability of 
Curvature. For the Inequability may 
be call'd ſuch and fo great, as the quan- 


"a a 
tity of that ratio -— ſhews it to be: 
Or the Curvature may be faid to be fo 


much the more unlike to the uniform 


| CC 
Curvature of a Circle. 25 0 
Now letting fall the perpendicular Ordinates DB and ab, 


to any line AB meeting DC in P; make AB x, BD . 
DP —=?, DC , and thence Bb — xo, it will be Cc==w9 and 
| O —_ w'y 


BD : DP :: Bb: Dd=,and = Z =, making * l. 
Bs xt * 
| Wherefore 


- —— 
_ . —— —— 
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Wherefore the relation between x and y being exhibited by any 


Equation, and thence, (according to Prob. 4. and 5.) the Perpendicu- 


lar DP or r, being found, and the Radius of Curvature v, and the 
Fluxion v of that Radius, (by Prob. 1.) the Index * 2 en the * 


lity of Curvature will be given alſo. 


8. Ex. 1. Let the Equation to the Parabola 29x = be given; 4 


then (by Prob. 4.) BP a, and therefore DP = N 7 . 


Allo (by Prob. 5.) BF = @ + 2x, and BP: DP :;:BF : DC== 


at + 2tx 


— ==v. Now the Equations Lun Ca aa ON and 
. ==V, (by Prob. 1.) give 24x = 257. and 29 = — = 27t, and 


at 25 v. Which being reduced to order, and putting 
Me. 22 +2, | 


8 


* == 1, there will ariſe 5 = i= * 2 and o 


: a 


And thus 5, 7, and b being found, there will be had 2 ? the — . 


of the Inequability of Curvature.” 
9. As if in Numbers it were determin'd, "chan al, or 2 == 57 


and x=; then y(=4/2%) r, „( Ae ( 
=) Ne, i=?) =/4,andv=(< eh =) 3/2. Sothat 


2 == 3, which therefore is the Index of Inequability. 


10. But if it were determin'd, that x = 2, then y =2, y=2; 


Ns, iV, and v=3v5 80 that 5 =" 6 willbehere 


the Index of Inequability. 


11. Wherefore the Incquability « of. Cats at the Point of the 


Curve, from whence an Ordinate, equal to the Latus rectum of the 


Parabola, . being drawn perpendicular to the Axis, will be double to the 


Inequability at that Point, from whence the Ordipate ſo drawn is half 


the Latus rectum; that is, the Curvature at the firſt Point is as unlike a- 

gain to the Curvature of the Circle, as the Curvature at the fecond Point. 
12. Ex. 2. Let the Equation be 20x —bxx == ==7y, and (by Prob. 4.) 

it will be a — bx Bp, and thence ff == (au aa Ob -E 


==) ag — byy + yy. Alfo (by Prob. 5) it is PH =y D 


where, if for yy—dbyy you ſubſtitute it — 4a. there ariſes DH — 


— of 'Tis alſo BD: DP ::: DH: DC==< deb; Now (by Prob. 1.) 


the Equations 2ax —bxx == yy, aa — 0 =. and u. 
. give 


— —xꝛ— 


vature of the Circle,) than the Curva- _ * 
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give 2 — bx = yy, and ”y — byy Alt, and EL —&v. And thus V 


being found, the Index Z of the Inequability of Curvature, will 
alſo be known. | Rods. 1 
13. Thus in the Ellipſis 2x — 3xx 
==yy, where it is 4 , and b—=3; 
if we make * , then 4, 22 
— 1, , Feri. 
and therefore , which is the In- 
dex of the Inequability of Curvature. A 
Hence it appears, that the Curvature of 
this Ellipſis, at the Point D here aſ- 
ſign'd, is by two times leſs inequable, 
(or by two times more like to the Cur- 


ture of the Parabola, at that Point of 
its Curve, from whence an Ordinate let fall upon the Axis is equay 


to half the Latus rectum. _, | 
14. If we have a mind to compare the Concluſions derived in 


theſe Examples, in the Parabola 22x — yy ariſes (Z=) — for the 
Index of Inequability; and in the Ellipſis 29x — bxx == yy, ariſes 


(* — 2 2 „ BP; and fo in the Hyperbola 2ax + bxx == yy, 


the analogy being obſerved, there ariſes the Index (z —_ 


x BP. Whence it is evident, that at the different Points of any 
Conic Section conſider'd apart, the Inequability of Curvature is as 
the Rectangle BD x BP. And that, at the ſeveral Points of the Pa- 
rabola, it is as the Ordinate BD. TT: 7 

15. Now as the Parabola is the moſt ſimple Figure of thoſe that 
are curved with inequable Curvature, and as the Inequability of its 


. ; . . Ordinate | 
Curvature is ſo eaſily determined, (for its Index is 6 XI re.) there- 


fore the Curvatures of other Curves may not improperly be compared 
to the Curvature of this. 

16. As if it were inquired, what may be the Curvature of the 
Ellipſis 2x — 3xx == yy, at that Point of the Perimeter which is 
determined by aſſuming x : Becauſe its Index is 4, as before, 
it might be anſwer'd, that it is like the Curvature of the Parabola 

0x 
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6x == yy, at that Point of the Curve, between which and the Axis 
the perpendicular Ordinate is equal to 4. 

17. Thus, as the Fluxion of the Spiral ADE is to the Fluxion 
of the Subtenſe AD, in a certain given Ratio, EOS 
ſuppoſe as d to e; on its concave fide erect 
AY == ND x AD perpendicular to AD, 
and P will be the Center of Curvature, and 


= 2, will be the Index of Incqua- 


AD 9 Ad ee? 
bility. So that this Spiral has every where 
its Curvature alike inequable, as the Parabola 
6x == yy has in that Point of its Curve, from 
whence to its Abſciſs a perpendicular Ordi- 
nate is let fall, which is equal to the 
quantity 7 — co Ri bg 
18. And thus the Index of Inequability at any Point D of the 


Trochoid, (ſee Fig. in Art. 29. pag. 64.) is found to be = . Where- 
fore its Curvature at the ſame Point D is as inequable, or as unlike 


to that of a Circle, as the Curvature of any Parabola ax = yy is at 
the Point where the Ordinate is a * FL. F 

19. And from theſe Conſiderations the Senſe of the Problem, as 
I conceive, muſt be plain enough; which being well underſtood, it 
will not be difficult for any one, who obſerves the Series of the 
things above deliver d, to furniſh himſelf with more Examples, and 
to contrive many other Methods of operation, as occaſion may re- 
quire. So that he will be able to manage Problems of a like nature, 


(where he is not diſcouraged by tedious and perplex Calculations, ) 
with little or no difficulty. Such are theſe following ; 


I. To find the Point of any Curve, where there is either no Inequabi- 
lity of Curvature, or infinite, or the greateſt, or the leaſt. 

20. Thus at the Vertices of the Conic Sections, there is no In- 
equability of Curvature ; at the Cuſpid of the Trochoid it is infi- 
nite ; and it is greateſt at thoſe Points of the Ellipſis, where the 
Rectangle BD x BP is greateſt, that is, where the Diagonal-Lines 
of the circumſcribed Parallelogram cut the Ellipſis, whoſe Sides 
touch it in their principal Vertices, en 

II. To determine a Curve of ſome definite Species, ſuppoſe a Conic 
Section, whoſe Curvature at any Point may be equal and fimilar to the 
Curvature of any other Curve, at a given Point of it. 

III. 


CR eee RAY 
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III. To delenmint à Conic Section, at any Point of which, the Cur- 
vature and Poſition of the Tangent, (in reſpect of the Axis,) may be like 


to the Curvature and Pop tion 4 the Tangent, at 4 Point aff, gd of 


any other Curve. 

21. The uſe of which Problem. is this, that inftead of Ellipſes of 
the ſecond kind, whoſe Properties of refracting Light are explain'd 
by Des Cartes in his Geometry, Conic Sections may be ſubſtituted, 
which ſhall perform the ſame thing, very nearly, as to their Re- 
fractions. And the fame may be underitood of other Curves, 


? 
Z 


. VII. 


To find as many Curves as you pleaſe, whoſe Areas may 


be exhibited by mite Equations. 


1. Let AB be the Abſciſs of a Curve, at whoſe Vertex A let the 
perpendicular AC e be raiſed, and jet CE be 5 
drawn parallel to AB. Let alſo DB be a rectan- + | 
gular Ordinate, meeting the right Line CE in E, = | 
and the Curve AD in D. And conceive theſe . ee 
Areas ACEB and ADB to be generated by the |. 2 

055 


right Lines BE and BD, as they move along the 
Line AB. Then their Increments or Fluxions will &l—-—-» 

be always as the deſcribing Lines BE and BD. Wherefore make 
the Parallelogram ACEB, or AB x1, ==x, and the Area of the 
Curve ADB call 8. And the Fluxions 'x and 2 will be as BE and 


BD; ſo that making x == 1 BE, then 2 — BD. 


2. Now if any Equation be affumed at pleaſure, for anden 


the relation of z and x, from thence, (by Prob. 1.) may S be de- 
rived. And thus there will be two Equations, the latter of which 
will determine the Curve, and the former its Area. | 


Exanirize. | AL 
3. Aſſume xæx , and thence (by Prob. I.) Zr, or 2 
becauſe x == 1. 
4. Aſſume = ==2, and thence will ariſe * , an Equation 
to the Parabola. | | 
F. Aſſume ax*=22, or a*x*==2, and there will ariſe 29*%%*==2, 
or S ==22, an Equation again to the Parabola. | 


I | 6. 
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6. Aſſume a5x"* =22,0r 43x" ==2, and there ariſes — Ga" = E, 
or 4 ＋ 2xx O. Here the negative Value of 2 only inſinuates, 
that BD is to be taken the contrary way from BE. 

7. Again if you afſume c*a* + x* = , you will have 262 x 
—222; and 2 being eliminated, there will ariſe —-= 


=>. 


aa + xx 


8. Or if you aflume —.— Vaa + xx D, make Vaa + xx 


v, and it will be Y. g, and then (by Prob. I.) L E. Alſo 


. A 6 wr : 
the Equation aa + xx == vv gives 2x == 2vv, by the help of which 


Lo * hs „* * * 8 W 
if you exterminate v, it will become —— 12 5 Vaa + xx. 


9. Laſtly, if you aſſume 8 — 3x2 + 3$==23, you will obtain 
— 32 — 3x + 43 = 22S. Wherefore by the aſſumed Equation 
firſt ſeek the Area Z, and then the Ordinate & by the reſulting Equa- 
tion. 


10. And thus from the Areas, however they may be feign'd, you 
may always determine the Ordinates to which they belong. 


P R O B. VIII. | 


To find as many Curves as you pleaſe, whoſe Areas ſhall 


have a relation to the Area of any given Curve, afſign- 
able by finite Equations. 


1. Let FDH be a given Curve, and GEI the Curve required, and 
conceive their Ordinates DB and EC to move at right Angles upon 


| 


R A. 


their Abſciſſes or Baſes AB and AC. Then the Income or Fluxions 
of the Areas which they deſcribe, will be as thoſe Ordinates drawn 


M into 
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into their Velocities of moving, that is, into the. Fluxions of their 
Abſciſſes. Therefore make AB x, BD =v, AC, and 
CE Dh, the Area AFDB s, and the Area AGEC , and let 


the Fluxions of the Areas be s and 7: And it will be xv: zy :: 5: f. 
Therefore if we ſuppoſe * I, and v==s, as before; it will be 
Zy ==, and thence < ==y. | 


2. Therefore let any two Equations be aſſumed one of which 
may expreſs the relation of the Areas s and , and the other the 
relation of their Abſciſſes x and E, and thence, (by Prob. 1.) let the 


Fluxions Fand S be found, and then make — y. 


3. Ex. 1. Let the given Curve F DH be a Circle, expreſs'd by the 
Equation ax — xx = vv, and let other Curves be ſought, whoſe 


Areas may be equal to that of the Circle. Therefore by the Hy- 


potheſis 5 =z, and thence s =2, and ” == ==. It remains 
2 2 


to determine 2, by aſſuming ſome relation between the Abſciſſes 
x and 2, | 
4. As if you ſuppoſe ax = ; then (by Prob. 1.) a = 2g: So 


2VY 


that ſubſtituting = for 2, then y = = = —, But it is © == 
Pa 


(Vax — xx =) = aa — 22, therefore — aa — 2 y 1s the 
Equation to the Curve, whoſe Area is equal to that of the Circle. 
5. After the ſame manner if you ſuppoſe xx , there will 


A . a —_ . 1 

ariſe 2x =S, and thence y == (==) 25 ; Whence v and x being 
2 ; 

EE. 


exterminated, it will be y =——: 
22* 


6. Or if you ſuppoſe cc==xS, there ariſes 0=S+xS, and 


thence — = = =—<,  aY — CC. 
7. Again, ſuppoſing ax + , (by Prob. 1.) it is 4+5==2, 


and thence — =) == 7 „ which denotes a mechanical Curve. 
a $ a VU . . 
8. Ex. 2. Let the Circle ax — xx vo be given again, and let 
Curves be ſought, whoſe Areas may have any other aſſumed relation 


to the Area of the Circle. As if you aſſume cx s r, and ſup- 


poſe alſo ax = . (By Prob. 1.) tis c , and a = 222. 


I Therefore 


_ * . 
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; ; : y a 1 f — ——n—_— - 
Therefore y=< == "ELLE and ſubſtituting Va — xx for 5, 
2 

and 7 for x, tiny == — + — V aa — 22. 

9. But if you aſſume 5— t, and x = 2, you will have 

| 3a g | : 
'. —— 1 . N . 2 
5 — — T, and 1 = 2, Therefore y== 5 == 5 — — , or 


a T 
bd 2 LE n | i 4 6 
==) — ——, Now for exterminating v, the Equation ax — xx 
— oy, (by Prob. I.) gives 2 — 2x== 2vv, and therefore tis y = 


= Where if you expunge v and x by ſubſtituting their values 


vV ax — xx and E, there will ariſe y == y az — Sg. 
10. But if you aſſume s t, and x = 32, there will ariſe 
255==7, and 1==222; and therefore y = - == 453. And for 
2 | 
s and x ſubſtituting Wax — xx and 25, it will become y == 4522 


Va — g, which is an Equation to a mechanical Curve. 
11, Ex. 3. After the ſame manner Figures may be found, which 


have an aſſumed relation to any other given Figure. Let the Hyper- 


bola cc + xx == vv be given; then if you aſſume s ==7, and 
x ca, you will have St and 2x==c2; and thence J==z 


＋ A £ F ” L . 
=> == = Then ſubſtituting Vcc + xx for 5, and & for Y it 


; "ns 


will be y == * Ves + 22S. 
12. And thus if you aſſume v - = t, and x es, you 


will have v+ vx -f, and 2x cs. But v==s, and thence 


d = f. Therefore y = — = =. But now (by Prob. 1.) cc 
Z 1 


b gives x v, and 'tis y == = Then ſubſtituting V cc-+ 37 


1 . eN n 
for v, and cr for x, it becomes y == er 
13. Ex. 4. Moreover if the Ciſſoid . v were given, to 
* K 


which other related Figures are to be found, and for that purpoſe 
you aſſume = ax — xXx + - i; ſuppoſe 5 Wax — =, 


ax3—-x+ 


and its Fluxion y; therefore 5 b Sl. But the Equation 
M 2 — 


to the Abſciſs 
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0 21 2— x3 4 . 1 5 — | . 
Ahh gives = == 2hh, where if you exterminate 5, it will be 
| Ar 


h= F. And beſides ſince it is 5 5 = 5 ν 
ax - Xx | 3 OY OR xx; 


'twill be . Now to determine 2 and 2, aſſume 
2YV aX — xXx 2.7 


Vaa—ax==2; then (by Prob. 1.) —a==222, or = — 2. 


ax = XX 


vVaa—z22. And as this Equation belongs to the Circle, we ſhall 
have the relation of the Areas of the Circle and of the Ciſſoid. 

14. And thus if you had aſſumed 7 V ax — xx + , 
and x =2, there would have been derived y = V az — 22, an 
Equation again to the Circle. 

1 5. In like manner if any mechanical Curve were given, other 
mechanical Curves related to it might be found. But to derive 
geometrical Curves, it will be convenient, that of right Lines de- 

ending Geometrically on each other, ſome one may be taken for 
the Baſe or Abſciſs; and that the Area which compleats the Paralle- 
logram be ſought, by ſuppoſing its Fluxion to be equivalent to the 


| _ . t — Tx 22x 
Wherefore it is y == (tr = . = V = 


Abſciſs, drawn into the Fluxion of the Ordinate. 


- 


16. Ex. 5. Thus the Trochoid ADF being propoſed, I refer it 


AB; and the 
Parallelogram 
ABDG being 
compleated, I 
ſeek for the 
complemen- 

tal Superficies 
ADG, by ſup- 


poſing it to be 

deſcribed by 

the Motion of | - | c 
the right Line . 0 


GD, and therefore its Fluxion to be equivalent to the Line GD 
drawn into the Velocity of the Motion that is, xxv. Now where- 
as AL 1s parallel to the Tangent DT, therefore AB will be to BL 


as the Fluxion of the fame AB to the Fluxion of the Ordinate BD, 
| that 
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that is, as 1 to v. So that » = ps and therefore xv == BL. 


Therefore the Area ADG is deſcribed by the Fluxion BL; fince 


therefore the circular Area ALB is deſcribed by the ſame Fluxion, 


they will be equal. on 

2 In like manner if you conceive ADF to be a Figure of 
Arches, or of verſed Sines, that is, whoſe Ordinate BD is equal to 
the Arch AL; ſince the Fluxion of the Arch AL is to the Fluxion 


of the Abſciſs AB, as PL to BL, that is, v: 1:: Za: Waxn—xx, 


then v N= Then vx, the Fluxion of the Area ADG, 
will be . Wherefore if a right Line equal to = 


be conceived to be apply'd as a rectangular Ordinate at B, a point of 
the Line AB, it will be terminated at a certain geometrical Curve, 


whoſe Area, adjoining to the Abſciſs AB, is equal to the Area 
ADG. | 


18. And thus geometrical Figures may be found equal to other 
Figures, made by the application (in any Angle) of Arches of a 
Circle, of an Hyperbola, or of any other Curve, to the Sines right 


or verſed of thoſe Arches, or to any other right Lines that may be 
Geometrically determin'd. 

19. As to Spirals, the matter will be very ſhort. For from the 
Center of Rotation A, the Arch DG being deſcribed, with any 
Radius AG, cutting the right Line AF in G, and the Spiral in D; 
ſince that Arch, as a Line moving upon the 
Abſciſs AG, deſcribes the Area of the Spiral 5 
AHDG, ſo that the Fluxion of that Area is 
to the Fluxion of the Rectangle 1xAG, as 
the Arch GD to 1; if you raiſe the perpen- 
dicular right Line GL equal to that Arch, = 
by moving in like manner upon the fame 
Line AG, it will deſcribe the Arca A/LG 
equal to the Area of the Spiral AHDG: _ 7 
The Curve AlL being a geometrical Curve. * 1 785 
And further, if the Subtenſe AL be drawn, then A ALG==ZAG 
x GL==zAG x GD = Sector ACD; therefore the complemental 
Segments AL/ and ADH will alſo be equal. And this not only agrees 
to the Spiral of Archimedes, (in which caſe AlL becomes the Parabola 
of Apollonius,) but to any other whatever; fo that all of them may 
be converted into equal geometrical Curves with the fame eaſe. 


20. 
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20. I might have produced more Specimens of the Conſtruction 
of this Problem, but theſe may ſuffice; as being ſo general, that 
whatever as yet has been found out concerning the Areas of Curves, 
or (I believe) can be found out, is in ſome manner contain'd herein, 
and is here determined for the moſt part with leſs trouble, and with= 
out the uſual perplexities. | 

21. But the chief uſe of this and the foregoing Problem is, that 
aſſuming the Conic Sections, or any other Curves of a known mag- 
nitude, other Curves may be found out that may be compared with 
theſe, and that their defining Equations may be diſpoſed orderly in 
a Catalogue or Table. And when ſuch a Table is conſtructed, 
when the Area of any Curve is to be found, if its defining Equation 
be either immediately found in the Table, or may be transformed 


into another that is contain'd in the Table, then its Area may be 


known. Moreover ſuch a Catalogue or Table may be apply'd to 
the determining of the Lengths of Curves, to the finding of their 
Centers of Gravity; their Solids generated by their rotation, the Su- 
perficies of thoſe Solids, and to the finding of any other flowing 
quantity produced by a Fluxion analogous to it. : 


PRO B. IX, 
To determine the Area of any Curve propoſed. 


1. The reſolution of the Problem depends upon this, that from 
the relation of the Fluxions being given, the relation of the Fluents 
may be found, (as in Prob. 2.) And firſt, if the right Line BD, 
by the motion of which the Area required AFDB 1 
is deſcribed, move upright upon an Abſciſs AB 5 13 
given in poſition, conceive (as before) the Paral- 2 
lelogram ABEC to be deſcribed in the mean time 12 LEE 
on the other ſide AB, by a line equal to unity. 
And BE being ſuppos'd the Fluxion of the Pa- 
rallelogram, BD will be the Fluxion of the Area E 
required. | | 3 
2. Therefore make AB x, and then alſo ABEC IX x ==x, 
and BE = x. Call alſo the Area AFDB S2, and it will be 


* 


BD , as alſo , becauſe x == 1. Therefore by the Equa- 


tion expreſſing BD, at the fame time the ratio of the Fluions = 


x 
18 


c WW 8 . e 8 SI . 
r RIS SZ Cod 8 R $4 4 2 2 8 * bk OW 2s 
e $e. 4 EE IRIS, F LITRES Conte Ae A130 n ESE BE Se Ro 
r ff! —— £7 Ia] ee . 
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is expreſs'd, and thence (by Prob. 2. Caſe I.) may be found the 
relation of the flowing quantities x and S. 
3.Ex.1. Wien BD, or >, is equal to ſome ſimple quantity. 


4. Let there be given -= == 2, or . (the Equation to the Pa- 


rabola,) and (Prob. 2.) there will ariſe 2 S. Therefore 2 


or x AB x BD, =— Area of the Parabola AF DB. 


5. Let there be given — , (an 1 to a Parabola of 


the ſecond kind,) and hide will ariſe — — ==>, that 1 is, + * AB Xx BD 
== Area AFDB. | 
6. Let there be given = == 4 Fs 


"© 3 D 
or a , (an Equation to | | 
an Hyperbola of the ſecond kind,) 


and there will ariſe — a x—=* , : 
or — © = 2, That is, AB BD A Fes” n 
== Area HDBH, of an infinite length, lying on the other fide of 
the Ordinate BD, as its negative value in 

7. And thus if there were given? = == 2, there would ariſe 


H 


8. Moreover, let ax = 22, or e a 5 (an Equation again 
to the Parabola,) and there will ariſe zar =, that is, AB 
x BD = "i AFDE. | 


9. Let © 2 =22; then— 245 Moms, aaa x BD —AFDH. 
10. Lets - =22; then _— — E, or 2 AB x BD = HDBEH. 
11, Let ax = 23; then Zar = 2, or + AB BD =AFDH. 


And ſo in others, 
12. Ex. 2, Where 2 2 is equal to an Aggregate of ſuch Quantities. 
13. Let x += . then — + . *. 
14. Let à + - — 2 then — — 2. 
15. Let 3 — . nm =Sz Gen 2 E 4 =2. 


16. Ex. 3. Where a Proven reduction by Diwiſion is required, 
17. Let there be given 24. I: „ (an Equation to the Apolſoman 


 Hyperbola,) and the diviſion being performed in infinitum, it will be 


S 
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eee a Kc. And thence, (by Prob. 2.) as 


b 52 63 114 : ; ax ax 2 
in the ſecond Set of Examples, you will obtain 2 = + — 
23 azx4 : 
343 785 461 &c. . 
. T g — 2 « . | 
18. Let there be given AA , and by diviſion it will be 
: | 6 I I I | 
Z=1=—Xx* +x+—x5, &c. or elſe z= , — = + , &c. And 


thence (by Prob. 2.) 2 X — . + K — 5x", &. == AFDB; 
or ==— + + = — =,, &. = HDBH. 


* 3x3 Fa 
2X7 — x7 
1 + Xx — 3x 
be 2 == 2x* — 2x + 2 — 13x* + 34, &c. And thence (b 
5 2 
Prob. 2.) S AN —x* + A* — FK + 7 x7, &c. ; 
20. Ex. 4. Where a previous reduction is required by Extraction 


19. Let there be given , and by diviſion it will 


of Roots. | | „ 
21. Let there be given S Vaa xx, (an Equation to the 


Hyperbola,) and the Root being extracted to an infinite multitude 


. . . K 2 a+ x6 5 
of terms, it will be S 4 — „ &c. whence 
. . x3 x5 x7 6x9 
as in the foregoing S = aX + oO n —— 7 &c. 


22. In the fame manner if the Equation & = aa xx were 
given, (which is to the Circle,) there would be produced z—_ax— 


x3 x8 i x7 6 x9 " 
6a 40 11245 1008@7? s 


23. And fo if there were given z— Vx — xx, (an Equation 
alſo to the Circle,) by extracting the Root there would ariſe 
2 = %X* — * — K — er, &c. And therefore 2 = I 
— 2 — A* — Frs, &c. | 

24. Thus S V e xx, (an Equation again to the Cir- 


Y : . . bx xXx ba. ca 
cle, ) by extraction of the Root it gives Sa = Z— > &c. 


6a 2443? 
25. And thus \/- 


S=1-+4bx* + 43bx+, &c. then 2 =x—+ 3x3 + £bbx*, &c. 
+34 ＋ 246 + 32 ＋ 2845 


2,3 
whence 2 = ax + = — E —= &c. 
I a . . 
4 , by a due reduction gives 
—_ x 


26. 


values of the three correſponding Areas, & == 0x ＋ 4x* — — 
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26. Thus finally 5 = ix ＋ x3, by the extraction of the Cubic 


x6 x9 
Root, gives 2==a ＋ — — — 52 * = % &c. and then (by Prob. 2.) 


x70 


S Ax 2 e &c. == AFDB. Or elſe SNA 


124% 6345 * 16248) 


43 46 . 5a? 0 25 25 as — 


52” &c. = HDBH. 
* 


wie of an affected Equation, 
28. If a Curve be defined by this Equation = + a + aN 


— 245 —x o, extract the Root, and there will ariſe =: 


+ Z + 3, &c. whence will be obtain'd as before 2 = ax — 


xXx x3 131 x4 c 
8 192 20484 f 


29. But if 23 —(2* — 2x*S — C + 2x* + =0 were the 
Equation to the Curve, he reſolution will *afford a three-fold Root; 


. 5 2 I; x3 
Y=—=CE+X * + => &c. or 3==c=—=x—+ 7 = 


2 


Kg 5 » . . 
as or S - —= +=, &c. And hence will ariſe the 


2c 2CC 4c4? 
x3 


I'2C 


3 4 
&c. e e 7 — = &c. and 2 =—=— (x — 


Ter 12809 
x3 „ 
L LE , &c. 


Oc 8.2 = x ; 
30. I add nothing here concerning mechanical Curves, becauſe 


their reduction to the form of geometrical Curves will be taught af- 


War 
But whereas the values of 2 thus found belong to Areas 


which are fituate, ſometimes to a finite part AB of the Abſciſs, 
ſometimes to a part BH produced infinitely towards H, and ſome- 
times to both parts, according to their different terms: That the 


of the values of Z, which belong to the parts of the Abſciſs, that 
are terminated at the beginning and end of the Area, 


32. For Inſtance; to the Curve expreſs d by the Equation 5 == 
N WW. 


Ex. 5. Where a previous reduction 3s required, by the reſo- 


—» 


due value of the Area may be aſſign'd, adjacent to any portion of 
the Abſciſs, that Area is always to be made equal to the difference 


: 
[ 
! 
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Z, it is found that X- | 5 
| AAN, &c. Now that I * r 

| termine the quantity of the Area 
| DB, adjacent to the part of the 70 
| Abſciſs (B; from the value of = | 11 | 
| which ariſes by putting AB==x, A B Op 
] take the value of = which ariſes by putting Ab = x, and there 
remains x — 4X? + &, &c. —x + * -N, &c. the value of 
that Area dB. Whence if Ab, or x, be put equal to nothing, 
Mere will be had the whole Area AFDB = x — 5x3 + 3x*, &c. 


33. To the ſame Curve there is alſo found 5 == — - * — 


| 3x8 | 5 
— —, &. Whence again, according to what is before, the Area ; 
; 45 I be. 1 ; 1 14 
dA DB 5 — — _ g &c. * K —þ+— _= Oy 5755 &c. Therefore 
if AB, or x, be ſuppoſed infinite, the adjoining Area 5d H toward 
H, which is alſo infinitely long, will be equivalent t _ — 


* &c. For the latter Series — . =_ _ — * &c. will 
* F 8 > : 33 X 
vaniſh, becauſe of its infinite denominators. | 
34. To the Curve repreſented by the Equation a + - , it 


23 


. . 3 
is found, that S = a- =, Whence it is that ax — © — ax 


| | ＋ Area 2B. But this becomes infinite, whether x be ſup- 


| poſed nothing, or x infinite; and therefore each Area AFDB and 
6 3 H is infinitely great, and the intermediate parts alone, ſuch as 
DB, can be exhibited. And this always happens when the Ab- 
ſciſs x is found as well in the numerators of ſome of the terms, as 
in the denominators of others, of the value of Z. But when x is 
1 only found in the numerators, as in the firſt Example, the value of 
1 S belongs to the Area ſituate at AB, on this ſide the Ordinate. And 
[18 when it is only in the denominators, as in the ſecond Example, that 
value, when the ſigns of all the terms are changed, belongs to the 
whole Area infinitely produced beyond the Ordinate. 1 
[ | 35. If at any time the Curve-line cuts the Abſciſs, between the 3 
[li points 6 and B, ſuppoſe in E, inſtead | 
114 of the Area will be had the difference 
lj 6E — BDE of the Areas at the diffe- 

rent parts of the Abſciſs; to which if A 
ſ ” there be added the Rectangle BDGs, 

che Area EDG will be obtain'd. 
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ing to 6B, that is, I —[EJ. But by Diviſion it will be f = 
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36. But it is chiefly to be regarded, that when in the value of 2 
any term is divided by æ of only one dimenſion; the Area corre- 
ſponding to that term belongs to the Conical Hyperbola; and there- 
fore is to be exhibited by it ſelf, in an infinite Series: As is done in 
what follows. 


37. Let 


ax ＋ xx $ 
2 85 2 * 
it becomes 8 == = — 24 + 2x — — + 


Z be an Equation to a Curve; and by diviſion- 
&c. and thence 
= I 


S — — 2a + X* — 3a + 2 &c. And the Area 5dDB* 


2* 8 
a3 


2x3 


2 x 2x3 
[zx ={-x*'— 22, &c.— 


aa 
—f + 24x — xx + & 


305 


Where by the Marks | = and 


El I denote the little Areas belonging 


aa aa 
to the Terms and _ 


— 
Ada 


38. Now that and [=] may be found, I. make Ab, or x, to 
be definite, and 4B indefinite, or a flowing Line, which therefore I 
call y; ſo that it will be 


aa 


= — to that Hyperbolical Area adjoin- 


X 


„ 1 fn oe” V 
— — —— —— rr — — | — | — — Jy 
W 473 2294 NN 2 


— — &c. and therefore the whole Area required 


2x% 3 3 44 1 


N 25 429 9 2X3 = 
SDB = ——— + — &c. — 24 ＋ x* — , &c. + 24x: 


2x3 3433 3a? 


2x3 | 
— x + , &c. 


39. After the ſame manner, AB, Or X, might have been uſed for 


| 8 ase N aaa 
a definite Line, and then it would have been = — | == + 


— — 


2 3X3 4x4 7 


40. Moreover, if I be biſected in C, and AC be aſſumed to be 
of a definite length, and Ch and CB indefinite; then making AC 


| 10 a two n aa 42 ay* 


4253 5 a 


2 e &c, and therefore the Hyperbolical Area adjacent 
N 2 to 
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to the Part of the Abſcifs 40 will be 22 + > + > + = 
an aa aa aa "7, 

&c. 'Twill be alſo DB == e e +7 


&c. And thereforethe Area adjacent to the other part of the Abſciſs CB 


42 27 257 42953 291 9 
= 2 — _ r &c. And the Sum of theſe 
242 u 2a*z3 BM | 2405 Ee : * 
Areas 5 EY 5:5» &c. will be equivalent to 2 
aa 
— * 0 : *＋ 
41. Thus in the Equation 23 + 2* + 2 x3 So, denoting the 


nature of a Curve, its Root will be z = x — 4+ — Ip Lo 
] XxX I x 


&c. Whence there ariſes E = £xx — Ls | _ 2 3 


&c. And the Area bdDB AX — ix — | = 


| | 4 2 5 
T B-, &c. that boi ro 
7 4y 47 4.5 | 
I 1 1 > — — — — — — 
&c. — 2X + * + 575 &c. 2743 45575 +. Gs 


. 2 
42. But this Hy perbolical term, for the moſt part, may be ver 


2 
81x? &c. 


commodiouſly avoided, by altering the beginning of the Abſciſs, 


that is, by increaſing or diminiſhing it by ſome given quantity. As 
a3 a*x . 


in the former Example, where —— Pr S was the Equation to 


the Curve, if I ſhould make 5 to be the beginning of the Abſciſs- 
and ſuppoſing Ab to be of any determinate length 29, for the re- 
mainder of the Abſciſs SB, I ſhall now write &: That is, if I dimi- 
nich the Abſciſs by 3a, by writing x - 44 inſtead of x, it will 
become == IJ E, and (by Diviſion) 5 = 3a — * fx 
+ = Kc. whence ariſes 5 = 4 — N + Ae; 
Area bdDB. 5 

43. And thus by aſſuming another and another point for the be- 
ginning of the Abſciſs, the Area of any Curve may be expreſs'd an 
infinite variety of ways. 


44. Alſo the Equation 


2 


—— might have been reſolved 


ax + xx : 
into the two infinite Series 8 = — — 5 &c. — a + * 
* ax 3 


— = + = &c, where there is found no Term divided by the firſt 
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Power of x. But ſuch kind of Series, where the Powers of x aſcend 
infinitely in the numerators of the one, and in the denominators 
of the other, are not ſo proper to derive the value of 2 from, by 
Arithmetical computation, when the Species are to be changed in- 
to Numbers. 3 

5. Hardly any thing difficult can occur to any one, who is to un- 
dertake ſuch a computation in Numbers, after the value of the Area 
is obtain'd in Species. Yet for the more compleat illuſtration of the 
foregoing Doctrine, I ſhall add an Example or two. 

46. Let the Hyperbola AD) be propoſed, 


whoſe Equation is Lx [Xx D; its Vertex be- 


From what goes before, its Area ADB T* 


is x* into z . z — rr. A. zz b, AB 

&c. which Series may be infinitely produced by 
multiplying the laſt term continually by the ſucceeding terms of this 
| 2 _— FF 8 3 _ . 
Progreſſion rr e, e ir ken, &c. That is, 
the firſt term * „ 23 
"of 


x makes the ſecond term x: Which 
multiply'd by TEM makes 8 third term — ANY. : Which mul- 
tiply'd by — 2 x makes ν the fourth term; and ſo ad infini- 
tum. Now let AB be aſſumed of any length, ſuppoſe æ, and writing 


this Number for x, and its Root 4 for &, and the firſt term DE 
or 4 Xx x, being reduced to a decimal Fraction, it becomes 


0.0383333J333, &c, This into = makes0.0062 5 the ſecond term. 


This into — makes — 0.0002790178, &c. the third term. And 


ſo on for ever. But the terms, which I thus deduce by degrees, I 
diſpoſe in two Tables; the affirmative terms in one, and the nega- 
tive in another, and I add them up as you ſee here. 


D L 
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| + 0.0833333333333333 — 0.0002790178 57 1429 
 62500000000000 | 3467906605r 
2712673061111 834465027 
5135169396. — 263354 
144628917 961290- 
4954587 4 778 38676 
190948 1663 
7963 | 75 
1 : N 3 
an 1 0.000282 57 19389575 | 
| — T 0.0896 10988 504051 
+ 0.0896 10988 5646515 obogzBgrobakmogs 


Then from the ſum of the Affirmatives I take the ſum of the ne- 
gatives, and there remains 0.0893284 1662 57043 for the quantity. 
of the Hyperbolic Area ADB ; which was to be found, 

47. Now let the Circle AdF be propoſed, | 
which is expreſſed by the equation x 2; 
that is, whoſe Diameter is unity, and from what 
goes before its Area AdB will be 4x* — £4x* 
— xi — „K, &c. In which Series, ſince . 
the terms do not differ from the terms of the Se- A B © * 
ries, which above expreſsd the Hyperbolical Area, unleſs in the 
Signs + and —; nothing elſe remains to be done, than to 
connect the ſame numeral terms with other ſigns; that is, by 
ſubtracting the connected ſums of both the afore-mention'd tables, 
o. o8 9893 560 5036193 from the firſt term doubled o. 1666666666666, 
&c. and the remainder o. 076773 106 1630473 will be the portion 
Au of the circular Area, ſuppoſing AB to be a fourth part of the 
diameter. And hence we may obſerve, that tho' the Areas of the 
Circle and Hyperbola are not compared in a. Geometrical conſidera- 
tion, yet each of them is diſcover'd by the ſame Arithmetical com- 
putation. | | 

48. The portion of the circle AdB being found, from thence the 
whole Area may be derived. For the Radius JC being drawn,, 
multiply Bd, or 54/3, into BC, or 5, and half of the product 
72 3, or o. 054 126587736527 5 will be the value of the Triangle 
CdB; which added to the Area AdB, there will be had the 
Sector AC4 = . 130899693899 5747, the ſextuple of which 


0.78 5398 1633974482 is the whole Area. | 
| 49, And- 


"——m——_ 4 


CA D a, AF —6b, and AB = Ax; 
*twill be — ==BD, and 
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49. And hence by the way the length of the Circumference will 
be 3. 1415926 53 5897928, by dividing the Area by a fourth part of 
the Diameter. 

50. To theſe we ſhall add the calculation of the Area compre- 
hended between the Hyperbola 4FD and its Aſymptote CA. Let 
C be the Center of the Hyperbola, and putting 3 


= bd; whence 


the Area AFDB =bx — + 3 — = 


2a : 34 


&c. and the Area AFdb = bx + = ++. 1 
6 = &c. and the ſum þ4/DB=—2bx+ = C x e 
236 * x7 | | | | 

= 32 x &c. Now let us ſuppoſe CA = AF==r, and Ab 
or AB re, Ch being 0.9, and CB==1.1; and ſubſtituting theſe 
numbers for a, b, and x, the firſt term of the Series becomes o. a, 
the ſecond -0.0006666666, &c. the third O. ooοοα; and ſo on, as 
you ſee in this Table. 55 | a 
©,2000000000000000 
6666666666666 
40000000000 80809 
E 
RW 
18182 


154 
1 


IT hhe ſum o. 20067069 54621 511 Area bdDB.' | 
51. If the parts of this Area Ad and AD be deſired ſeparately, 
ſubtrat the leſſer BA from the greater dA, and there will remain 
—+ = — +=, &c. Where if 1 be wrote for @ and 5, 
_ Ae for x, the terms being reduced to decimals will ſtand 
nus; | | PL a, 
| | O. o I00000000000000 
5020000000000 | 
3333333333 
2 5000000 
200000 
1667 


The ſum 0.0100 503358535014 = Ad AD. 


52. 


— — — — ets aps 
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52. Now if this difference of the Areas be added to, and ſubtracted. 
from, their ſum before found, half the aggregate 0.1053 bo 5156578263 
will be the greater Area Ad, and half of the remainder 
o. og 53 10 1798043248 will be the leſſer Area AD, 

By the fame tables thoſe Areas AD and Ad will be obtain'd' 
alſo, when AB and Ab are ſupposd Tes, or CB=1.01, and 
Ch— 0. 99, if the numbers are but duly transferr d to 1 places, 


as may be here ſeen, 
O. IZOJDOODDOOOOOC Y 0.0501000000000200 


66666666666 | J 50000000 
400000 A os 33 
28 


Sum 0.0001000050003333 Ad— AD. 

gun 0 0200006667066695 = 4D. 

2 Aper.o. or005Þ335553560 14=Ad, and æ Reſid. o. 0099 50330853 168 7 
D. 


54. And ſo putting AB and * 55; or CB =I. oot, and 
Ch Ds., there will be obtain'd 7 0. 0019005003 33 583 5, 
and AD ==0.000999 5003330835. 
55. In the fame manner (if CA and AF 1) putting AB and 
Ab— 0.2, or o. oa, or 0.002, theſe Areas will ariſe, 
Ad—0. 2231435513142097, and AD o. 18232 15567939 546, 
or Ad==0.020202707317 5194, and AD=—=0.0198020272961797, 


or Ad—0.002002 - andAD=—0.001 
56, From theſe Areas thus found it will be on by derive Others, 
by addition and ſubtraction alone. For as it is _ into o_ 2, 


as ſum ol the Areas o. 693 147 1805 599453 belonging to the Ratio's 
— and a — (that is, inſiſting upon the parts of the Abſciſs 1. 2-08 


and 1.2 —0. 9,)will be the Area AF4B, CB being =2, as is known. 


Again, fince © 45 : Into 2==3, the ſum 1. 098612288668 1097 of the 
Area's Al de = and 2, will be the Area AF gg, Cg being 3. 
Again, as it is == = 5, and 2x5== 10, by a due addition of 
Areas will be obtain'd 1.6093379 124341 1004 = AF48, when 
CB==5; and 2. 302 58 50929940457 = AFJg, when Cf == 10. 


And thus, fince 10 * 10 = 100, and 10 X I00 == looo, and \/5; 


IlOOO XI OO 


* 10 * O. 98 =7, and 10x 1.1 == 11, and r 13, and 


e ==499 ; it is plain, that the Area AF48 may be found by 


the compoſition of the Areas found before, when Cg = 100; 1000; 


73 
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7 or any other of the above-mention'd numbers, AB == BF. being 
ſtill unity. This I was willing to inſinuate, that a method might 
be derived from hence, very proper for the conſtruction of a Canon 
of Logarithms, which determines the Hyperbolical Areas, (from 
which the Logarithms may eaſily be derived,) correſponding to fo 
many Prime numbers, as it were by two operations only, which are 
not very troubleſome. But whereas that Canon ſeems to be deriva- 
ble from this fountain more commodiouſly than from any other, 
what if I ſhould point out its conſtruction here, to compleat the 
whole? 

57. Firſt therefore having aſſumed o for the Logarithm of the 
number 1, and 1 for the Logarithm of the number 10, as is gene- 
rally done, the Logarithms of the Prime numbers 2, 3, 5, 7, II, 
13, 17, 37, are to be inveſtigated, by dividing the e 
Areas now found by 2. 302 58 509299404 57, which is the Area cor- 
reſponding to the number 10: Or which 1s the ſame thing, by mul- 
tiplying by its reciprocal o. 43429448 19032518. Thus for Inſtance, 


if 0.69314718, &c. the Area correſponding to the number 2, were 
multiply'd by 0.43429, &c. it makes o. 30 102999 56639812 the Lo- 


garithm of the number 2. He 
8. Then the Logarithms of all the numbers in the Canon, 
which are made by the multiplication of theſe, are to be found 
by the addition of their Logarithms, as is uſual. And the void 
places are to be interpolated afterwards, by the help of this 
Theorem. „ 
59. Let » be a Number to which a Logarithm is to be adapted, x 


the difference between that and the two neareſt numbers equally 


diſtant on each fide, whoſe Logarithms are already found, and let 4 
be half the difference of the Logarithms, Then the required Logs: 
rithm of the Number » will be obtain'd by adding 4+ 2 + =, 
&c. to the Logarithm of the leſſer number. For if the numbers 
are expounded by Cp, Cg, and CP, the rectangle CBD or CS, 
as before, and the Ordinates pg and PQ being raiſed; if ꝝ be wrote 


for CB, and & for gh or BP, the Area pgQP or = +=, + = 


. | x x3 x oy TA 
&c. will be to the Area pg9B or © + = + 5, &c. as the diffe- 


rence between the Logarithms of the extream numbers or 24, to 
the difference between the Logarithms of the leſſer and of the middle 
O N one; 
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Ax ax% © 2 


one; which therefore will be = — — , that is, when the 


diviſion is perform'd, d + = + = &c. 


1245 | 
60. The two firſt terms of this Series 4 = I think to be accu- 


rate enough for the conſtruction of a Canon of Logarithms, even 
tho' they were to be produced to fourteen or fifteen figures; pro- 
vided the number, whoſe Logarithm is to be found, be not leſs. 
than 1000. And this can give little trouble in the calculation, be- 
cauſe x is generally an unit, or the number 2, Yet it is not neceſ- 
fary to interpolate all the places by the help of this Rule. For the 
Logarithms of numbers which are produced. by the multiplication or 
diviſion of the number laſt found, may. be-obtain'd by the numbers 
whoſe Logarithms were had before, by the addition or ſubtraction 
of their Logarithms. Moreover by the differences of the Loga- 
rithms, and by their ſecond and third differences, if there be occa- 
fion, the void places may be more expeditiouſly ſupply'd ; the fore- 
zoing Rule being to be apply'd only, when the continuation of ſome 
Il places is wanted, in order to obtain thoſe differences. 
61. By the ſame method rules may be found for the intercalation 
of Logarithms, when of three numbers the Logarithms of the leſſer 
and of the middle number are given, or of the middle number and 
of the greater; and this although the numbers ſhould not be in 
Arithmetical progreſſion. | . 1 
62. Alſo by purſuing the ſteps of this method, rules might be 
eaſily diſcover d, for the conſtruction of the tables of artificial Sines 
and Tangents, without the aſſiſtance of the natural Tables. But of 
theſe things only by the bye. | 
63. Hitherto we have treated of the Quadrature of Curves, which 
are expreſs'd by Equations conſiſting of complicate terms; and that 
by means of their reduction to Equations, which conſiſt of an infi- 
nite number of ſimple terms. But whereas ſuch Curves may ſome- 
times be ſquared by finite Equations alſo, or however may be com- 
pared with other Curves, whoſe Areas in a manner may be conſi- 
der'd as known; of which kind are the Conic Sections: For this 
reaſon I thought fit to adjoin the two following catalogues or tables 
of Theorems, according to my promiſe, conſtructed by the help of 
the 77h and 8th aforegoing Propoſitions, a 


64. 


2 
MA 
; 


8 
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64. The firſt of theſe exhibits the Areas of ſuch Curves as can be 
ſquared; and the ſecond contains ſuch Curves, whoſe Areas may be 
compared with the Areas of the Conic Sections. In each of theſe, 


the letters d, e, /, g, and h, denote any given quantities, x and z 
the Abſciſſes of Curves, v and y parallel Ordinates, and 's and # 


Areas, as before. The letters y and 0, annex'd to the quantity =, 
denote the number of the dimenſions of the ſame z, whether it be 
integer or fractional, affirmative or negative, As if y== 3, then 


zus zi, z, z or = &+ = 24, and 2 =— 25; 


65. Moreover in the values of the Areas, for the fake of brevity, 


is written R inſtead of this Radical We E, or Vega, 
and þ inſtead of V i, by which the value of the Ordinate y is 
affected. LE” | | 
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67. Other things of the, ſame kind might have been added ; but I 
| ſhall now paſs on to another fort of Curves, which may be com- 
pared with the Conic Sections. And in this Table. or Catalogue 
you have the propoſed Curve repteſented by the Line QExR, the 
beginning of whoſe Abſciſs is A, the Abſciſs AC, the Ordinate CE, 
the beginning of the Area &, and the Area EE 
deſcribed a EC. | But the beginning of this 
Area, or . initial term, (which com- 
monly ether commences at the beginning 
of the Abſciſs A, or recedes to an infinite 
diftance,) is: found by ſecking the length of 
the Abſcifs Aa, when the value of the 
Area is nothing, and by a the per- | 
pendicular. ax · a2 Or 
68. After the fame manner you * the Conic Section repre- 
ſented by the Line PDG, whoſe Center is A, Vertex a, rectangular 


A XL A Baa T 
Semidiameters Aa 7 AP, che s of the Abſciſs A, or a, 
or «, the Abſciſs AB, or aB, or æB, the Ordinate BD, the Tangent 
DT meeting AB in T, the Subtenſe 2D, and the Rectangle inſcribed 
or adſcribed BDO. 

69. Therefore retaining the letters before defined, it will be 
Ac =, CE ==», hk fore AB or aB; x, BD, and 
ABD P or aGDB =. And beſides, when two Conic Sections are 
required, for the 80 of any Area, the Area of the latter 


ſhall be call'd e, the Abſciſs 85 and the Ordinate T. Put p for 
-A. 
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71. Before I go on to illuſtrate by Examples the Theorems that 
are deliver'd in theſe clafſes of Curves, I think it proper to obſerve, 

72. I. That whereas in the Equations repreſenting Curves, I have 
all along ſuppoſed all the ſigns of the quantities d, e, /, g, b, and i 
to be affirmative; whenever it ſhall happen that they are negative, 
they muſt be changed in the ſubſequent values of the Abſciſs and Or- 
ninate of the Conic Section, and alſo of the Area required. | 

73. II. Alſo the ſigns of the numeral Symbols y and 6, when they 
are negative, muſt be changed in the values of the Areas. More- 
over their Signs being changed, the Theorems themſelves may ac- 
quire a new form. Thus in the 4th Form of Table 2, the Sign of n 

d 


1 


being changed, the 3d Theorem becomes = = = 


| —— d 
P 2 ==. Vs. 
into 2xVv— 35==f. And the ſame is to be obſerved in others. 

74. III. The ſeries of each order, excepting the 2d of the 1ſt Ta- 
ble, may be continued each way ad infinitum. For in the Series of 
the 3d and 4th Order of Table 1, the numeral co-efficients of the 
initial terms, (2, — 4, 16, — 96, 768, &c.) are form'd by multi- 
plying the numbers — 2, —4, —6, — 8, — 10, &c. continvally 
into each other; and the co-efficients of the ſubſequent terms are de- 
rived from the initials in the 3d Order, by multiplying gradually by 
— 4, — 3 — +, —$, — 28, &c. or in the 4th Order by multi- 
plying by — 4, — 2, — , — , — s, &c. But the co-efficients 
of the denominators 1, 3, 15, 105, &c. ariſe by multiplying the 
numbers 1, 3, 5, 7, 9, &c. gradually into each other. 

But in the 2d Table, the Series of the 1, 2%, 3% 4, gf, and 
ro Orders are produced in infinitum by diviſion alone. Thus having 
9 - ==), in the 1ſt Order, if you perform the diviſion to a con- 
AE | | | 

8 LY . ; . a 31—1 3 de Zy—r def 1 
TRY period, there will ariſe FRE. 72 Fo 2 3 
2 wx | 
h. The firſt three terms belong to the 1ſt Order of 
4 | : | 
Table I, and the fourth term belongs to the iſt Species of this Order. 
Whence it a that the Area is 7” 2 e 

ppears, that the Area 18 3% W NK 


— 75 ; putting s for the Area of the Conic Section, whoſe Abſciis 


dz T 


== x&, &c. that is 


4 
e+fx* 
EW 26.5 


is x2", and Ordinate v== 
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76. But the Series of the gth and 6th Orders may be infinitely 
continued, by the help of the two Theorems in the 5th Order of 
Table 1. by a due addition or ſubtraction: As alſo the 7th and 8th 
Series, by means of the Theorems in the 6th Order of Table 1. and 
the Series of the 11th, by the Theorem in the roth Order of Table 1. 

For inſtance, if the Series of the 3d Order of Table 2. beto be far- 
ther continued, ſuppoſe 8 = — 4x, and the 1ſt Theorem of the 


5th Order of Table 1. wil become — 8122 — gafg into 
IV e+/S==y. — f. But according to the 4th Theorem of 
2 
* _ 
this Series to be produced, writing — ug for d, it s— FE 
Sea ==), — = x, ſx exx==v, and — == 2. 
& 


So that ſubtracting the former values of y and 7, there will remain 


ances Ye , A „ Th being mul- 


ze | #9 


. R3 > i 
tiplied by — ; and, (if you pleaſe) for 5 7 s, there will ariſe 


4 — 1 
a 5th Theorem of the Series to be produced, af AV e+j/S"=7, — 
r + exx == v, and — Ss = = "I 

77. IV. Some of theſe Orders may alſo be otherwiſe derived from 
others. As in the 2d Table, the 5th, 6th, 7th, and 11th, from the 
8th; and the gth from the 1oth: So that Imight have omitted them, 
but that they may be of ſome uſe, tho not altogether neceſſary. Yet 
I have omitted ſome Orders, which I might have derived from the iſt, 
and 2d, as alſo from the gth and roth, becauſe they were affected by 
Denominators that were more complicate, and therefore can hardly be 
of any uſe. 

78. V. If the defining Equation of any Curve is compounded of 
ſeveral Equations of different Orders, or of different Species of the 
fame Order, its Area muſt be compounded of the correſponding A- 
reas; taking care however, that they may be rightly connected with 


their proper Signs. For we muſt not always add or ſubtract at the 


fame time Ordinates to or from Ordinates, or correſponding Areas 
to or from correſponding Areas; but ſometimes the ſum of theſe, 
and the difference of thoſe, is to be taken for a new Ordinate, or to 
conſtitute a correſponding Area. And this muſt be done, when the 
conſtituent Areas are poſited on the contrary ſide of the Ordinate. 


But that the cautious Geometrician may the more readily avoid this 
in- 
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inconveniency, I have prefix d their proper Signs to the ſeyeral Va- 
lues of the Areas, tho' ſometimes negative, as is done in the 5th 
and 7th Order of Table 2. | | 

79. VI. It is farther to be obſerved, ahout the Signs of the Areas, 
that 4 5 denotes, either that the Area of the Conic Section, adjoin- 
ing to the Abſciſs, is to be added to the other quantities in the value 
of ?; ( ſe the 1ſt Example following ;) or that the Area on the other 
ſide of the Ordinate is to be ſubtracted. And on the contrary, — s 
denotes ambiguouſly, either that the Area adjacent to the Abſciſs is 
to be ſubtracted, or that the Area on the other fide of the Ordinate 
is to be added, as it may ſeem convenient. Alfo the Value of r, if 
it comes out affirmative, denotes the Area of the Curve propoſed ad- 
joining to its Abſciſs : And contrariwiſe, if it be negative, it repre- 
ſents the Area on the other ſide of the Ordinate. 


80. VII. But that this Area may be more certainly defined, we 


muſt enquire after its Limits. And as to its Limit at the Abſciſs, at 
the Ordinate, and at the Perimeter of the Curve, there can be no un- 
certainty: But its initial Limit, or the beginning from whence its de- 
ſcription commences, may obtain various poſitions. In the following 
Examples it is either at the beginning of the Abſciſs, or at an infinite 
diſtance, or in the concourſe of the Curve with its Abſciſs. But it 
may be placed elſewhere. And wherever it is, it may be found, by 
ſeeking that length of the Abſciſs, at which the value of ? becomes 
nothing, and there erecting an Ordinate. For the Ordinate fo raiſed 


will be the Limit required, 


81. VIII. If any part of the Area is poſited below the Abſciſs, 
t will denote the difference of that, and of the part above the Ab- 


ſciſs. 
82. IX. Whenever the dimenſions of the terms in the values of 


x, v, and 7, ſhall aſcend too high, or deſcend too low, they may be 


reduced to a juſt degree, by dividing or multiplying ſo often by any 
given quantity, whieh may be ſuppos'd to perform the office of Uni- 
ty, as often as thoſe dimenſions ſhall be either too high or too low. 
8 3. X. Beſides the foregoing Catalogues, or Tables, we might alſo 
conſtruct Tables of Curves related to other Curves, which may be the 


moſt ſimple in their kind; as to Va + /x* , or tox e E Du, 
or to /e + fx* wv, &c. So that we might at all times derive the 


Area of any propoſed Curve from the ſimpleſt original, and know 
to what Curves it ſtands related. But now let us illuſtrate by Ex- 


amples, what has been already delivered. 
84. 
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84. EXAMPLE I. Let QER be a 1 
Conchoidal of ſuch a kind, that the Q LF | 
SemicircleQHA being deſcribed, and | 
AC being erected perpendicular to , 
the Diameter AQ ; if the Parallelo- 7 H = 
gram QACI be compleated, the Dia- : \ 5881 
gonal Al be drawn, meeting the Se- X 5 T 
micircle in H, and from H the'per- | 
pendicular HE be let fall to IC; then the Point E will deſcribe a 
Curve, whoſe Area ACEQ 1s ſought. 

8 5. Therefore make AQ = 4, AC, CE ); and becauſe of the 


continual Proportionals Al, AQ, AH, EC, 'twill be EC or y== N 


806. Now that this may acquire the Form of the Equations in the 
Tables, make y== 2, and for 2* in the denominator write Zn, and 


3 . . . 
4 for a3 or as In the numerator, and there will ariſe y = 


1 
21 —1 


ö | 45K 


an Equation of the 11t Species of the 2d Order of T able 2. 


1 1 
„ 1 1 2 74 - . . 
5 and the Terms being compared, it will be 4 as, e aa, and 


* ſo that 23 ==X, VJ —a*xX* = u, and XU — 25 
8 ; 

87. Now that the values found of x and v may be reduced to a 
juſt number of dimenſions, chooſe any given quantity, as a, by 


it + which, as unity, a may be multiplied once in the value of x, and 
in the value of v, as may be divided once, and a*x* twice. And by 


Þ | this means you will obtain A.. =, Vai == 0, and xv 
j | — 25, = ?: of which the conſtruction is thus. 
88. Center A, and Radius AQ, deſcribe the Quadrantal Arch 
DP; in AC take AB AH; raſſe the perpendicular BD meeting 
that Arch in D, and draw AD. Then the double of the Sector 
| ADP will be equal to the Area fought ACEQ. For A = 
118 (V/ ADg —ABz=) BD, or v; and xv - 2 2A ADB—2ABDQ>. 
or =2A ADB + 23BDP, that is, either = — 2QAD, or ==2DAP: 
Of which values the affirmative 2DAP belongs to the Area ACEQ 
on this fide EC, and the negative — 2QAD belongs to the Area 
RE R extended ad inſinitum beyond EC. 
89. The ſolutions of Problems thus found may ſometimes be 


made more elegant. Thus in the preſent caſe, drawing RH the ſe- 
| midiameter 


— 
— . — tone 


* — . D202 > 
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midiameter of the Circle QHA, becauſe of equal Arches QH and DP, 
the Sector QRH is half the Sector DAP, and therefore a fourth part 
of the Surface ACE. | 

90. EXAMPLE II. Let AGE be a Curve, which is deſcribed by the 
Angular point E of the Norma AEF, whilſt one of the Legs AE, 
being interminate, paſſes continually through the given point A, 
and the other CE, of a given length, , | 
ſlides upon the right Line AF gi- 2 F. 
ven in poſition. Let fall EH per- | | 
pendicular to AF, and compleat 
the Parallelogram AHEC; and 
calling AC = , CE y, and 
EF — 2a, becauſe of HF, HE, HA 


n 


continual Proportionals, it will be . 
HA OT == = 1+ bas 3 | 
91. Now that the Area AGEC may be known, ſuppoſe 22——= 27, 


; | 3 
or 2 n, and thence it will be - = 
a" 


_ numerator is of a fracted dimenſion, depreſs the value of . by di- 


11 


viding by 257, and it will be 75 —== = 95, an Equation of the 


=y. Here ſince 2 in the 


2 — 
a % me” 


2d Species of the 7th Order of Table 2. And the terms being com- 


| pared, it is 4 =I, = I, and 3 a*, 80 that 9 
( 2 =) Hd.. = v, and s xv t. Therefore ſince 


x and 2 are equal, and ſince Har —x* = u is an Equation to a 
Circle, whoſe Diameter is @ : with the Center A, and diſtance 4 or 
EF, let the Circle PDQ be deſcribed, which CE meets in D, and let 
the Parallelogram ACDI be compleated ; then will AC n, 
CD v, and the Area fought AGEC = 5 — xv = ACDP 


92, Ex- 


s * ov 7 2 > 8 
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92. ExamPLE III. Let AGE be the Ciffoid belonging to the 
Circle ADQ, deſcribed with 

the diameter AQ. Let DCE | 
be drawn perpendicular to the 
diameter, and meeting the 
Curves in D and E. And na- 
ming AC , CE ==y, and 
AQ = @; becauſe of CPD, 
CA, CE continual Proportio- 
nals it will be CE or = 


; == and dividing by g, tis 
I == 


ax . „ 
— or — I n, and thence 


. Therefore 2 


J= p_ an Equation of 
48 —1 
the zd Species of the 4th Order of Table 2. The Terms therefore 


being nen. tis d=1, ezz=—1, and f=a. Therefore 
== X, Vu — XX == v, and 35 — 2xv ==f. Wherefore 


r 
du 


ERS CDiez, 'a5d thence ACDH mn d chat 


3ACDH — 4AADC = 35 — 2XV =7f = Area of the Ciſſoid 
ACEGA. Or, Thich is the ſame thing, 3 Segments ADHA == Area 
ADEGA, or 4 Segments ADHA '== Area AH DEGA. * 

93. EXAMPLE IV. Let PE 
be the firſt Conchoid of the 
Ancients, deſcribed from Center 
6, with the Aſymptote AL, 
and diſtance LE. Draw its 
Axis GAP, and let fall the Or- Þ 
dinate EC. Then calling AC 5 
==&, CEk=y, GAR=s, and wt 
AP = c ; becauſe of the Pro- 
portionals AC: CE — AL: 
GC : CE, it will be CE ory + 


Ce 


17 


8 Ordinate CE is fo divided in D, that it is CD = e. -=, 


and 


94. Now that its Area PEC may be found from hence, the 
arts of the Ordinate CE are to be conſider'd ſeparately. And if if 


3 


* 
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| Area of this Curve may be 


AF, we ſhall have AF — | 
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and DE 2 ; CD will be the Ordinate of a Circle de- 
ſcribed from Center A, and with the Radius AP. Therefore the 


bart of the Area PDC is known, and there will remain the other 
part DPED to be found. Therefore ſince DE, the part of the Or- 


dinate by which it is deſcribed, is equivalent to * e — 21 ſup- 
poſe 2 = u, and it becomes * e — g .DE, an Equation of 


the iſt Species of the 3d Order of Table 2. The terms therefore 


being compared, it is b, c, and f=— 1; and therefore 


1 1 — Ke bog, — „ 
22 SS, "WA I + *x* —=v, and 2bc*s x fe 


95. Theſe things being found, reduce them to a juſt number of 
dimenſions, by multiplying the terms that are too depreſs d, and 


. dividing thoſe that are too high, by ſome given Quantity. If this 


be done by c, there will ariſe == x, V- K* , and 
= = = == 7: The Conſtruction of which is in this manner. 

96. With the Center A, principal Vertex P, and Parameter 2AP, 
deſcribe the Hyperbola PK. Then from the point C draw the right 
Line CK, that may touch the Parabola in K: And it will be, as 
AP to 2AG, ſo is the Area CKPC to the Area m_— DPED. 

97. EXAMPLE 5. Let the Norma GFE ſo revolve about the Pole 
G, as that its angular point F may continually ſlide upon the right 
Line AF given in poſition; then conceive the Curve PE to be de- 
ſcribed by any Point E in the Q 
other Leg EF. Now that-the 77 


R 


found, let fall GA and EH per- 
pendicular to the right Line 3 . 

AF, and compleating the Pa- 7 * 
rallelogram AHEC, call AC . 71 — | 
==2, CE =, AG , and S * 
EF c; and becauſe of the . | i | | 
Proportionals HF : EH :: AG : | 


be © 1 | 
J==* Therefore CE or y ym 1 — 4 


of a Circle deſcribed with the Semidiameter c; about the Center A 
5 * let 


eee e ee e 
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let ſuch a Circle PDQ be deſcribed, which CE produced meets in 
D; then it will be DE = 7. — : By the help of which Equa- 


tion there remains the Area PDEP or DERQ to be determin'd.. 
| — 


Suppoſe therefore y==2, and b, and it will be PE . 


A (Comm MH 


an Equation of the 1ſt Species of the 4th Order of Table 1. And 
the Terms being compared, it will be þ== d, cc =8, and — I 
fo that — Vcc — S = —bR =. | | 7 

98. Now as the value of ? is negative, and therefore the Area 
repreſented by ? lies beyond the Line DE; that its initial Limit 
may be found, ſeek for that length of z, at which ? becomes no- 
thing, and you will find it to be c. Therefore continue AC to Q. 
that it may be Ac, and erect the Ordinate QR; and D RED 


will be the Area whoſe value now found is — Vcc gg. | 
99. If 2 ſhould defire to know the quantity of the Area 
PDE, pofited at the Abſciſs AC, and co-extended with it, without 
knowing the Limit QR, you may thus determine it. | 
100. From the Value which 7 obtains at the length. of the Ab- 
ſciſs AC, ſubtract its value at the beginning of the Abſciſs; that is, 
from — by cc — SS ſubtract — be, and there will ariſe the defired' 
uantity bc — t — 22. Therefore compleat the Parallelogram 
PAGK, and let fall DM perpendicular to AP, which meets GK 
in M; and the Parallelogram PKML will be equal to the Area 


PDE. | 


101. Whenever the Equation defining the nature of the Curve 
cannot be found in the Tables, nor can be reduced to fimpler terms. 
by diviſion, nor by any other means; it muſt be transform'd into 
other Equations of Curves related to it, in the manner ſhewn. in- 


Prob. 8. till at laſt one is produced, whoſe Area may be known by 
the Tables. And when all endeavours are uſed, and yet no fuch 


can be found, it may be certajnly concluded, that the Curve: pro- 
oſed cannot be compared, either with rectilinear Figures, or with 
the Conic Sections. | 
102. In the ſame manner when mechanical Curves are concern'd, 
they muſt firſt be transform'd into equal Geometrical Figures, as is 
fhewn in the ſame Prob. 8. and then the Areas of ſuch Geometri- 
cal Curves are to be found from the Tables. Of this matter take 
the following Example, | 
103. 
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Ordinate to the Axis A * 


AE be the tid 5 . 
mechanical Curve * * 


will be equal to the. .... f. . XA den LE 
Arch QD. There- F «i 


is ſought, or com- 
pleating the parallelogram ACEF, the My” AEF is required. To 
which purpoſe let @ be the Latus rectum of the Conic Section, and 
.6 its Latus tranſverſum, = -2AQ. Alſo let AC 2, and CD y ; 


23 then it will be v bb 4 = SS ==. an Equation to a Conic Section, 
as is known. Alſo PC= 22, and thence PD 755 LEES. 


will ariſe 2 7 
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103. EXAMPLE 6. Let it be propoſed to determine the Area of 
the Figure of the Arches of any Conic Section, when they are 
made Ordinates on their Right Sines. As let A be the Center of 
the Conic Section, 5 os 3 

e oC 4 
Semiaxes, CD the | 


AR, and PDa Per. W | 
pendicular at the 8 ul LE E 
point D. Alfo let ö | | 


meeting CD in E; 
and from its nature 
before defined, CE 


4, 


fore the Area AEC 


— ; h 


Nov ſince the fluxion of the Arch QD is to the fluxion of 


* Abſif AC, as PD to CD; if the fluxion of the Abſciſs be ſup- 
pos'd 1, the F luxion of the Arch Q, or of the Ordinate CE, 


oy bob. 
will be / — . Draw this into FE, or 2, and . 
25 + = „„ v! 


38h — 
+66 + AS 


2 the "Pd of the Area AEF. 


Þ therefore in the Ordinate CD you take CG = 2 


„ the Area AC, which is deſcribed by CG 


466 + D 


moving _ AC, wil be 4 5 the Area AEF, and the 2 
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AG will be a Geometrical Curve. Therefore the Area AGC is 

ſought. To this purpoſe let 2» be ſubſtituted for 2* in the laſt 
. | | | Ys 366 + — 

Equation, and it becomes S Vir _— — 


tion of the 2d Species of the 11th Order of Table 2. And from a 
compariſon of terms it is d=1, = g. f = — , and 
b=3; fo that 335+ e,  — © + xx =o, and 
„t. That is, CD x, DP u, and *. And this is 


the Conſtruction of what is now found. p 5 
105. At Qerect Q perpendicular and equal to QA, and thro* 
the point D draw HI parallel to it, but equal to DE And the 


Line KI, at which HI is terminated, will be a Conic Section, and 
the comprehended Area HIKQ will be to the Area ſought AEF. 
as 5 to a, or as PC to AC. | 


106. Here obſerve, that if you change the ſign of 5, the Conic 
Section, to whoſe Arch the right Line CE is equal,. will become an 


Ellipſis; and beſides, if you make 6 —=— a, the Ellipſis becomes 
a Circle. And in this caſe the line KI becomes a right line parallel 


to AQ” HS | 
107. After the Area of any Curve has been thus found and con- 


ſtructed, we ſhould confider about the demonſtration of the' con- 
ſtruction; that laying aſide all Algebraical calculation, as much as 
may be, the Theorem may be adorn'd, and made elegant, fo as to 
become fit for publick view. And there is a general method of de- 


monſtrating, which I ſhall endeayour to illuſtrate by the follow 


ing Examples. | 
Demonſtration of the Conflrudtion in Example 5. 
108. In the Arch PQ take a point d indefinitely near to D, 


(Figure p. 113.) and draw de and am parallel to DE. and DM, 
meeting DM and AP in p and / Then will PEed be the mo- 


ment of the Area PDEP, and LMm/ will be the moment of the 


Area LMKP. Draw the ſemidiameter AD, and conceive the inde-- 
finitely ſmall arch Dd to be as it were a right line, and the tri- 
angles Dpd and ALD will be like, and therefore Dp : pd :: AL : LD. 
But it is HF: EH :: AG: AF; that is, AL:LD:: ML: DE; and 


therefore Dp : pd :: ML: DE. Wherefore Dp x DE = pd x ML. 


That 


= CG, an Equa- 
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That is, the moment DEed is equal to the moment LM nl. And 
ſince this is demonſtrated indeterminately of any contemporaneous 
moments whatever, it is plain, that all the moments of the Area 


PDEP are equal to all the contemporaneous moments of the Area 
PLMK, and therefore the whole Areas compoſed of thoſe moments 


are equal to each other. Q. E. DP). 
| Demonſtration of the ConflruSion' in Example 3. 


109. Let PEed be the momentum of the ſuperficies AHDE, and 


AdDA. be the contemporary 
moment of the Segment ADH. 
Draw the ſemidiameter DR, 
and let de meet AK inc; and 
it is Ce: Dd :: CD: DR. 
Beſides it is DC: QA (2DK) ::: 
AC : DE. And therefore 


8 


* 
a 
o 


Ce: 2Dd :: DC: 2DK :: oy | * 


AC : DE, and Cc x DE | 
2Ddx AC. Now to the mo- 5 8 8 a e —— 
ment of the periphery, D N Ng © > 
produced, that is, to the tan- . ae, 
gent of the Circle, let fall the 1 N N „ 50 
perpendicular Al, and Al will 9 
be equal to AC. 80 that ö 
2 Dad x AC =2Dd AI 4 | 
. Triangles ADd. So that 4 Triangles ADJ== Cc x DE moment 
DEed. Therefore every moment of the ſpace AHDE is quadruple 


of the contemporary moment of the Segment ADH, and therefore 
that whole ſpace is quadruple of the whole Segment. QE. D. 


* * 
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Demonſtration of the Conſtrucrion in Example 4. 
110. Draw ce parallel co CE, and at an indefinitely ſmall diſtance 


from it, and the tangent of the 14 —/K 
Hyperbola ch, and let fall KM | ” 
8 5 99a to AP. Now 
rom the nature of the Hyper- 
bola it will be AC : AP :: 
AP: AM, and therefore AGq: P 
GLq :: ACq : LEq (or APg):: 1. 
APgq: Au; and diviſim, AGq: Cf 
AL (DEg) :: APg : AM — 
APg (MK) ; And inverse, AG: 
AP :: DE : MK. But the | 
little Area DEed is to the Tri- | | 
angle CKc, as the altitude DE is to half the altitude KM ; that is, 
as AG to ZAP. Wherefore all the moments of the Space PDE 
are to all the contemporaneous moments of the Space PKC, 'as AG 


to ZAP. And therefore thoſe whole Spaces are in the fame ratio. 


Demonſtration of the Conſtruction in Example 6. 


111. Draw ed parallel and infinitely near to CD, (Fig. in p. 115.) 
meeting the Curve AE in e, and draw hi and fe meeting DC in p 
and 9. Then by the Hypotheſis Dd = Eg, and from the ſimi- 
litude of the Triangles Dp and DCP, it will be Dp : (Dad) 
Eg :: CP : (PD) HI, fo that Dp x HI = Eq x CP; and thence 
Dy * HI (the moment Hl): Eq x AC (the moment EFye) :: 
 EqxCP: Eg x AC :: CP: AC. Wherefore ſince PC and AC 
are in the given ratio of the latus tran ſverſum to the latus rectum 
of the Conic Section OD, and fince the moments HI;h and EF/e 
of the Areas HIKQ and AEF are in that ratio, the Areas them- 
ſelves will be in the ſame ratio. Q. E. D. 

112. In this kind of demonſtrations it is to be obſerved, that I 
aſſume ſuch quantities for equal, whoſe ratio is that of equality: 
And that is to be eſteem'd a ratio of equality, which differs leſs 
from equality than by any unequal ratio that can be aſſign'd. Thus 
in the laſt demonſtration I ſuppos'd the rectangle Eg x AC, or FE, 
to be equal to the ſpace FE,, becauſe (by reaſon of the difference 
Ege infinitely leſs than them, ar nothing in compariſon of them,) 

$2 they 
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they have not a ratio of inequality. And for the ſame rtaſon I 


made DP x HI = HI; and ſo in others. | 
113. I have here made uſe of this method of proving the Areas 


of Curves to be equal, or to have a given ratio, by the equality, or 


by the given ratio, of their moments; becauſe it has an affinity to 


the uſual methods in theſe matters. But that feems more natural 
which depends upon the generation of Superficies, by Motion or 


Fluxion, Thus if the Conſtruction in Example 2. was to be de- 
monſtrated : From the nature of the Circle, the fluxion of the right 
line ID (Fig. p.111.) is to the fluxion of the right line IP, as Al to 
ID; and it is AI ; ID:: ID: CE, from the nature of the Curve 


AGE > and therefore CE » 1D ID x IP. But CE £ ID ==t0 


the fluxion of the Area PDI. And therefore thoſe Areas, being ge- 


nerated by equal fluxion, muſt be equal. Q. E. DPD. 1 
114. For the fake of farther illuſtration, I ſhall add the demon- 


ſtration of the Conſtruction, by which the Area of the Ciſſoid is 


determin'd, in Example 3. Let the lines mark d with points in the 
ſcheme be expunged; draw the Chord DQ and the Aſymptote 
R of the Ciſſoid. Then, from the nature of the Circle, it is: 


DQ = AQ O, and 
thence (by P 1.) 2DQ « 4 | * 1 | 


Fluxion of D == AQ x (. 
And therefore AQ: DQ :: 


2DQ : Q. Alſo from the 
i ts: the Ciſſoid it is ED ; 


AD 22 AQ: DO. There- | 
fore ED: AD :: 2DQ.: CQ, | 


and EDxCQ=ADx2DQ, 


or 4 ADB. Now ſince 
DQ_ is perpendicular at. the. 
end of AD, revolving about 


A; and *AD x QD = to the fluxion generating the Area ADOQ 


Its quadruple alſo ED x C fluxion generating the Ciſſdidal Area 


QREDO. Wherefore that Area QREDO infinitely long, is 
rated quadruple of the other 4bOG E. D. Y long, 18 gene. 


SCHOLIUN, 


| 
| 
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SCHOLIUM. | 


115. By the foregoing Tables not only the Areas of Curves, but 
quantities of any other kind, that are generated by an analogous 
way of flowing, may be derived from their Fluxions, and that by 
the aſſiſtance of this Theorem: That a quantity of any kind is to an 
unit of the ſame kind, as the Area of a Curve is to a ſuperficial 
unity ; if ſo be that the fluxion generating that quantity be to an 
unit of its kind, as the fluxion generating the Area is to an unit of 
its kindalfo; that is, as the right Line moving perpendicularly upon 
the Abſciſs (or the Ordinate) by which the Area is deſcribed, to a 
linear Unit. Wherefore if any fluxion whatever is expounded by 
ſuch a moving Ordinate, the quantity generated by that fluxion will 
be expounded by the Area deſcribed by ſuch Ordinate; or if the 
Fluxion be expounded by the fame Algebraic terms as the Ordinate, 
the generated quantity will be expounded by the ſame as the de- 
ſcribed Area. Therefore the Equation, which exhibits a Fluxion of 
any kind, is to be ſought for in the firſt Column of the Tables, and 
the value of F in the laſt Column will ſhow the generated Quan- 

116. As if 1+ = exhibited a Fluxion of any kind, make it 
equal to y, and that it may be reduced to the form of the Equations 
in the Tables, ſubſtitute 27 for x, and it will be 2 J 2 
A, an Equation of the firſt Species of the 3d Order of Table 1. 
And comparing the terms, it will be 4 =, ex=1, f = 2 


quantity i 2 which is generated by the Fluxion 


27 
De mmm——_—_—_ 


TH: 
: Ws 4a - | 
. 


117. And thus if V 1 + 2 repreſents a Fluxion, by a due re- 


; ga? 
duction, (or by extrating ⁊ out of the · radical, and writing 2 
> 5 ; ; ; . 1 „ F T2» 4 4 
for S ) there will be had 5 8 vV & + 2 ==), an Equation of 


the ad Species of the th Order of Table 2. Then comparing the 
—— terms, 
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1 16 2 1 
terms, it 18 d = 15 W and 7 I. So that 27 = HINT, 
* ⁊ 


v I + = v, and 45 === T. Which being found, the 


gat 


quantity generated by the fluxion V 1 + will be known, by 


ga? 


| making it to be to an Unit of its own kind, as the Area $5 is to 


ſuperficial unity; or which comes to the ſame, by ſuppoſing the 


quantity # no longer to repreſent a Superficies, but a quantity of an- 
other kind, which is to an unit of its own kind, as that ſuperficies 


is to ſuperficial unity. 
| 16 


118, Thus ſuppoſing A repreſent a linear Fluxion, I 


i | 9a? 
imagine ? no longer to ſignify a Superficies, but a Line; that Line, 
for inſtance, which is to a linear unit, as the Area which (accord- 
ing to the Tables) is repreſented by 7, is to a ſuperficial unit, or 


that which is produced by applying that Area to a linear unit. On 


which account, if that linear unit be made e, the length generated 
by the foregoing fluxion will be =. And upon this foundation 


thoſe Tables may be apply'd to the determining the Lengths of 


Curve-lines, the Contents of their Solids, and any other quantities 
whatever, as well as the Areas of Curves. 


Of Queſtions that are related hereto. 


I. To approximate to the Areas of Curves mechanically. 
119. The method 1s this, that the values of two or more right- 


lined Figures may be ſo compounded together, that they may very 


nearly conſtitute the value of the Curvilinear Area required. | 
120. Thus for the Circle AFD which is denoted by the Equa- 


tion x — XX = 22, having found the value of 
the Area AFDB, vis. 2 — 2 — EXE = 
Arx, &c. the values of ſome Rectangles are to 
be ſought, ſuch is the value x — xx, or x* 
— 25 — Ix — x3, &c. of the rectangle 


AB. Then theſe values are to be multiply'd by 
any different letters, that ſtand for numbers indefinitely, and then 
R to 


EL 2 
A ——————————— — —_ 
= . Dn — _ 


2 — Fea BeR.:e5 IWR 2 . — —— 
MT Bo ne ——.— — 


, Kc. which is always leſs than 
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to be added together, and the terms of the ſum are to be compared 
with the correſponding terms of the value of the Area AFDB, that 
as far as is poſſible they may become equal. As if thoſe Parallelo- 


grams were multiply'd by e and /, the ſum would be + Wand 
+ ; 
ext, &c. the terms of which being compared. with theſe terms 
&xet — * N &c. there ariſes e + f'== 5, and — le — , 
or e =, and = r -e ==. So that 3BD x AB + AD x 
AB — Area AFDB very nearly. For BD x AB + SAD xAB is 
equivalent to 3 — 4x3 — er — s, &c. which being ſub- 
171 from the Area AFDB, leaves the error only i v, 
E, 

12 1. Thus if AB were biſected in E, the value of the rectangle 
AB x DE will be x/x — 4xx, or x* — $x* — . 
Ar — xi, &c. And this compared with , 


128 1024 DE A 
the rectangle AD * AB, gives = into 


AB = Area AFDB, the error being only 


60 
1 part of the whole Area, even tho AFDB 


were a quadrant of a Circle. But this Theorem may be thus pro- 
pounded. As 3 to 2, ſo is the rectangle AB into DE, added to a 
fifth part of the difference between AD and DE, to the Area AFDB, 

very nearly. td 
122. And thus by compounding two rectangles AB x ED and 
AB x BD, or all the three rectangles together, or by taking in till 
more rectangles, other Rules may be invented, which will be fo 
much the more exact, as there are more Rectangles made uſe of. 
And the ſame is to be underſtood of the Area of the Hyperbola, or 
of any other Curves. Nay, by one only reQangle the Area may 
often be very commodiouſly exhibited, as in the foregoing Circle, 
by taking BE to AB as \/ 10 to 5, the rectangle AB x ED will be 
to the Area AFDB, as 3 to 2, the error being only A + 

1e, &cc. | 
II. The Area being given, to determine the Abſciſs and Ordinate. 

123. When the Area is expreſs d by a finite Equation, there can 
be no difficulty : But when it is expreſs'd by an infinite Series, the 
affected root is to be extracted, which denotes the Abſciſs. So for 
| the 
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the Hyperbola, —_] by the 7 8 =; = 2, after we have 
found & b — = 4+ 5 — EZ, &c. that from the given Area 


a 34* 
the Abſciſs x may be known, N 2 affected Root, and there 


⁊ K* 
will ariſe x = 7 + = + b + n = e, Ke. And 
moreover, if the Ordinate S were required, divide ab by a + x, 
that is, by 4 + 7 + _ + 577 — „ &c. and there will ariſe 825 


Sz 2 | - 24 & 
3 bop © gy Gazzs 244463 ? C. 

124. Thus as to the Ellipſis which is expreſs d by the Equation 
ax — XX = SS, after the Area is found & = 4 — —— . 

1 
aft — , &c. write vs for 2 , and # for K, and it becomes 
28c TY 242 
3 nn — £5 — ze? — z — 
ioc 56e® 2 a- 

3 "or 117197 
=_ &c. whoſe ſquare v* + 7 = + = 
&c. is equal to x. And this value being ſubſtituted inſtead of x in 


n0c 1 400c> 25200c8 5 
the Equation ax — a = x, and the root being extracted, there 


&c. and n the root T . 


22 8234⁸ 


: Ly 1 1 1 T 
ariſes S = &*U — 2479 — %  4074%" &c. So that from 
5c 175c | Loa | 


27 the given Area, and thence v or LW , the Abſciſs x will be 


given, and the Ordinate z. All which 3 may be accommo- 


dated to the Hyperbola, if only the ſign of the quantity c be _—, 


wherever it is found of odd dimenſions. 


R 2 5 8. 


175 7875s = 


Wr 
——_— 
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PRO B. X. 
To find as many Curves as we pleaſe, whoſe . Lengths 
' may be expreſs d by finite Equations. 


1. The following poſitions prepare the way for the ſolution of 


this Problem. 

2. I. If the right Line DC, ſtanding perpendieularly _= ay 
Curve AD, be conceived thus to move, 
all its points G, g, , &c. will deſcribe 
other Curves, which are equidiſtant, and * 
perpendicular to that line: As GK, gh, 
rs, &C. 

3: II. If that right Line is continued 
indefinitely each way, its extremities will. 
move contrary ways, and therefore there 
will be a Point between, which will have 
no motion, but may therefore be call'd | 
the Center of Motion. This Point will 
be the ſame as the Center of Curvature, . 
which the Curve AD hath at the point D, 
as Is mention'd before. Let that point 
be = 

III. If we ſuppoſe the line AD not 
to 1 circular, but unequably curved, ſup- 


poſe more curved. towards , and leſs toward A; that Center will 
continually change its place, approaching nearer to the parts more 
curved, as in K, and going farther off at the parts leſs curved, as in 


E, and by that means will deſcribe ſome line, as KC. 


5. IV. The right Line DC will continually touch the line de- 
ſcribed by the Center of Curvature. For if the Point D of this 


line moves towards d, its point G, which in the mean time paſſes 
to K, and is ſituate on the ſame fide of the Center C, will move 
the ſame way, by poſition 2. Again, if the fame point D moves 
towards A, the point g, which in the mean time paſſes to &, and 


is ſituate on the contrary fide of the Center C, will move the con- 


trary way, that is, the ſame way that G moved in the former caſe, 


while it paſsd to k. Wherefore K and & lie on the fame fide of 


the right Line DC. But as K and & are taken indefinitely for any 


oo ts, 


8 
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points, it is plain that the whole Curve lies on the fame fide of the 
right line DC, and therefore is not cut, but only touch'd by it. 

6. Here it is ſuppos'd, that the line DA is continually more 
curved towards &, and leſs towards A; for if its greateſt. or leaſt 
Curvature is in D, then the right line DC will cut the Curve KC; 


but yet in an angle that is leſs than any right-lined angle, which is 


the ſame thing as if it were ſaid to touch it. Nay, the point E in 
this caſe is the Limit, or Cuſpid, at ,whith-the two parts of the 
Curve, finiſhing in the moſt oblique concourſe, touch each other 


and therefore may more juſtly be faid to be touch'd, than to be cut, 


by the right line DC, which divides the Angle of contact. 


7. V. The right Line CG is equal to the Curve CK. For con- 


ceive all the points 7, zr, Zr, 47, &c. of that right Line to deſcribe 
the arches of Curves 7s, 2725, 3735, &c. in the mean time that they 
approach to the Curve CK, by the motion of that right line; and 
ſince thoſe arches, (by poſition 1.) are perpendicular to the right 
lines that touch the Curve CK, (by poſition 4.) it follows that they 
will be alſo perpendicular to that Curve: Wherefore the parts of 
the line CK, intercepted between thoſe arches, which by reaſon of 
their infinite. ſmallneſs.may be conſider d as right lines, are equal to 
the intervals of the fame arches ; that is, (by poſition 1.) are equal 
to ſo many parts of the. right line CG. And equals being added 
to equals, the whole Line CK will be equal to the whole Line 
CG. | be | 


8. The. ſame. thing would appear by-conceiving, that every part 
of the right Line CG, as it moves along, will apply itſelf ſucceſ- 


fively. to every part of the. Curve CK, and thereby will meaſure 
them ; juſt as the Circumference of a wheel, as it moves forward by 


revolving upon a Plain, will meaſure the diſtance that the point of 


1 


Contact continually deſcribes. 


9. And hence it appears, that the Problem may be reſolved, by 
aſſuming any Curve at pleaſure ADA, and thence by determining 


the other Curve KCæ, in which the Center of Curvature. of the 
aſſumed Curve is always found. Therefore letting fall the perpen- 


diculars DB and CL, to a right Line AB given in poſition, and in 
AB taking any point A, and calling AB & and BD==y; to 
define the Curve AD let any relation be aſſumed between x. and „1 
and then by Prob. 5. the point C may be found, by which may be 


determined both the Curve KC, and its Length GGW. 


10. 


2, andDC== ZE dad + ax. 


and putting therefore AB and BD, or 
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10. EXAMPLE, Let ax =yy be the Equation to the Curve, 
which therefore will be the Apollonian Parabola. And, by Prob. 5. 
will be found ALA + 3x, CL = 


D 


Which bein obtain d, the Curve KC 
is determin' 5 by AL and LC, and its 
Length by DC. For as we are at 
liberty to aſſume the points K and C A 
any where in the Curve KC, let us 
ſuppoſe K to be the Center of Cur- 
vature of the Parabola at its Vertex; 


x and y, to be nothing, it will be 
DC=—+42. And this is the Length 
AK, or DG, which being ſubtracted 
from the former indefinite value of 


DC, leaves GC or KC — — Tan I aj = £8. 


11. Now if you deſire to know what Curve this is, and What is 
its Length, without any relation to the Parabola; call KL ===, 


2 LC u, and it will be 2 AL — 44. 3x, or 32 &, and 


= Dea = ν. Therefore 4e — EL = CL =v, or = = — 


3 
v*; which ſhews the Curve KC to be a Parabola of the ſecond kind. 
And for its Length there ariſes = . vV 42a + 442 — 5, oy 


writing +2 for x in the value of CG. 
12. The Problem alſo may be reſolved by kit an Equation 
which ſhall expreſs the relation be- 
tween AP and PD, ſuppoſing P to 
be the interſection of the Abſciſs and 
Perpendicular, For calling AP x, 
and PD ==, conceive CPD to move 
an infinitely ſmall ſpace, ſuppoſe to 
the place Cpg, and in CD and Cd ta- 
King CA and C both of the ſame 
given length, ſuppoſe = 1, and to 
CL let fall the perpendiculars Ag and 
9, of which Ag, (which call = 2) 
may meet Cd in 7. Then compleat | : 
the Parallelogram gy fe, and making bn 


.x,y, and S the fluxions of the quantities x, ”, and &, as before 
it 
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it will be Ae: &f : Ie yl :: Cg“: CAP :: * : CA. 
And Af: Pp:: CA: CP. Then ex aquo, Ae: Pp :: : OP. 
But Pp is the moment of the Abſciſs AP, by the acceſſion of which 


it becomes Ap ; and Ae is the contemporaneous moment of the per- 


pendicular Ag, by the decreaſe of which it becomes 4%. There- 
fore Ae and Pp are as the fluxions of the lines Ag (Z) and AP (x), 


that is, as & and x, Wherefore E: * 1: 528 : CP. And ſince it 


is Tgl* = TAI* — Bgl' s, and CA 13; it will be 


1867, 24 
CP = —=. Moreover ſince we may aſſume any one of the 


three x, y, and æ for an uniform fluxion, to which the reſt are to be 
referr'd, if x be that fluxion, and its value is unity, then CP 


] — ZZ R 
* 


2 
N 


(VI =) :: CP: CL; therefore it is PL = , and CL 


Arch Da, or perpendicular to DC, Pq will be the momentum of 
DP, by the acceſſion of which it becomes 4þ, at the ſame time that 
AP becomes Ap. Therefore Pþ and Pq are as the fluxions of AP 


(x) and PD (y), that is, as 1 and y. Therefore becauſe of ſimilar 


triangles Pþg and CAg, ſince CA and Ag, or 1.ands, are in the 
fame ratio, it will be y == 2. Whence we have this ſolution of 
the Problem. 8 e ee , | 

14. From the propoſed Equation, which expreſſes the relation 
between x and y, find the relation of the fluxions x and y, (by Prob. 1.) 
and putting. x == 1, there will be had the value of y, to which 2 
is equal. Then ſubſtituting 2 for y, by the help of the laſt Equa- 
tion find the relation of the Fluxions x, v. and Z, (by Prob. 1.) and 
again ſubſtituting 1 for x, there will be had the value of 2. Theſe 
being found make Te == CP, z x CP==PL, and CPxV 1—yy 
= CL; and C will be a Point in the Curve, any part of which 
KC is equal to the right Line CG, which is the difference of the 
3 drawn perpendicularly to the Curve Dd from the points 
C and K. 


I 5. 


13. Beſides it is CA (1) : Ag (2) :: CP: PL; alſo CA (1) | Ge 


1 ͤ — Laftly, drawing g parallel to the infinitely ſmall 


— — 


——— as = 1 1 4 
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rc. Ex. Let ax yy be the Equation which expreſſes the rela- 
tion between AP and PD; and (by 
Prob. 1.) it will be firſt Fr 2yy, or 
a==2y92. Then 29S + 2yS==0, or 


== — 1 Thence it is CP — 
p | | 


- EL, PL=2xCP= 


t9—Y,andCL="==V/ 43y—aa. 
And from CP and PL taking away y 
and x, there remains CD = — >: 


aa 


and AL = 4 — 2. Now I take 


away y and x, becauſe when CP and 
PL have affirmative values, they fall on the ſide of the point P to- 
wards D and A, and they ought to be diminiſhed, by taking away 
the affirmative quantities PD and AP. But when they have negative 
values, they will fall on the contrary fide of the point P, and then 
they muſt be encreaſed, Which is alſo done by taking away the affir- 
mative quantities PD and AP. 

16. Now to know the Length of the Curve, in which the point 
C is found, between any two of its points K and C; we muſt ſeek 
the length of the T angent at the point K, and ſubtract it from CD. 
As if K were the point, at which the Tangent is terminated, when 
CA and Ag, or 1 and , are made equal, which therefore is ſituate 
in the Abſciſs itſelf AP; write 1 for E in the Equation a= 2yz, 
whence a==2y. Therefore for y write 4@ in the value of CD, 


that is in — 2 „and it comes out-— 24. And this is the length 
of the Tangent at the point K, or of DG ; the an Wage between 
which and the foregoing indefinite value of CD, is 2 — 4, that 


is GC, to which the part of the Curve KC is equal. 
17. Now that it may appear what Curve this is, from AL (hav- 
ing firſt changed its fign, that it may become affirmative) take AK, 


which will be 44, and there will remain KL = 2 — 4a, which 


call r, and in the value of the line CL, which call v, Write £4 E for 


4)y — 6, and there will ariſe : 72 VAat uz or == = vv, which 


is an Equation to a Parabola of the ſecond kind, as was found before. 
18, 


. 


Be 
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18. When the relation between # and v cannot conveniently be 
reduced to an Equation, it may be ſufficient only to find the lengths 
PC and PL. As if for the relation between AP and PD the Equa- 
tion 3a ＋ 3 — y* =O were aſlumed ; from hence (by Prob. I.) 
firſt there ariſes a* + a*2 — y*Z==0, then aaf — 2 — y*S==0, 
and = == 


and therefore it is 5 = — « Whence are 


— aa ? 
329 


given PC , and PL=z PC, by which the point C is 


: 2 
determined, which is in the Curve. And the length of the Curve, 
between two ſuch points, will be known by the difference of the 


two correſponding Lis en DC or PC—y. 


19. For Example, if we make a==1, and in order to determine 
ſome point C of the Curve, we take y=2 ; then AP or x becomes 
nant co SOOT Y x 


aa * 
Then to determine another point, if we take y==3, it will be 
AP==6, 2 , S===— r, PC==— 84, and PL =— 1042, 
Which being had, if y be taken from PC, there will remain — 4 


in the firſt caſe, and — 87 in the ſecond, for the lengths DC; the 


difference of which 83 is the length of the Curve, between the twa 
points found C and c. 


20. Theſe are to be thus underſtood, when the Curve is conti- 
nued between the two points C and c, or between K and C, with- 


out that Term or Limit, which we call'd its Cuſpid. For when 


one or more ſuch terms come between thoſe points, (which terms 
are found by the determination of the greateſt or leaſt. PC or DC,) 
the lengths of each of the parts of the Curve, between them and the 


points Cor K, muſt be ſeparately found, and then added together. 


_ P-R:O BY AE 1 | 
To find as many Curves as you pleaſe, whoſe Lengths may 
be compared with the Length of any Curve propoſed, 
or with its Area applied to a given Line, by the help of 

finite Equations. „ | 8 
1. It is per formed by involving the Length, or the 1 of the 
propoſed" Curve, in the Equation which is aſſumed in the foregoing 
Problem, to determine the relation between AP and PD. (Figure 
Art, 12, pag. 126.) Put that 2 _ S may be thence — (by 
F | rob. 
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Prob. 1.) the fluxion of the Length, or of the Area, muſt be firſt 
TE fl f th gth is d d b I 
2. The fluxion of the Length is determin' putting it to 
the fquare-root of the ſum of the ſquares: of 2 of — Ab - 
ſeiſs and of the Ordinate. For let RN be the n, _ 
nate, moving upon the Abſciſs MN, and 
let be the propoſed Curve, at which 
RN is terminated. Then calling MN 
A NR ==?7, and QR, and their 


Fluxions 5, f, and v reſpectively; con- 
ceive the Line NR to move into the place 
nr infinitely near the former, and lettin : — 

fall Rs perpendicular to nr, then Rs, r , R 
and Rr will be the contemporaneous moments of the lines MN, 
NR, and Q, by the acceſſion of which they become Mr, nr, and 
Qr. And as theſe are to each other as the fluxions of the fame 


lines, and. becauſe of the right Angle Rr, it will be VR +D Rs + 


= Rr, or TE + =v0. 
3. But to determine the fluxions s and ? there are two Equations 
required ; one of which is to define the relation. between MN and NR, 


or 5 and , from whence the relation between the fluxions 5s. and ? 
is to be derived ; and another which may define the relation be- 
tween MN or NR in the given Figure, and of AP or x in that re- 


quired, from whence the relation of he en s or 7 to the fluxion 


x or 1 may be diſcover'd. 
4. Then v being found, the les y and E are to be ſought 
by a third aſſumed Equation, by which the length PD or y may be 


defined. Then we are to. take PC =, PL = y * PC, and. 


DC ==PÞC —7, as in the foregoing Problem. | 
+ Ex. 1. Let a5 —55==?f be an Equation to the given Curve 
which will be a Circle; xx as the relation between the 
lines AP and MN, and 5v==y, the relation between the length of 
the Curve given QR, __ the right Line PD. By the firſt it will 


be 45—255==27f, or — Z5==f. And thence = „ =V 6 += 
By the ſecond it is 2X == as, and therefore = 2 v. And 7 


third 7 ==5, that is, - 7 =, and hence 2 = — == Which 
being 


| FHypefbola, it is o AA,, or — 5 = ==7, and therefore An lt 


— = Vl rf =2; then it is from hence W ==2, that is, putting W 


let fall on MN, and a Curve is to be found whoſe length may be 


ſcribed, to the nge Line E., by Whieh the ber f is l in 
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being found, you muſt take FC — „PI A PC, and DC 
=PC—y, or PC- R. Where it appears, that the length of 


the given Curve QR cannot be found, but at the ſame time the | [ 
length of the right Line DC muſt be known, and from thence the i 
length of the Curve, in which the point © 1s found ; and do on the | [| 
Contrary. c 

6. Ex. 2. The Equation as — 55 == tf remaining, make 4 = | 
and VU —4Aax==40). And by the firſt there will be found = * - , 5 | i 
as above. But by the ſecond 1 = 5, and therefore = b. And | | 
by the third 2 — 4.0 = 4ay, or (climinating v) = 5 -r. | 


Then from hene 7 — f . | 


7. Ex. 3. Let there be ſuppos d three Equations, ag == ct, 4 + 
35 x, and x ＋ v. Then 4 the firſt, which denotes an 


mer LY +.7f = v. By the &cond it is 37= 1 and therefore 
% =. And by the third it is 1 + v==y, or 1 


5 Fluxion of the radical = Vl XX, which if lit be malle 
.<qual to 1, or 5 + 5 — == nm, there wb ariſe, from thence — 55 — 
_ 2ww. And ft ſubſtituting! — 7 for 4, then 3 for 5, and 


dividing by 2, there will ariſe Da — = = S. Now y and 2 


being found, the reſt is perform d as in the firſt Example. 
8. Now if from any point Q of a Curve, a perpendicular . is 


known from the length which ariſes by applying the Area QRNV 
to any given Line ; let that given Line be call'd E, the length x 22h F 


which is produced by ſuch application he call'd v, and its fluxion v. 
And ſince the fluxion of the Area QRNV is to the Fluxion of the 
Area of a rectangular parallelegram made upon VN, with the height 
E, as the Ordinate or moying line NR = r, by which this is ge- 


E the 


— 
— — —  —— — — 


ing upon AB as an Abſciſs, and yet re- 
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the ſame time; and the fluxions b and 5 of the lines v and MN, 
(or ,) or of the lengths which ariſe by applying thoſe Areas to the 


17 


given Line E, are in the ſame ratio; it will be V= # · Therefore 
by this Rule the value of v is to be inquired, and the reſt to be 


rform'd as in the Examples aforegoing. 


9. Ex. 4. Let * R be an Hyperbola which is defined by this 


Equation, aa + t; and thence ariſes (by Prob. 1 ) = ==, 


or = =#. Then if for the other two Equations are aſſumed x 


and yu; the firſt will give 1 55 whence V=5z == ; We 
the latter wall give 5 = u, or 2 = = then from hence 2= = : 


and ſubſtituting = or = = for 45 it becomes 2 = == 3k Now 6; and E 


being found, make —2 — CP, and y x CP —PL, as before, and 
thence the Point C will be determin'd, and the Curve in which all 


ſuch points are fituated : The length of which Curve will be known 


from the length DC, which is ET: to CP'— u, as is ſuffi- 
ciently ſhewn before. 

10. There is alſo another method, by which the Problem may 
be reſolved ; and that is by finding Curves whoſe fluxions are either 
equal to the fluxion of the propoſed. Curve, or are compounded of 
the fluxion of that, and of other Lines. And this may ſometimes 
be of uſe, .in converting mechanical Curves into equable Geometri- 


cal Curves: of which thing there is a remarkable Example in ſpiral 


lines. 
11. Let AB be a right Line given in * BD an Arch mov- 


taining A as its Center, ADJ a Spiral, at 
which that arch is continually terminated, 
d an arch indefinitely near it, or the place 
into which the arch BD+by its motion next 
arrives, DC a perpendicular to the arch 4d, 
dG the difference of the arches, AH an- £ 
other Curve equal to the Spiral. AD, BH a # 


right Line moving perpendicularly upon 1 
AB, and terminated at the Curve AH, the K 5 B 4 
next place into which that right Line moves, and HK perpendicular to 


4 
-4 


bb. And in the infinitely little triangles DC and Hk“, fince DC 
and HK are equal to the fame third Line Bb, and therefore equal 
to each other, and Dd and H (by hypotheſis) are correſpondent 
parts of equal Curves, and therefore equal, as alſo the angles at C 
and K are right angles; the third ſides C and YK will be equal 
alſo. Moreover ſince it is AR "BD: x: Ab : 0 :: Ab — AB (85), 
c- (CG); therefore . == CG. If this be taken away 
from dG, there will remain 4G, — = == dC = bK. Call 


. * 
De 


7 
R 
4 
9 
$ 
a 
J 
(7 
417 
* 
T'Y 
TH 
211 
x 
** 
9 
- 
* 
1 7 
TH 
: "A 
1 
* 
þ 18, 
= 
f 
4 
pw 
Xx 
"tl 
2 
- 
E 
bu 
* 
* 
1 


therefore AB —2, BD , and BH y, and their fluxions | 


_ — 
b — — r 
— — — . IE ' — 


'2,v, and y reſpectively, ſince Bb, 4G, and YK are the contempora- 
neous moments of the ſame, by the acceſſion of which they become 
As, bd, and bh, and therefore are to each other as the fluxions. 
Therefore for the moments in the laſt Equation let the fluxions be 
ſubſtituted, as alſo the letters for the Lines, and there will ariſe v 
2 =y. Now of theſe fluxions, if 2 be ſuppos d equable, or the 
85 ö 11 E d LIE, of . 
unit to which the reſt-are'refer'd, the Equation will be — y. 
12. Wherefore the relation between Ag and BD, (or between =: 
and v,) being given by any Equation, by which the Spiral is defined, 
the fluxion d will be given, (by Prob. i.) and thence alſo the fluxion 
, by putting it equal to v nog And (by Prob rob. 2:) this will give 
the line y, or BH, of which it is the fluxion,,, 
41 13. Ex. 1. If the Equation =k=w: were given, which is to the 
| art 29118 7 Lv 013,191 16 413"; 4; OMeebiin £39299 0 S 
Spiral of Archimedes, thence (by, Prob. 150 — d. From, hence 
. "+81 w 4 a "by «og 7 © IL of 1% 2 9Y 181 118 1 1 Y : 3 
take = „or 2, and there will remain . and thience (by Prob. 2.) 
. Which ſhews the Curve AH, to which the . Spiral AD is 
equal; to be the Parabola of Apollnnius, vrhoſe Latus rectum is 22; 
or whoſe Ordinate BH is always equal to half the. Arch BD. 
14. Ex. 2. If the Spiral be propoſed; which is defined by the 


Equation æ ==av*, or A, there ariſes by Prob. 1.) b, | 
| h PAs | 247 


nts 


az 844 
RE A | mic bag I CUB 30 mos nf 
* wok 907 © : V : 2 * . = vr ry — 4141 
from which if you take N there will remain = n and 


thence (by Prob. 2.) will be produced = y. That is, D 0M 
| . 5 | : 345 a | —_ > R | 
BH, AH. being a Parabola of the ſecond kind. 1 


from the 1 will be had, 
(by Prob. 1.) = = the = 


will be 2 * 1 
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155 Ex. 3. 1f the Equation to che Spiral be S =w, hits 


125 Prob I.) - duh I =; Tae ee if you. take away > or 


e ' 


of I fs „ there will remain SS Dy Now fince the lily 


generated by this fluxion y 2 be found by Prob. 2. unleſs it be 
reſolved into an infinite wakes, according to the tenor of the Scho- 


lium to Prob. . I reduce it to the form of the Equations in the firſt 


W of the Tables, by ſubſtituting 2 for S; then It becomes 


411 3 . 


ö aw . which Equation belongs to the 2d Species of the 4th 


2 ac + 


| Order of Table 1. And by comparing the terms, it is d==2 Are Ac, 


and f=c, G that = Var + en. Which Equation 


belongs to a 1) 44:7 d e nn 18 l in oath; to: the 


Spiral n Ke TERUIY ; 


i — 1 {11 


e 
20 determine the Leng vhs mf Curves. 


I i long: t Hon 1g —— 2 | iat adi 

1. [I the foregotingiDecbleni-wh 8 3 thas the F * of 
A « Oproetink | is equal to the ſquare-root of the ſum of the {quares of 
the Fluxions of the Abſciſs and of the perpendicular Ordinate. 
Wherefore if we take the Fluxion of the Abels for an uniform and 


determinate meafure, or for an Unit to which the other Fluxions 


are to be refer d, and alſo if from the Equation which defines the 


Curve, we find the Flaxion of the Ordinate, we ſhall have the 
; Fluxion of the Curye-line, Fm whenee (by Problem 2.) its Length 


be wu be deduced. 
2. Ex. 1. Det the Curve, EDH: be propoſed, which is defined by 


he Equation - 25 + 82 = 73 arge g Serre AB 8 an wal 


moving Ordinate DB == =y. Then e kin een | 


IZ 
fluxion of 2 7515 I, and y bein 


the fluxion of . Then adding the 1 


ſquares or the SER 56 the ſum 


560 — = it, and extraRting the root, 


. 
\ 8 1 ' 
. o 

WF ij „ a ” — Hf 4 & # 7 111 14 


IEA . 
LE Sp cs IE WW » ee 
ee ee eee 
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Al, and thenee (by Prob. 2.)= —— = ==, Here 4 ſtands for the 


I2Z 
fluxion of the Curve, and 7 for its Length. A = n 
3. Therefore if the length 4D of any portion of this Curve were 
required, from the points d and D let fall the perpendiculars dh and 
DB to AB, and in the value of t fubſtitute the quantities A4 and 
AB ſeverally for S, and the difference of the — ts will be dD the 


| Length required. As if AU =, and AB =a, writing 29 for S, 


it becomes 7 == — . then writing a for S, it becomes f= — 1 
from, whence if the firſt value be taken away, there will remain 


= for the length 40. Or if only Ab be determin'd to be 24, and | | 


AB be look d upon as indefinite, there will remain = — = + 2 | 


for the value of 2x. 
If you would know the portion of 5 G which ! 1 * 


4. 
ſented by t, ſuppoſe the value of t to be equal to nothing, and 
ariſes S 25 „ or e | Therefore if you take AB 


i 
and erect 4 perpendicular bd. * length of the Arch 4D i e be 1 
„er . — 55 5 And the ſame is to be under food of all Curves | _—_— 


5. After 1 manner 1 5 which we. have 1 the: | 
13 of _ Curve, if the Equation = + = = y be propoſed, | 1 
for drfning, the nature of another ; there 8 be deduced 1 


PI # & 4 


x4 — = = t; or i this Equation be ropaſed, © "P t = 


43 


ths will ris f — l Or in Een if it. is e. 
2 baleg & 5; where 6s is uſed for repreſenting any number, ether 


Lens, 5 084 

Integer ans Fraction, we ſhall 3 20 — — = f 
6. Ex. 2. Let the curve · be propoſed Wich le Gr fned by this 
Equation EEE Va r,, then (by Prob. 10) will be had 
J = eee, or exterminating 3, Fe=& EV 79+ EE. 
To the ſquare of * add I, and the form will be 1 h * | wa 4 
and 


4 


3 


1 
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and its Root 1 ＋ „ ==?. Hence (by Prob. o_a will be ob- 


tain'd 2+ 55 ==. 13. 4 | 10-00 
7. Ex. 3. Let a Parabola of tie feond kind be Feb og 


Equation is 25 o. or == = vad thence why Prob, 1. is derived 


2 =}. Therefore VICE + _ — V1 + 5 + oy ==. Now ! ſince a 
20% 

length of the Curve generated = the Fluxion 7 cannot be found by 
Prob. 2. without a reduction to an infinite Series of — Terms, I 


conſult the Tables in Prob. g. and according to the Scholium belong- 
ing to it, I have ? —— A ＋ = . And thus vou may find 


the lengths of theſe Parabolas 2 = ays, 2? == = aye, 
&Cc. S113 3 n - 


8. Ex. 4. Let the Parabola be Need whoſe Equation is S8. 


"RE =", or * ==y; and thence Of) TY 1 will ariſe ? 9 — 7 


115 


— 
Therefore 7 Wt Hs ne 4 3 my +: cans. This þ flag. found, 5 


9a 44 
conſult the Tables according to the aforeſaid Scholium, and by com- 
paring with the 2d Theorem of the 5th Order of Table 2, I have 


Si x, V I — = and 2 l. Where * denotes the Ab- 


ſciſs, y the 9 and s the Area of the Hyperbola, 2nd : the 


length which ariſes by applying the Area $5 to linear unity. 


9. After the ſame manner the lengths of the Parabolas 24 3 
„ ye, Kc. may allo be reduced to the Area of the 


Hyperbola. 
10. Ex. 5. Let the Ciſſoid of the Ancients be Propoſed, whoſe 


Equation is = = ==), and thence (by. Prob. 1. hoe = 26 


X — KX 


Var — 23 = y, and therefore 2 7. — N 5 +1 = 1 


which by writing 2 for [> or 2 —— = Vat" ＋ 3 =, 
an Equation of the 1ſt Species of the .3d Order of Table-2 ; then 


comparing the Terms, it is = d. 3 = „ and 4 . ſo that 


z =, ae and 6s — ate, nto 2. —.— . 


5 uf 
And 


t and T; and at AV let the Rectangle * | 

AVNM be deſcribed, equal to the Space : 

TRT. Then the length of the Ciſſoid | | 8 
e T A BGC V 
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And taking a for Unity, by the Multiplication or Diviſion of 
which, theſe Quantities may be reduced to a juſt ae, of Di- 


3 
menſions, it becomes a2 == xx, vV aa 3æ* , and © 1 


==: Which are thus conſtructed. 

11. The Ciſſoid being VD, AV the Diameter of the Circle to 
which it 1s adapted, AF its Aſymptote, and DB perpendicular to 
AV, cutting the Curve in D; with the 
Semiaxis AF == AV, and the Semipara- [ RA 
meter AG — AV, let the Hyper bola | 
FK be deſcribed ; and taking AC a mean 
Proportional between AB and AV, at C 
and V let Ck and VK drawn perpendi- 
cular to AV, cut the Hyperbola in E, 
and K, and let right Lines A and KT 
touch it in thoſe points, and cut AV in Fe 


WD will be ſextuple of the Altitude VN. 
12. Ex. 6. Suppoſing Ad to be an Ellipfis, which the Equation 


V az — 222 = Dy repreſents ; let the mechani- 
cal Curve AD be propoſed of ſuch a nature, that 12 
if Bd, or y, be produced till it meets this Curve 
at D, let BD be equal to the Elliptical Arch Ad. 
Now that the length of this may be deter- 

min'd, the Equation Wag — 288 == will give It 1 


Hy, to the ſquare of which if 1 be added, there ariſes 


2Y az — 2 


an 5 = +, the ſquare of the fluxion of the arch Ad. To which 


if 1 be added again, there wall arlſe - —= 
723 is the fluxion of the Curve Ene AD. Where if 2 be ex- 
tracted out of the radical, 5 for S be written 2", there will be 
had g 2 Fluxion of the iſt Species of the 4th Order of 
Table z. E OPM the terms being collated, there will ariſe d 44. 


1 | a 
= — 2, and. 24 ſo that > == 1 *, V AX — 2XX==v, 
T s 6 


» whoſe ſquare- root 


4 


and Z EZ þ v 


S 13. 


—— 
— 


A 31 
— — 
In 


——ͤ — es 
Na * „„ 9 


7 Jͤ . 


and I find it to be 2 


and its fluxion unity. For 
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13. The Conſtruction of which is thus; that the right line dC 
being drawn to the center of the Ellipſis, a parallelogram may be 
made upon AC, equal to the ſector ACg, and the double of its 
height will be the length of the Curve AD. 

14. Ex. 7. Making As == 9, (Fig. 1.) and ad being an Hyper- 
bola, whoſe Equation is — 4 + 6pp == g, and its tangent T 
being drawn ; let the Curve 
VdD be pr opoſed , whole 


Abiciſs is wh and its per- 


pendicular Ordinate is the 
length BD, which ariſes by 
applying the Area a#'Ts to 
linear unity. Now that the 
ge of this Curve VD 

may be determin'd, I ſeek 
the fluxion of the Area * Tæ, 
when AB flows uniformly, 


46% 
 b—asz, putting AB , 


tis AT = 7 = +> >, and its fluxion is , Whoſe half drawn 


into the altitude 890, or V N , Is the fluxion of the Area 
T, deſcribed by the Tangent IT. Therefore that fluxion is 
* V6—az b—az, and this apply'd to a becomes the fluxion of the 


Ordinate BD. To the ſquare of this ZZ add 1, the ſquare of 


the fluxion BD, and there ariſes EIS =O , Whoſe root — 


V a — 458 166 is the fluxion of the Curve VD. But this 
is a fluxion of the iſt Species of the 7th Order of Table 2 : and 


the terms being collated, there will be - 7 = d, aab = = 2. 


16* ==g, and therefore 5 == x, and „ * ＋ IGN =v, 
(an Equation to one Conic Section, ſuppoſe HG, (Fig. 2.) whoſe 


Area EFGH is 5s, where EF — x, and FG = v3) alſo = ==, 


and v/ 166b — 4g + abtE* r, (an Equation to another Conic 
Section, 


2 
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Section, ſuppoſe ML (Fig. 3.) whoſe Area IKLM is &, where IK 


24a Y — a3by —atv — 4aabbg —732abbs 


; ek !, and KL) Laſtly FR 8 
wo, 15. Wherefore that the length of any portion Dd of the Curve 
2, VD may be known, let fall 4 perpendicular to AB, and make Ah 
2 ==2; and thence, by what is now found, ſeek the value of f. 


Then make AB = , and thence alſo ſeek for t. And the diffe- 
rence of theſe two values of ? will be the length Dd required. 
16. Ex. 8. Let the Hyperbola be propos ' d, whoſe Equation is 


Vas =, and thence, (by Prob, 1.) will be had y = 2 £3 
= —, To the ſquare of this add 1, and the root of the ſum 


y aa + bzz 3 33 ; 
will be == EE ==. Now as this fluxion is not to be found 
in the Tables, I reduce it to an infinite Series ; and firſt by diviſion 


3 . 3 63 24 b# 2 
it becomes fm I + 42 — 2 ＋ . , &c. and extracting 


the root, f = 1 + 2 — — * n &c. And 
hence (by Prob. 2.) may be had the length of the Hyperbolical Arch, 
5 8 bs 463 + 44 864 + 465 + 16 | 
: or T = 2+ 7 = „ — I's 4 aa. &c. 
17. If the Ellipſis V aa — br = were propoſed, the Sign of 
3 þ ought to be every where changed, and there will be had z -+ >, 
155 bers Lee + — , &c. for the length of its 


Arch. And likewiſe putting Unity for 5, it will be z + = + 
— 5 &c. for the length of the Circular Arch. Now the 


40a+ Wea”? 1 i : 
numeral coefficients of this ſeries may be found ad infinitum, by mul- 
jplvi in 1 P. 1 FX « 

tiplying continually the terms of this Progreſſion 2, *= , 557 » 


— dee 

11. „ i 

18. Ex. 9. Laſtly, let the Quadratrix VDE be propoſed, whoſe 
Vertex is V, A being the Center, and AV As 
the ſemidiameter of the interior Circle, to 
which it is adapted, and the Angle VAE 
being a right Angle. Now any right Line 
AKD being drawn through A, cutting the 

5 Circle in K, and the Quadratrix in D, and 

T the perpendiculars KG, DB being let fall 
b to AE; call AV Sa, AG = , VK x, and BD = „ and it 


2 %% „% 2392353 —j— 2 22% % „% %: 222 


E B W X 


'T 2 will 
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z#F 7 


will be as in the foregoing Example, x 2 + —:; = + = + => 


&c. 5 the root 2, and there will ariſe '3 == x — 7 + —- 
= — , &c. whoſe * NE 1 AK g, or a, and the 
root of the remainder a= —=+ — — ha &c. will be GK, 


2443 72045 
Now whereas by the nature of the Quadratrix tis AB =VR=x, 
and ſince it is AG: GK :: AB: BD (9), _ AB x GK by AG, 


— 


. . xXx x4 

and there will ariſe y = a— = 57 7 a . And thence, 
; p 2x 4X 

(by Prob. 1.) »y =— OE, be ny Me BK &. to the ſquare of 


2x 14x4+ 


which add 1, and the root of the ſum will be 1+ — 2 
+ „Kc. t. Whence (by Prob. 2.) z my be obtain'd, 


12757 546 1 


or the Arch of the Quadratrix ; Vis, VD = x ＋ —; 7725 1. - Tet 


60 c7 
8 &c. 
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HE Reader is deſired to correct the following Errors, which I hope will be thought 

but few, and ſuch as in works of this kind are hardly to be avoided. Tis here ne- 

ceſſary to take notice of even literal Miſtakes, which in ſubjects of this nature are often very 

material. That the Errors are ſo few, is owing to the kind aſſiſtance of a ſkilful Friend or 
two, who ſupply'd my frequent abſence from the Preſs ; as alſo to the care of a diligent Printer. 
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5 In the Preface, pag. xiii, lin. 3. read which |: | + 
AY is here FRG 1bid. I. 5. for matter read read Hyperbola. P. 119. J. 12. read ENI 
BF manner. Pag. xxiii. I. a/t. for Preface, &c.þ= to the, Fluxion of the Area, ACEG, and 
read Concluſion of this Work. P.7. 1. 31, far] — as ; 
＋ read =. P.15. 1.9. ready — 4 + api — Poe = to. P.131.1.8. read o+ 4% Ibid. 
25 : 2 a | 
[ | I4, &c. -Þ; 17. I. Th rt — P. 32. 1. 19. rag, 45 P. 135. I. 15. read Ab, P. 
138. J. 9. read Abſciſs AB. P. 145. I. penult. 
ead 7. P. 149. I. 20, read which in. 
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1. 21. read 2 « P..35. L 3- for LOx;4, read 
X 1 


"I Lox4y. P. 62. 1.4. read 2 Amin P.63.1.31.| 


1 2 . . 1 * P. 189. 1.30. for the laſt Ps read P 4. 
Ml aa IG. 00. for mp rar 204. l. 15 read 8 a. P. 213. 1.7. for 
. * Species read Series. P. 229. J. 21, for x s read 

50 2 w . Stat 5.2 pr 2 & 4. bid. I. 24. for x read x. P. 234. 

N „ I. 2. for yy read y. P. 236. 1. 26. * 
H Tn Hig. Lanes. rot ARDS. Ph "th F. 243. L. 29, read — axty—t. P. 284. 
. I. 27. read x. P. 92. I. 5. read + — Thid. I. Alt. read 3 289. 1. 17. for right read 


1. 21. for x read &. P. 104. I. 8. read 64e2. left. P. 295. I. 1, 2. read — 1x4 + Fraxs. 


P. 109. 1. 33. dele as often. P. 110. I. 29. read P. 297. 1.19. for jx—* read yx—*. P.298.1.14. 
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A DVERTISE ME N T. 


Lately publiſh'd by the Author, 


HE BRITISH HeMIsPpnHERE, or a Map of a new contrivance, 


| proper for initiating young Minds in the firſt Rudiments of 
Geography, and the uſe of the Globes, It is in the form of a Half- 
Globe, of about 15 Inches Diameter, but comprehends the whole 
known Surface of our habitable Earth; and ſhews the fituation of 
all the remarkable Places, as to their Longitude, Latitude, Bearing 
and Diſtance from London, which is made the Center or Vertex of 
the Map. It is neatly fitted up, ſo as to ſerve as well for ornament 
as uſe ; and ſufficient Inſtructions are annex'd, to make it intelligible 
to every Capacity. | | 8 


Sold by W. RD KN Ap, at the Leg and Dial near the Sun Tavern 


in Fleet-ſtreet; and by J. SENExX, at the Globe near St. Dunſtan's 
Church. Price, Half a Guinea. 
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ANNOTATIONS on the Introduction : 
O R, 
The Reſolution of Equations by IN INIT E SERIES. 


8 


SECT, I. Of the Mature and Conftruftion of Infinite 
or Converging Series. 


1. HE great Author of the foregoing Work begins 
it with a ſhort Preface, in which he lays down 
his main deſign very conciſely. He is not to be 
bere underſtood, as if he would reproach the mo- 
dern Geometricians with deſerting the Ancients, 
— or vith abandoning their Synthetical Method of 
Demonſtration, much leſs that he intended to diſparage the Analy- 
tical Art; for on the contrary he has very much improved both 
Methods, and particularly in this Treatiſe he wholly applies himſelf 
to cultivate Analyticks, in which he has ſucceeded to univerſal ap- 
plauſe and admiration, Not but that we ſhall find here ſome ex- 
amples of the Synthetical Method likewiſe, which are very maſterly 
and elegant. Almoſt all that remains of the ancient Geometry is 
indeed Synthetical, and proceeds by way of demonſtrating truths 
alrezdy known, by ſhewing their dependence upon the Axioms, and 


other 
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other firſt Principles, either mediately or immediately. But the 


buſineſs of Analyticks is to invettgate ſuch Mathematical Truths as 
really are, or may be ſuppos'd, at leaſt to be unknown. It aſſumes 
thoſe Truths as granted, and argues from them in a general man- 
ner, till after a ſeries of argumentation, in which the ſeveral. ſteps 
have a neceſſary connexion with each other, it arrives at the know- 
ledge of the propoſition required, by comparing it with ſomething 
really known or given, This therefore being the Art of Invention, 


it certainly deſerves to be cultivated with the utmoit induſtry, Many 
of our modern Geometricians have been perſuaded, by conſidering 


the intricate and labour'd Demonſtrations of the Ancients, that the 
were Maſters of an Analyſis purely Geometrical, which they ſtudi- 


ouſly conceal'd, and by the help of which they deduced, in a direct 
and ſcientifical manner, thoſe abſtruſe Propoſitions we ſo much ad- 


mire” in ſome of their writings, and which they afterwards demon- 
ſtrated Synthetically. But however this may be, the loſs of that 
Analyfis, if any ſuch there were, is amply compenſated, I think, 
by our preſent Arithmetical or Algebraical Analyſis, eſpecially as it 
is now improved, I might ſay perfected, by our ſagacious Author in 


the Method before us. It is not only render'd vaſtly more univerſal 
and extenſive than that other in all probability could ever be, but is 


likewiſe a moſt compendious Analyſis for the more abſtruſe Geome- 
trical Speculations, and for deriving Conſtructions and Synthetical' 
Demonſtrations from thence ; as may abundantly appear from the 

enſuing Treatiſe. | | | 
2. The conformity or correſpondence, which our Author takes 
notice of here, between his new-tnvented Doctrine of. infinite Series, 
and the commonly received Decimal Arithmetick, is a matter of con- 
fiderable importance, and well deſerves, I think, to be ſet in a fuller 
Light, for the mutual illuſtration of both; which therefore I (hall 
here attempt to perform. For Novices in this Doctrine, tho' they 
may already be well acquainted with the Vulgar Arithmetick, and 
with the Rudiments of the common Algebra, yet are apt to appre- 
hend ſomething abſtruſe and difficult in infinite Series; whereas in- 
deed they have the ſame general foundation as Decimal Arithmetick, 
eſpecially Decimal Fractions, and the ſame Not ion or Notation is only 
carry'd {till farther, and render'd more univerſal. But to ſhew this 
in ſome kind of order, I muſt inquire into theſe following particulars, 
Firſt I muſt ſhew what is the true Nature, and what are the genuine 
Principles, of our common Scale of Decimal Arithmetick. Sęcondly 
what is the nature of other particular Scales, which have been, or 
may 
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may be, occaſionally introduced. Thirdly, what is the nature of a 
general Scale, which lays the foundation for the Doctrine of infinite 
Series. Laſtly, I ſhall add a word or two concerning that Scale of 

Arithmetick in which the Root is unknown, and therefore propoſed 
to be found; which gives occaſion to the Doctrine of Affected Equa- 
tions. 

Firſt then as to the common Scale of Decimal Arithmetick, it is 
that ingenious Artifice of expreſſing, in a regular manner, all con- 
ceivable Numbers, whether Integers or Fractions, Rational or Surd, 
by the ſeveral Powers of the number Ten, and their Reciprocals; 
with the aſſiſtance of other ſmall Integer Numbers, not exceeding 
Nine, which are the Coefficients of thoſe Powers. So that Ten is 
here the Root of the Scale, which if we denote by the Character X, 
as in the Roman Notation, and its ſeveral Powers by the help of this 
Root and Numeral Indexes, (X — 10, X —= 100, X* == 1000, 
X+ — 10000, &c.) as is uſual; then by aſſuming th: Cocthcients 
o, I, 2, 3, 4, 5, 6, 7, 8, 9, as occaſion ſhall require, we may form or 
expreſs any Number in this Scale. Thus for inſtance X. 7X3 + 
AX + 8X* + 3X* will be a particular Number expreſs'd by this 
Scale, and is the fame as 57483 in the common way of Notation. 
Where we may obſerve, that this laſt differs from the other way of 
Notation only in this, that here the ſeveral Powers of X (or Ten) 
are ſuppreſs'd, together with the Sign of Addition ++, and are left 
to be ſapply'd by the Underſtanding. For as thoſe Powers aſcend 
regularly from the place of Units, (in which is always Xe, or r, 
multiply'd by its Coefficient, which here is 3,) the ſeveral Powers 
will eaſily be underſtood, and may therefore be omitted, and the 
Coefficients only need to be ſet down in their proper order. Thus 
the Number 7906538 will ſtand for 7X* + 9X5 + OX! +6X#* + 
5$X* + 3X* + 8X*, when you ſupply all that is underſtood. And 
the Number 1736 (by ſuppreſſing what may be eafily underſtood,) 
will be equivalent to X + 7X* + 3X + 6; and the like of all other 
Integer Numbers whatever, expreſs'd by this Scale, or with this 
Root X; d fen. 

The ſame Artifice is uniformly carry'd on, for the expreſſing of 
all Decimal Fractions, by means of the Reciprocals of the ſeveral 


1 oy I 
Powers of Ten, ſuch as 7 ==.0,T ; 57 = 0,01: z 5; = 00055000: 


which Reciprocals may be intimated by negative Indices. Thus the 

Decimal Fraction 0,3 172 ſtands for 3X" 1X"*+ 7X ＋ 2X77; 

and the mixt Number 526,384 (by ſupplying what is underſtood) 
| | U 


becomes 
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becomes X. + 2X* + 6X® + X- + SX + AN-; and the 


infinite or interminate Decimal Fraction o, 9999999, &c. ſtands for 


X. + 9X"* + 9X 3+ 9X*+ 9X5 + X, &c. which infi- 
nite Series is equivalent to Unity. So that by this Decimal Scale, (or 
by the ſeveral Powers of Ten and their Reciprocals, together with 
their Coefficients, which are all the whole Numbers below Ten,) all 
conceivable Numbers may be expreſs'd, whether they are integer or 
fracted, rational or irrational; at leaft by admitting of a continual 
progreſs or approximation ad infinitum. | 

And the like may be done by any other Scale, as well as the Deci- 
mal Scale, or by admitting any other Number, beſides Ten, to be 
the Root of our Arithmetick. For the Root Ten was an arbitrary 
Number, and was at firſt aſſumed by chance, without any previous 
conſideration of the nature of the thing. Other Numbers perhaps 
may be aſſign'd, which would have been more convenient, and which 
have a better claim for being the Root of the Vulgar Scale of Arith- 
metick, But however this may prevail in common affairs, Mathe- 
maticians make frequent uſe of other Scales; and therefore in the 
ſecond place I ſhall mention ſome other particular Scales, which 
have been occaſionally introduced into Computations. 

The moſt remarkable of theſe is the Sexagenary or Sexageſimal Scale 
of Arithmetick, of frequent uſe among Aftronomers, which exprefles 
all poſſible Numbers, Integers or Fractions, Rational or Surd, by the 
Powers of Sixty, and certain numeral Coefficients not exceeding fifty- 
nine. Theſe Coefficients, for want of peculiar Characters to repre- 
ſent them, muſt be expreſs'd in the ordinary Decimal Scale. Thus 
if F ſtands for 60, as in the Gree Notation, then one of theſe Num- 
bers will be 53£* + F ＋ 342, or in the Sexagenary Scale 53", 9 
34% which is equivalent to 191374* in the Decimal Scale. Again, 
the Sexageſimal Fraction 53®, 9', 34", will be the fame as 538 + 
982 + 34E"*, which in Decimal Numbers will be 53, 1 59444, &c. 
ad infimtum, Whence it appears by the way, that ſome Numbers 


may be expreſs d by a finite number of Terms in one Scale, which 


in another cannot be expreſs'd but by approximation, or by a pro- 
greſſion of Terms in infinitum. | | 

Another particular Scale that has been conſider'd, and in ſome 
meaſure has been admitted into practice, is the Drodecimal Scale, 
which expreſſes all Numbers by the Powers of Twwekve. So in com- 


mon affairs we ſay a Dozen, a Dozen of Dozens or a Groſs, a Dozen 


of Groſſes or a great Groſs, Sc. And this perhaps would have been 
the moſt convenient Root of all others, by the Powers of which 
to 


and INFINITE SERIES. 147 


to conſtruct the popular Scale of Arithmetick ; as not being ſo big 
but that its Multiples, and all below it, might be eaſily committed 
to memory; and it admits of a greater variety of Diviſors than any 
Number not much greater than itſelf. Beſides, it is not ſo ſmall, 
but that Numbers expreſs'd hereby would ſufficiently converge, or 
by a few figures would arrive near enough to the Number required; 
the contrary of which is an inconvenience, that muſt neceffarily 
attend the taking too ſmall a Number for the Root. And to admit 
this Scale into practice, only two ſingle Characters would be wanting, 
to denote the Coefficients Ten and Eleven. 


Some have conſider'd the Binary Arithmetick, or that Scale in 


which Two is the Root, and have pretended to make Computations 
by it, and to find conſiderable advantages in it. But this can never 
be a convenient Scale to manage and expreſs large Numbers by, be- 
cauſe the Root, and conſequently its Powers, are ſo very ſmall, that 
they make no diſpatch in Computations, or converge exceeding ſlowly. 
The only Coefficients that are here neceſſary are o and 1. Thus 
IxX25 ＋IX 21 ＋LON/2 +Ix2* + 1x2* ++ 0x2® is one of theſe 
Numbers, (or compendiouſly 110110,) which in the common No- 
tation is no more than 54. Mr. Leibnits imagin'd he had found 
great Myſteries in this Scale. See the Memoirs of the Royal Academy 
Of Paris, Anno 1703. 

In common affairs we have frequent recourſe, though tacitly, to 
Millenary Arithmetick, and other Scales, whoſe Roots are certain 
Powers of 'Ten. As when a large Number, for the convenience of read- 
ing, is diſtinguiſh'd into Periods of three figures: As 382, 73 5,628,490. 
Here 382, and 735, Sc. may be conſider'd as Coefficients, and the 
Root of the Scale is 1ooo. So when we reckon by Millions, Billions, 
Trillions, &c. a Million may be conceived as the Root of our Arith- 
metick. Alſo when we divide a Number into pairs of figures, for 
the Extraction of the Square-root ; into ternaries of figures for the 
Extraction of the Cube-root ; &c. we take new Scales in effect, whoſe 
Roots are 100, 1000, &c. | | 

Any Number whatever, whether Integer or Fraction, may be made 
the Root of a particular Scale, and all conceivable Numbers may be 
expreſs'd or computed by that Scale, admitting only of integral and 
afhrmative Coefficients, whoſe number (including the Cypher o) 
need not be greater than the Root. Thus in Quinary Arithmetick, 


in which the Scale is compoſed of the Powers of the Root 5, the 


| Coefficients need be only the five Numbers o, 1, 2, 3, 4, and yet all 
Numbers whatever are expreſſible by this Scale, at leaſt by approxi- 
| ED» : 
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mation, to what accuracy we pleaſe. Thus the common Number 
2827,92 in this Arithmetick would be 4 x 5+ + 2x53 + 3 x$5* + 
OX 5*+2x5%*+4x57*+ 3x 5-3; or if we may ſupply the ſeveral 
Powers of 5 by the Imagination only, as we do thoſe of Ten in the 
common Scale, this Number will be 42302,43 in Quinary Arithme- 
tick. 

All valgar Fractions and mixt Numbers are, in ſome meaſure, the 
expreſſing of Numbers by a particular Scale, or making the Deno- 
minator of the Fraction to be the Root of a new Scale. Thus £ is 
in effect o x 3 + 2 x37 ; and 84 is the ſame as 8x 5® + 3 x 5] 
and 25+ reduced to this Notation will be 25 x 9® + 4 x 9”, or ra- 
ther 2x9* + 7x9* A*. And ſo of all other Fractions and 
mixt Numbers. | a 

A Number computed by any one of theſe Scales is eaſily reduced 
to any other Scale aſſign'd, by ſubſtituting inſtead of the Root in one 
Scale, what is equivalent to it expreſs'd by the Root of the other 
Scale. Thus to reduce Sexagenary Numbers. to Decimals, becauſe 
bo =6x 10, or &= 6X, and therefore £*=— 36X*, £3 —=216X5, 
Sc. by the ſubſtitution of theſe you will eaſily find the equivalent 
Decimal Number. And the like in all other Scales. 

The Coefficients in theſe Scales are not neceſſarily confin'd to be 
affirmative integer Numbers leſs than the Root, (tho' they ſhould be 
fuch if we would have the Scale to be regular,) but as occaſion may 
require they may be any Numbers whatever, affirmative or negative, 
integers or fractions. And indeed they generally come out promiſ- 
cuouſly in the Solution of Problems. Nor is it neceſſary that the 
Indices of the Powers ſhould be always integral Numbers, but may 
be any regular Arithmetical Progreſſion whatever, and the Powers 
themſelves either rational or irrational. And thus (thirdly) we are 
come by degrees to the Notion of what is call'd an univerſal Series, 
or an indefinite or infinite Series. For ſuppoſing the Root of the 
Scale to be indefinite, or a general Number, which may therefore 
be repreſented by x, or y, &c. and aſſuming the general Coefficients 


a, b, c, d, &c. which are Integers or Fractions, affirmative or nega- 


tive, as it may happen; we may form ſuch a Series as this, ax+ + 
bx* + x* + dx* +ex?, which will repreſent ſome certain Number, 
expreſs'd by the Scale whoſe Root is x. If ſuch a Number pro- 
ceeds in infinitum, then it is truly and properly call'd an Infinite 
Series, or a Converging Series, x being then ſuppos'd greater than 
Unity. Such for example is x A + 4x=* N, &c. where 
the reſt of the Terms are underſtood ad infinitum, and are infinuated 


by, 
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by, Cc. And it may have any deſcending Arithmetical Progreſſion 


for its Indices, as x* — 4x*—* + A ges, &c. 

And thus we have been led by proper gradations, (that is, by 
arguing from what is well known and commonly received, to what 
before appear'd to be difficult and obſcure,) to the knowledge of 
infinite Series, of which the Learner will find frequent Examples 
in the ſequel of this Treatiſe. And from hence it will be eaſy to 
make the following general Inferences, and others of a like nature, 
which will be of good uſe in the farther knowledge and practice of 
theſe Series; viz. That the firſt Term of every regular Series is ak 
ways the moſt conſiderable, or that which approaches nearer to the 
Number intended, (denoted by the Aggregate of the Series,) than 
any other ſingle Term: That the ſecond is next in value, and fo on: 
That therefore the Terms of the Series ought always to be diſpoſed 
in this regular deſcending order, as is often inculcated by our Author : 
That when there is a Progreſſion of ſuch Terms in 1nfinitum, a few of 
the firſt Terms, or thoſe at the beginning of the Series, are or ſhould 
be a ſufficient Approximation to- the whole ; and that theſe may 


come as near to the truth as you pleaſe, by taking in ſtill more 


Terms: That the fame Number in which one Scale may be expreſs'd 
by a finite number of Terms, in another cannot be expreſs'd but by 
an infinite Series, or by approximation only, and vice versd ; That 
the bigger the Root of the Scale is, by ſo much the faſter, cæteris 
paribus, the Series will converge ; for then the Reciprocals of the 
Powers will be ſo much the leſs, and therefore may the more ſafely 
be neglected: That if a Series converges by increaſing Powers, ſuch 
as ax + bx* + c +dx4, &c. the Root x of the Scale muſt be un- 
derftood to be a proper Fraction, the leſſer the better. Yet when- 
ever a Series can be made to converge by the Reciprocals of Ten, 
or its Compounds, it will be more convenient than a Series that 
converges faſter; becauſe it will more eaſily acquire the form of the 
Decimal Scale, to which, in particular Caſes, all Series are to be ul- 
timately reduced. Laſtly, from ſuch general Series as theſe, which 
are commonly the reſult in the higher Problems, we muſt paſs (by 
ſubſtitution) to particular Scales or Series, and thoſe are finally to be 
reduced to the Decimal Scale. And the Art of finding ſuch general 
Series, and then their Reduction to particular Scales, and laſt of all 
to the common Scale of Decimal Numbers, is almoſt the whole of 
the abſtruſer parts of Analyticks, as may be ſeen in a good meaſure by 

the preſent Treatiſe, | 
| 1 
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I took notice in the fourth place, that this Doctrine of Scales, and 
Series, gives us an eaſy notion of the nature of affected Equations, 
or ſhews us how they ſtand related to ſuch Scales of Numbers. In 
the other Inſtances of particular Scales, and even of general ones, 
the Root of the Scale, the Coefficients, and the Indices, are all ſup- 
pos'd to be given, or known, in order to find the Aggregate of the 
Series, which is here the thing required. But in affected Equations, on 
the contrary, the Aggregate and the reſt are known, and the Reot of 
the Scale, by which the Number is computed, is unknown and re- 
quired. Thus in the affected Equation 5x+ + 3x* + O + 7x == 
53070, the Aggregate of the Series is given, viz. the Number 
53070, to find x the Root of the Scale. This is eaſily diſcern'd to 
be 10, or to be a Number expreſs'd by the common Decimal Scale, 
eſpecially if we ſupply the ſeveral Powers of 10, where they are un- 
derſtood in the Aggregate, thus 5X* + 3X* + oX* +7X* + 0X* 
== 53070. Whence by compariſon 'tis x == X = 10. But this 
will not be fo eaſily perceived in other inſtances. As if I had the 
Equation 4x+ + 2x* + 3x* +0x* +2x* + A + 3 2827,92 
I ſhould not ſo eaſily perceive that the Root x was 5, or that this is 


a Number expreſs'd by Quinary Arithmetick, except I could reduce 


it to this form, 4 5 ＋E 2x5? + 3x * + 0x5* +2x 5 + 4x 5 
＋ 3 x 5*== 2827,92, when by compariſon it would pretently ap- 
pear, that the Root ſought muſt be 5. So that finding the Root of 
an affected Equation is nothing elſe, but finding what Scale in Arith- 
metick that Number is computed by, whoſe Reſult or Aggregate is 
given in the common Scale; which is a Problem of great uſe and 
extent in all parts of the Mathematicks. How this is to be done, 
either in Numeral, Algebraical, or Fluxional Equations, our Author 
will inſtruct us in its due place. a 

Before I diſmiſs this copious and uſeful Subject of Arithmetical 
Scales, I ſhall here make this farther Obſervation; that as all con- 
ceivable Numbers whatever may be expreſs'd by any one of theſe 
Scales, or by help of an Aggregate or Series of Powers derived from 
any Root; ſo likewiſe any Number whatever may be expreſs d by 
ſome ſingle Power of the fame Root, by aſſuming a proper Index, 
integer or fracted, affirmative or negative, as occaſion ſhall require. 
Thus in the Decimal Scale, the Root of which is 10, or X, not 
only the Numbers 1, 10, 100, 1000, c. or 1, 0.1, 0.01, 0.001, Gc. 
that is, the ſeveral integral Powers of 10 and their Reciprocals, may 
be expreſs' d by the fingle Powers of X or 10, vis. X*, X., X*, XS, 
c. or X®, X-, X, X53, &c, reſpectively, but alſo all the inter- 


mediate 
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mediate Numbers, as 2, 3, 4, Cc. 11, 12, 13, &c, may be expreſs d 
by ſuch ſingle Powers of X or 10, if we aſſume proper Indices. 
Thus 2 == X930193, Kc. 3 = N,. 4 = Xo60:06, & &c. or 11 
——= X1,04139, & 12 —= X1,97915, & 4 56 , X3,65896, Ke. And the like of 
all other Numbers. Theſe Indices are uſually. call'd the Logarithms of 
the Numbers (or Powers) to which they belong, and are ſo many 
Ordinal Numbers, declaring what Power (in order or ſucceſſion) any 
given Number is, of any Root aſſign'd: And different Scales of Lo- 
garithms will be form'd, by aſſuming different Roots of thoſe Scales. 


But how theſe Indices, Logarithms, or Ordinal Numbers may be 


conveniently found, our Author will likewiſe inform us hereafter. 
All that I intended here was to give a general Notion of them, and 


to ſhew their dependance on, and connexion with, the ſeveral Arith- 


metical Scales before deſcribed. | | 
It is eaſy to obſerve from the Arenarius of Archimedes, that he 


had fully conſider d and diſcuſs d this Subject of Arithmetical Scales, 
in a particular Treatiſe which he there quotes, by the name of his 
pp, or Principles; in which (as it there appears) he had laid the 
foundation of an Arithmetick of a like nature, and of as large an 
extent, as any of the Scales now in uſe, even the moſt univerſal. It 
appears likewiſe, that he had acquired a very general notion of the 
Doctrine and Uſe of Indices alſo. But how far he had accommo- 
dated an Algorithm, or Method of Operation, to thoſe his Princi- 
ples, muſt remain uncertain till that Book can be recover'd, which 
is a thing more to be wiſh'd than expected. However it may be 
fairly concluded from his great Genius and 9 that ſince he 
thought fit to treat on this Subject, the progreſs he had made in it 
was very conſiderable. | . 

But before we proceed to explain our Author's methods of Ope- 
ration with infinite Series, it may be expedient to enlarge a little 


farther upon their nature and formation, and to make ſome general - 
Reflexiors on their Convergency, and other circumſtances. Now ]§:W 


their formation will be beſt explain'd by continual Multiplication 


after the following manner. | 
Let the quantity @ ＋ bx + cx* ＋ dx3 + ex+, &c. be aſſumed as 
a Multiplier, conſiſting either of a finite or an infinite number of 


Terms ; and let alſo - + x o be ſuch a Multiplier, as will give 


the Root x == —E . If theſe two are multiply'd together, they 


. "1M b | 
will produce 7 * I + Ax. + 2 Sat + 2 A-, &c. | 


7 


= 203 


© — — —uU—— wires - ego, 
— em — 


—— —-—- — — — 


152 The Method of Fluxloxs, 


So; and if inſtead of x we here ſubſtitute its value * the Series 
2 4 3 a, 
ren,, 


5 


ill become 
will becom - . a * 7 75 on £2144 


Fre s > cn, oogans.” oS 
&c. So; or if we divide by 75 and tranſpoſe, it will be LE 
a „ p3 ' "a 
239 2 + EEE LED x „Kc. = 3: Which Series, 
thus derived, may give us a good infight into the nature of infinite 


Series in general. For it is plain that this Series, (even though it 
were continued to infinity,) muſt always be equal to a, whatever 
may be ſuppoſed to be the values of p, 9, a, b, c, d, &c. For 


5 the firſt part of the firſt Term, will always be removed or deſtroy'd 


9 


by its equal with a contrary Sign, in the ſecond part of the ſecond 
Term. And 2 , the firſt part of the ſecond Term, will be re- 


moved by its equal with a contrary Sign, in the ſecond part of the 


third Term, and ſo on: So as finally to leave , or a, for the 


Aggregate of the whole Series. And here it is likewiſe to be obſerv'd, 
that we may ſtop whenever we pleaſe, and yet the Equation will be 
200d, provided we take in the Supplement, or a due part of the next 
Term. And this will always obtain, whatever the nature of the 
Series may be, or whether it be converging or diverging. If the 


Series be diverging, or if the Terms continually increaſe in value, 


then there is a neceſlity of taking in that Supplement, to preſerve 


the integrity of the Equation. But if the Series be converging, or 


if the Terms continually decreaſe in any compound Ratio, and there- 


fore finally vaniſh or approach to nothing; the Supplement may be 


ſafely neglected, as vaniſhing alſo, and any number of Terms may 
be taken, the more the better, as an Approximation to the Quan- 
tity 4. And thus from a due conſideration of this fictitious Series, 
the nature of all converging. or diverging Series may eaſily be appre- - 
hended. Diverging Series indeed, unleſs when the afore-mention'd 
increaſing Supplement can be aſſign'd and taken in, will be of no 
ſervice. And this Supplement, in Series that commonly occur, will 
be generally ſo entangled and complicated with the Coefficients of 
the Terms of the Scries, that altho' it is always to be underſtood, 
nevertheleſs, it is often impoſſible to be extricated and aſſign'd. 
But however, converging Series will always be of excellent a as 
.affording a convenient Approximation to the quantity required, when 
it cannot be otherwiſe exhibited, In theſe the Supplement aforeſaid, 

| pores hk tho 
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tho' generally inextricable and unaſſignable, yet continually decreaſes 
along with the Terms of the Series, and finally becomes leſs than any 
aſſignable Quantity. | 

The ſame Quantity may often be exhibited or expreſs'd by ſeveral 
converging Series ; but that Series is to be moſt eſteem'd that has the 
greateſt Rate of Convergency. The foregoing Series will converge 


ſo much the faſter, cæteris paribus, as p is leſs than g, or as the 


Fraction 7 is leſs than Unity. For if it be equal to, or greater than 
Unity, it may become a diverging Series, and will diverge ſo much 


the faſter, as p is greater than 2. The Coefficients will contribute 
little or nothing to this Convergency or Divergency, if they are 


ſuppos' d to increaſe or decreaſe (as is generally the caſe) rather in a 
ſimple and Arithmetical, than a compound and Geometrical Propor- 
tion. To make ſome Eſtimate of the Rate of Convergency in this 
Series, and by analogy in any other of this kind, let & and re- 
preſent two Terms indefinitely, which immediately ſucceed each 
other in the progreſſion of the Coefficients of the Multiplier a + 
bx + cx* + dx?, &c. and let the number 7» repreſent the order or 
place of E. Then any Term of the Series indefinitely may be repre- 


ſented by + P +4Yn—r, where the Sign muſt be ＋ or —, accor- 


ding as 7 is an odd or an even Number. Thus if 2 TI, then 
Da, I, and the firſt Term will be + — If 2, 


then Eb, Ic, and the ſecond Term will be — . And 


ſo of the reſt. Alſo if „ be the next Term in the aforeſaid pro- 
greſſion after /, then + Libr gas + wy will be any two ſuc- 
I E275; 
ceſſive Terms in the ſame Series. Now .in order to a due Conver- 
gency, the former Term abſolutely conſider'd, that is ſetting aſide 
the Signs, ſhould be as much greater than the ſucceeding Term, as 
conveniently may be. Let us ſuppoſe therefore that — 18 
N 7 


greater than e, or (dividing all by the common factor 2 : ) 
7 


| W735 
that E is greater than 2, or (multiplying both by pg, ) 


that 1pg ＋ Ig is greater than mp* + Jh, or (taking away the com- 
mon (h,) that % is greater than ua, or (by a tarther Diviſion, ) 


that £x£ is greater than unity; and as much greater as may be. 
m 5 ; 
- This 


— — EEC —— . 


- 
rr 
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This will take effect on a double account; firſt, the greater & is in 
reſpect of , and ſecondly, the greater 4* is in reſpect of p. Now 
in the Multiplier 2 + 6x + cx* + dx*, &c. if the Coefficients a, 6, 
c, &c. are in any decreaſing Progreſſion, then & will be greater than 
J, which is greater than ½; ſo that 2 fortiori & will be greater than 
m. Alſo if q be greater than p, and therefore (in a duplicate ratio) 
% will be greater than p*. So that (cæteris paribus) the degree of 
Convergency is here to be eſtimated, from the Rate according to 
which the Coefficients @, b, c, &c. continually decreaſe, compounded 
with the Ratio, (or rather its duplicate,) according to which 9 ſhall 
be ſuppos'd to be greater than p. | 


The ſame things obtaining as before, the Term < 4 will be 


what was call'd the Supplement of the Series. For if the Series be 
continued to a number of Terms denominated by 2, then inſtead of 
all the reſt of the Terms in infinitum, we may introduce this Sup- 
plement, and then we ſhall have the accurate value of @, inſtead of 
an approximation to that value, Here the firſt Sign is to be taken 
if n is an odd number, and the other when it is even. Thus if 


n , and conſequently & — a, and I, we ſhall have 2 o7 


— L=0. Or if z=—=2, and Ic, then r 


3 7 7 
. a. Or if n==3, ld, then 8 — 5 2 CTY 
E — 44 a. And ſo on. Here the taking in of the Supple- 


ment always compleats the value of a, and makes it perfect, 
whether the Series be converging or diverging ; which will always 
be the beſt way of proceeding, when that Supplement can readily 
be known. But as this rarely happens, in ſuch infinite Series as ge- 
nerally occur, we muſt have recourſe to infinite converging Series, 
wherein this Supplement, as well as the Terms of the Series, are 
infinitely diminiſh'd; and therefore after a competent number of 
them are collected, the reſt may be all neglected in injinitum. 

From this general Series, the better to aſſiſt the Imagination, we 
will deſcend to a few particular Inſtances of converging Series in 
pure Numbers. Let the Coefficients a, 5, c, d, &c. be expounded by 


1, 2, +, 2, &c. reſpectively ; then . TR — K, 
þ + 29 2þ+39 5 2 


7 
2 185 C 
* XC, = I, or : 2X 37 7. * 3 * 47 9 4* 57 835 Kc. 
= 1, That the Series hence ariſing may converge, make p leſs 

| than 
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1 


than ꝙ in any given ratio, ſuppoſe 2, or bl, ; den 


EL —IxX4i+iixi—Z 2, &c. == 1. That is, this Series of 
Fractions, which is computed by o_ Arithmetick, or by the 
| Reciprocals of the Powers of Two, if infinitely continued will 
finally be equal to Unity. Or if we deſire to ſtop at theſe four 
Terms, and inſtead of the reſt ad inſinitum if we would introduce 
the Supplement which is equivalent to them, and which is here 
known to be + x g, Or , we ſhall have 1 — + + 4$4— +Þ + 
* == 1, as is caly to prove. Or let the ſame Coefficients be ex- 


pounded by 1, — 4, 3, — 4, 4, &c. then it will be FI 74 2 


— 2 VIM 3 . . . 
X : + 7 = + = = x, &c, = 1. This Series may either 
be continued infinitely, or may be ſum'd after any number of Terms 


expreſs d by , by introducing the Supplement +! inſtead of all 


a+1l ** 
the reſt, Or more particularly, if we make qz= 5p, then Ts + 
—_ PE _ — ++ — > &c. 21, which 18 a Number 
expreſs'd by Quinary Arithmetick. And this is eaſily reduced to the 
Decimal Scale, by writing + for 3, and reducing the Coefhcients ; 
for then it will become o, 99999, &c. = 1. Now if we take theſe 
five Terms, together with the Supplement, we ſhall have exactly 


— ä 21 EC RE. 1 
2 & 5 ** 6x52 355 12 * 53 No 20x54 * 30 XR55 ＋ Tx 55 IT 46 Again, if 


| f . 200 
we make here 37 = loop, we ſhall have the Series —— x — + 


300 —6 3 400 — 9 — ++ 500 — 12 27 ON 
1x3 7 10000 res 3 * 4 1600000 ＋ x 100000000 ? &c. T5 


4 
which converges very faſt. And if we would reduce this to the re- 


cular Decimal Scale of Arithmetick, (which is always ſuppos'd to be 


done, before any particular Problem can be ſaid to be compleatly 
ſolved,) we muſt ſet the Terms, when decimally reduced, orderly 
under one another, that their Amount or Aggregate may be diſco- 
ver'd; and then they will ſtand as in the Margin. Here the Ag- 
gregate of the firſt five Terms is 0,99999999595, 0,985 


which is a near Approximation to the Amount of the "a os 
whole infinite Series, or to Unity. And if, for proof- 6588 
0 : + þ® 73 15795 
ſake, we add to this the Supplement „ Gr 8895559559595 


f 2＋ 1 405 
== 0,00000000405, the whole will be Unity exactly. 7588886860000 


. 1 4 There 
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There are alſo other Methods of forming converging Series, whe- 
ther general or particular, which ſhall approximate to a known quan- 
tity, and therefore will be very proper to explain the nature of Con- 
vergency, and to ſhew how the Supplement is to be introduced, when 
it can be done, in order to make the Series finite ; which of late 
has been call'd the Summing of a Series. Let A, B, D, EK, &c. 
and a, b, c, d, e, &c. be any two Progreſſions of Terms, of which 
A is to be expreſs'd by a Series, either finite or infinite, compos'd 
of itſelf and the other Terms. Suppoſe therefore the firſt Term of 
the Series to be @, and that p is the ſupplement to the value of 4. 


a 


Then is A4 ＋ p, or þ = 2 — . As this is the whole Supple- 
ment, in order to form a Series, I ſhall only take ſuch a part of it 


as is denominated by the Fraction 5 „and put 9 for the ſecond Sup- 


plement. IS, ill aff : - =( HI 


_ — — =) W X =, Again, as abt is 1 whole 
value of the Supplement , I ſhall only aſſume ſuch a part of it as is de- 


nominated by the Fraction &, and for the next Supplement put 7. 


3 A —4 3—5 B— 5 A— 22 
That 1s, 0 enn or ra=( 8 


— x 1 — FG = ) r Now as this is the whole 


value of the Supplemente, I only aſſume ſuch a part of it as is denominated 


4 | A 
by * Fraction 35, and for the next WO put 5. That is, — 
) „ Ae Or Fas * 


B— 5 C—: Te A—2 B—5 C— D-—-4 
— Tz xx, x7. And ſo on as far 


as we pleaſe, So that at «Th we have the value of AS a A＋ p, 


where the Supplement ? =— where the ſecond 225 


13 33 A—2 PB=—b OS 
ment q = -x , —_ fin me NR — 4 


Aww B=—b C—_ — - . 
where 5 = 5 * _ 5 „ —=e+f. Ando on ad infinitum. 


B  þ — B—3 C— 
e . A 4 


That is finally A 4 ＋ = „ 
+ EXD x Dd, , &c. where A, B, C, D, E, Tc; and a, 
6, c, d, e, &c. may be rs two Progteſſions of Numbers whatever, 
whether regular or defultory, aſcending or deſcending. And when 
it 
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it happens in theſe Progreſſions, that either A a, or B==5, or 

c, Kc. theff the Series terminates of itſelf, and exhibits the 
value of A in a finite number of Terms: But in other caſes it ap- 
proximates indefinitely to the value of A. But in the caſe of an 
infinite Approximation, the faid Progreſſions ought to proceed re- 
gularly, according to ſome ſtated Law. Here it will be eaſy to ob- 
ſerve, that if K and # are put to repreſent any two Terms indefi- 
nitely in the aforeſaid Progreſſions, whoſe places are denoted by the 
number 1, and if L and / are the Terms immediately following; 
then the Term in the Series denoted by » - 1 will be form'd from 


the preceding Term, by multiplying it by Aon J. As if n = I, 


then K —=A, Sa, LB, I=, and the ſecond Term will 


be a+ = =P. If 2==2, then KB, , LSC, 


1—c, and the third Term will be H De e; 
and ſo of the reſt. And whenever it ſhall happen that L then the 
Series will ſtop at this Term, and proceed no farther. And the 
Series approximates ſo much the faſter, ceteris paribus, as the 
Numbers A, B, C, D, &c. and a, 5, c, d, &c, approach nearer to 
each other reſpectively. = 
Now to give ſome Examples in pure Numbers. Let A, B, C, D, 
Sc. == 2, 2, 2, 2, &c. and a, , c, d, &c. — 1, I, I, 1, &c. then we 
ſhall have 2=1 ++ ++ ++ + xx, Sc. And fo always, when 
the given Progreſſions are Ranks of equals, the Series will be a 
Geometrical Progreſſion, If we would have this Progreſſion ſtop at 
the next Term, we may either ſuppoſe the firſt given Progreſſion 
to be 2, 2, 2; 2, 2, 1, or the ſecond to be 1, 1, 1, 1, 1, 2,” tis all 


one which. For in either caſe we ſhall have L, that is F =; 
K—+ F—e 


and therefore the laſt Term muſt be multiply d by , or — ==1. 
Then the Progreſſion or Series becomes 2 = 1 +3 +4 +4 +4, 
++: Again, if A, B, C, D, Cc. = 5, 5, 5, 5, &c. and a,b, e, a, 
&c. ==4, 4, 4, 4, &c. then 5 =4 + ++ bo T, Ke. 
or + = TTT T ZT + FAZ, &c. Or if A, B, C, D, &c. =4, 
4, 4, 4, &c. and a, b, 5 a, &c. == 5, 5, 5, 5, &c. then 4 = 5 — 
4 ＋ . — 2g, &c. If A, B, C, D, &c. = 55, 5, 5, 5, &c. 
and a, b, c, d, &c. (6, 7, 8, 9, &c. then 5 —=b6— 47 + 4x48 
NEN ++x+x+x+10, &c. If we would have the Series 
ſtop here, or if we would find one more Term, or Supplement, 
which ſhould be equivalent to all the reſt ad inſinitum, (which in- 

| n deed 


c, d, &c. = 1, I, 1, 1, &c. then 5 — — — — 


1 
&c. l. Or = A 18 


158 The Method of Fiuxions, 


deed might be deſirable here, and in ſuch caſes as this, becauſe of the 
{low Convergency, or rather Divergency of the Series,) ſuppoſe F—=f; 
and therefore = == = = — 4 muſt be multiply d by the laſt 
Term. So that the Series becomes 5 ==6 — 47 + 4x48 —4 x4 
x39 +ix48+x4l0—+x3x4x45, If A, B, C, D, &c. = 2, 
„„ 4, 8,0, &, == 1, 2, 3, 4, &c- then 2 == r<4- 
22 + 4x43 +4iX4*344+FXFX*FXF5, &c. If A, B, C, D, &c. 
== 1, 2, 3, 4, &c. and a, 6, c, d, &c. == 2, 3, 4, 5, &c. then 1 
2 — 43 + 4x44 — I X+Xx5 + I X4x+xp0, &c. And from 
this general Series may infinite other particular Series be eafily de- 


rived, which ſhall perpetually converge to given Quantities ; the chief 


uſe of which Speculation, I think, will be, to ſhew us the nature 
of Convergency in general, | 
There are many other ſuch like general Series that may be readily 


form'd, which ſhall converge to a given Number. As if I would 


conſtruct a Series that ſhall converge to Unity, I ſet down 1, toge- 
ther with a Rank of Fractions, both negative and affirmative, as 
here follows. 


a b c d e 
3 c 4 & 
S - C 


A4 Ab — Ba Bc— Ch Ca — Dc De—Ed 
"— + —x © _ CD —— "kk. „c. I. 


Then proceeding obliquely, I collect the Terms of each Series toge- 
ther, by adding the two firſt, then the two ſecond, and ſo on. 80 


that the whole Series thus conſtructed muſt neceſſarily be equal to 


| Unity; which alſo is manifeſt by a bare Inſpection of the Series. 


From this Series it is eaſy to deſcend to any number of particular 


Caſes. As if we make A, B, C, D, &c. = 2, 3, 4, 5, &c. and a, 6, 
1 hh 


1 1 
T 
1 . 
E L, Kc. And ſo in alf 
other Caſes. The Series will ſtop at a finite number of Terme, 
whenſoever you omit to take in the firſt part of the Numerator of 


* 4 * 5 5 * 0 
Laſtly, to conſtruct one more Series of this kind, which ſhall 


converge to Unity; I ſet down 1, with a Rank of Fractions along 


with 
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with it, both affirmative and negative, ſuch as are ſeen here below; 
which being added together obliquely as before, will produce the 
following Series. | 


ab abc abcd abcde 


cj: 

1 + x + 33 + ine + arch + ropes Kc. 
| a ab abc abcd abcde & 
— x i I IND per. 


8 Pon hb 5 
NY og —— "AB © —— IBC + ABB —— ITB abcd, STC. = I. 


This Series may be made to ſtop at any finite number of Terms, 
if you omit to take in the latter part of the Binomial in any Term. 
Or you may derive particular Series from it, which ſhall have any 
Rate of Convergency. 1 | 

For an Example of this Series, make A, B, C, D, &c. 3, 3, 
3> 3» &c. and a, b, Cc, d, &. = I, I, I, I, &c. then I +3 +7 r, 
&c. =1, or ＋ ATV + vr, &c. 4. And whenever A, B, 
C, &c. and 4a, b, c, &c. are Ranks of Equals, the Series will be a 
Geometrical Progreſſion. 3 | 

Again, make A, B, C, D, &c. 2, 3, 4, 5, &c. and a, b, c, d, &c. 


** . 4 5 | 
= bs 2355 1, &c. then + + 2X3 * Te TEVA 2X 3X4X 5x6. 
5 ; ; 3 7 I 

&c. I. Or in a finite number of Terms 3+ 3+ : 1 
+ ——— ==1: And the like may be obſerved of others in an 


18385 | 
infinite variety. | | by 

And thus having prepared the way for what follows, by explain- 
ing the nature of infinite Series in general, by diſcovering their origin 
and manner of convergency, and by ſhewing their connexion with 
our common Arithmetick ; I ſhall now return to our Author's Me- 
thods of Operation, or to the Reduction of compound Quantities 
to ſuch infinite Series. Parr Het 1 


SECT. II. The Reſolution of frmple Equations, or pure 
Powers, by Infinite Series. 55 


3-4. FH E Author begins his Reduction of cempound Quan- 
tities, to an equivalent infinite Series of ſimple Terms, 

firſt by ſhewing how the Proceſs may be perform'd in Diviſion. 
Now in his Example the manner of the Operation is thus, in imi- 
| tation 


h * 7 
| tient t cre Ore 18 2 * 2 8 7 — 


„ ————ů———— 
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tation of the uſual praxis of Diviſion in Numbers. In order to ob- 
tain the Quotient of ag divided by þ-+ x, or to reſolve the com- 


pound Fraction —— into a Series of ſimple Terms, firſt find the 


Quotient of aa divided by 5, the firſt Term of the Diviſor. This 


is =, which write in the Quote, Then multiply the Diviſor by 


this Term, and ſet the Product aa + _ under the Dividend, from 


whence it muſt be ſubtracted, and will = the Remainder — _= 7 


Then to find the next Term (or Figure) of the Quotient, divide 
the Remainder by. the firſt Term of the Diviſor, or by , and put 


the Quotient — = for the ſecond Term of the Quote, Multiply | 


aax aaxx 


the Diviſor by this ſecond Term, and the Product — ＋ — 


ſet orderly under the laſt Remainder ; from whence it muſt be ſub- 


tracted, to find the new -Remainder + — . Then to find the 
next Term of the Quotient, you are to ' proceed with this new 


Remainder as with the former; and ſo on ix infinitum. The Quo- 


a⁊ x a⁊ 2 7 


a% 
„&c. (or F into 1— 


5 ＋ — 1 „ Kc.) So that by this e the Number or 
Quantity 17 (or a xb+x|*) is reduced from that Scale in 


A whoſe Root is 6 ＋ x, to an equivalent Number, the 


Root of whoſe Scale, (or whoſe converging quantity) is 5. And 


this Number, or infinite Series thus found, will converge 160 much 
the faſter to the truth, as 4 is greater than x. | 
To apply this, by way of illuſtration, to an inſtance or two in 


common Numbers. Suppoſe we had the Fraction +, and would 


reduce it from the ſeptenary Scale, in which it now appears, to an 
equivalent Series, that ſhall converge by the Powers of 6. Then 


we ſhall have = = = =; ; and therefore in the foregoing general 
Fraction —— . . IT 4= I, 5 ==,6, and x==1, and the Series 
will become 4 — & —+ > 85 — = &c. which will be equivalent to 


=, Orif we r reduce it to a Series converging by the Powers 


1 J N 

of 8, becauſe = —, make a=1, 5 8, and x = — 1, 
7 8— 1 ? 

then 
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then 7 = + + = ds =; Fe — Kc. which Series will converge faſter 
than the former. Or if we would reduce it to the common Denary.(or 
Decimal) Scale, becauſe — „ , make a==1, 6 = 10, and 
3 then = s Tes LTS res + Te 88 8, Kc. 
o, 1428, &c. as may be eaſily collected. And hence we may 
obſerve, that this or any other Fraction may be reduced a great va- 
riety of ways to infinite Series; but that Series will converge faſteſt 
to the truth, in which 5 ſhall be greateſt in reſpect of x. But that 
Series will be moſt eaſily reduced to the common Arithmetick, 
which converges by the Powers of 10, or its Multiples. If we 
ſhould here reſolve 7 into the parts 3 ＋ 4, or 2 ＋ 5, or 1+ 6, 
Sc. inſtead of converging we ſhould have diverging Series, or ſuch 
as require a Supplement to be taken in, | 
And we may here farther obſerve, that as in Diviſion of com- 

mon Numbers, we may ſtop the proceſs of Divifion whenever we 
pleaſe, and inſtead of all the reſt of the Figures (or Terms) ad in- 

nitum, we may write the Remainder as a Numerator, and the 
Diviſor as the Denominator of a Fraction, which Fraction will be 
the Supplement to the Quotient: ſo the ſame will obtain in the 
Diviſion of Species. Thus in the preſent Example, if we will ſtop 


aa aa aax 


at the firſt Term of the Quotient, we ſhall have == HA 
Or if we will ſtop at the ſecond Term, then — = F — EZ + 


aa aa 


ne. Or if we will ſtop at the third Term, then 6 7 oor 6 


aax aa xx? ad 5 | 7 * ; 
7 E r — A And ſo in the ſucceeding Terms, in which 


theſe Supplements may always be introduced, to make the Quotient 
compleat. This Obſervation will be found of good uſe in ſome of 
the following Speculations, when a complicate Fraction is not to 
be intirely reſolved, but only to be depreſs d, or to be reduced to a 
ſimpler and more commodious form, © 

Or we may hence change Diviſion into Multiplication. For hav- 
ing found the firſt Term of the Quotient, and its Supplement, or 


. » . . * 
the Equation Fa = 7 — r ; multiplying it by 5, we ſhall 
- . „ . 
have . . = 7 — N ger , ſo that ſubſtituting this value of 
aax » 5 R 1 aa aa  aax 
ATT in the firſt Equation, it will become 5— = 5 ＋ + 
== „ Where the two firſt Terms of the Quotient are now known, 


T Multiply 


— —U— 
— — —— 


— = 
— —— - _ 
— en 
— — — — — 


ply'd into the Dividend to produce * Quotient. 


162 we Method of EG 


Multiply this by 7 z, and It will become N. Ei _ = — — — EE 

: 75 = which being ſubſtituted in the laſt Equation, it will . 
aa ca aax 2 —— a3 a*xt 

rr de + e „ where the four firſt 


Terms of the Votient are now known. Again, multiply this 


naa. 4 4, 0 
Equati on by. - = „and it will become = ZE „ 


4452 * TY fee which being fibſtituted in the laft Equation, 


LASER a* 2 — ax 2 a* +3 . 


252 D 27 oF 2 , het | Ut of the firſt Terms are now 


known. And ſo every ſucceeding Operation will double the num- 
ber of Terms, that were before found in the Quotient. 
This method of Reduction may be thus very conveniently imi- 


tated in Numbers, or we may thus change Diviſion into Multipli- 
Fation. Suppoſe (for inſtance) I would find the Reciprocal of the 


Prime Number 29, or the value of the Fraction {4 in Decimal 
Numbers. I divide 1, 000, Sc. by 29, in the common way, ſo 
far as to find two or three of the firſt Figures, or till the Remainder be- 
comes a ſingle Figure, and then I aſſume the Supplement to-compleat. 
the Quotient. Thus I ſhall have 2 = , 034482 for the compleat 
Quotient, which i dan if I multiply 2 the Numerator 8, it will 
give 27 = 07 5844 5, or rather Ty , 27 8 ſubſtitute 
this inſtead of the Fraction in the firſt Equation, And T ſhall have 
v3 = 9,0344827586.5,. Again, I multiply this Equation by 6, 

and it will give ; 5 ==0,206896 5 517 5 and then by Subſtitution 22 
o, 0344827 5862068965 517 y. — — I multiply this Equation by y, 
and jt becomes! eg 379310344827 58620, and then bySubſti- 


tution ;,==0,03448275860206089055172413793 10344827;86202 - 


where every Operation will at leaſt double the number of Figufes 
found by the preceding Operation. And this will be an eafy Expe- 


dient for converting Diviſion into Multiplication in all- Caſes. For 


the Reciprocal of the Diviſor being thus found, it may be multi- 
'aa ; = 2 41K 


Now as it is here found, that 2 I == 7 —F + = 


&c. which Series will converge when 6 is \oreater than *; ſo when 
it happens to be otherwiſe, or when x is greater than b, that the 


Powers of x may be in the Denominators we mult have recourſe to 


the 
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che other Caſe of Diviſion, in which we ſhall find ——, = = — 


i + 2 — 227 „ &c. and where the Diviſion is perform'd as 
5, 6. In theſe Examples of our Author, the Proceſs of Diviſion 
(for the exerciſe of the Learner) may be thus exhibited : | 


fee. iz (asia yr —-1g r, He. 
1 --p- x* | | : , 


| 2x Kaas 
O—x*-+0 rr I 
. — Xe xt —=2x-+5x7 

o + x4 * 2 | —2* — 24146 K * 

+ x4-+x6 | 1 1 5 

4 To 47 6x* 
* bee. +7x3%+ 7x%*%—21x* 
o + Ks 3 — 13 ＋T21 K 


Now in order to a due Convergeney, in each of theſe Examples, 
we muſt ſuppoſe x to be leſs than Unity; and if x be greater than 


Vnity, we mult invert the Terms, and then we ſhall have — i 
. 2 4 ? — 
1 1 1 — + 2x * 
— — — 2 + — 2 & c. and 1 — * =þ + moe 
0 as — — 3x + x* +1 9 P 


14 a: 5 
— -- -, | | 
27 81x | f | 

7,8,9, 10. This Notation of Powers and Roots by integral and 
fractional, affirmative and negative, general and particular Indices, 
Was certainly a very happy Thought, and an admirable Improve- 
ment of Analyticks, by which the practice is render'd eaſy, regular, 
and univerſal, It was .chiefly owing to our Author, at leaſt he car- 
ried on the Analogy, and made it more general. A Learner ſhould 
be well acquainted with this Notation, and the Rules of its ſeveral 
Operations ſhould be very familiar to him, or otherwiſe he will often 
find himſelf involved in difficulties. I ſhall not enter into any far- 
ther diſcuſſion of it here, as not properly belonging to this place, 
or ſubject, but rather to the vulgar Algebra. 18 * 

11. The Author proceeds to the Extraction of the Roots of pure 
Equations, which he thus performs, in imitation of the uſual Pro- 
ceſs in Numbers. To extract the Square-root of ag + xx; firſt the 
Root of ag is a, which muſt be put in the Quote. Then the Square 
of this, or aa, being ſubtracted from the given Power, leaves + xx 
for a Reſolvend. Divide this = twice the Root, or 24, which is 
5 2 the 


1 
1 
1 
W | 
: 
11 
1 
1 
F 
1 
1 
1 
© 
: 
N 
' 
| 
* ſi 
1 
8 . 
_ 
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the firſt part of the Diviſor, and the Quotient = muſt be made the 
ſecond Term of the Root, as alſo the ſecond Term of the Diviſor. 
Multiply the Diviſor thus compleated, or 24 += „ by the ſecond 


Term of the Root, and the Product xx + _ i be ſubtracted 


from the Reſolvend. This will leave — = for a new Reſolvend, 
which being divided by the firſt Term of the double Root, or 24, 
will give — = for the third Term of the Root. Ee the Root 


before found, with this Term added to it, or 24 + = — 5 1 


ing multiply'd by this Ferm, the Product — 4 — = ws &5 1 wut 
be ſubtracted from the laſt Reſolvend, and the Remainder 4+- — - 


— — will be a new Reſolvend, to be proceeded with as before, 
for fnding the next Term of the Root; and fo on as. far as you 
x4 


pleaſe. So that we ſhall have Vac e 5 — — 7, + = 


— - + » &c. | | 

It is eaſy to obſerve from hence, that in the Operation every new 
Column will give a new Term in the Quote or Root; and therefore 
no more Columns need be form'd than it is intended there ſhall be 
Terms in the Root. Or when any number of Terms are thus ex- 


trated, as many more may be found by Diviſion . Thus hay- 
x+ 


ing found the three * aro of the Root 4 + = . — , by 
their 1 4806 24 2 —— 2 , dividing the third Remainder or * 
ſolvend 3 = - 4 — the three firſt Terms of the Quotient — 
— = —+ 2 - 184 be the 21155 ſucceeding Terms of the — 
The Series 4 + => — = + — — „„ &c. thus found for the ſquare- 


root of the irrational quantity a2 + xx, is to be underſtood in the 


following manner. In order to a due convergency à is on be ſuppos'd 


greater than x, that the Root or converging quantity = may be leſs 


than Unity, and that 4 may be a near approximation to the ſquare- 


root required. But as this is too little, it is encreaſed by the ſmall 


quantity = „ Which now makes it too big. Then by the next 
Operation 
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Operation it is diminiſh'd by the till ſmaller quantity g; which 
diminution being too much, it is again encreas d by the very ſmall 
quantity = , which makes it too great, in order to be farther di- 


miniſh'd by the next Term. And thus it proceeds in infinitum, the 
Augmentations and Diminutions continually correcting one another, 
till at laſt they become inconſiderable, and till the Series (ſo far con- 
tinued) is a ſufficiently near Approximation to the Root required. 
12. When à is leſs than x, the order of the Terms muſt be in- 


verted, or the ſquare-root of xx + aa muſt be extracted as before; 
24 | | | 


in which caſe it will be x + © — , &c. And in this Series 


the converging quantity, or the Root of the Scale, will be =, Theſe 
two. Series are by no means to be underſtood as the two different Roots 
of the quantity aa ＋ xx; for each of the two Series will exhibit thoſe 
two Roots, by only changing the Signs. But they are accommodated 
to the two Caſcs.of Convergency, according as @ or & may happen to 
be the greater quantity. | 7 N | 
I ſhall here reſolve the foregoing Quantity after another manner, 
the better to prepare the way for what is to follow. Suppoſe then 
yy =aa + xx, where we may find the value of the Root y by the 
following Proceſs : yy =aa + xx==(if y p aa + 2aþ + pp; 


| Mem 4k ns I En. . x*q 
or 2aþ + fp = xx (if p=—= +9) xx + 249 + = + = 
| x*q 2 . MAL . 8 x4 4 
x4 „ „%) 
i mann. en TE 3 Or Rare 3 > + 
A 


| 92 25 ai! „ ee 
Ir = = (if 7 = I. 5) &c. which Proceſs may 
be thus explain'd in words. 

In order to find V aa + xx, or the Root y of this Equation 
yy = 44a + xx, ſuppoſe y = a p, where à is to be underſtood as 
a pretty near Approximation to the value of y, (the nearer the bet- 
ter,) and p is the ſmall Supplement to that, or the quantity, which 
makes it compleat. Then by Subſtitution is derived the firſt Sup- 
plemental Equation 2ap + f == xx, whoſe Root p is to be found. 
Now as 24p is much bigger than pp, (for 24 is bigger than the Sup. 


plement p,) we ſhall have nearly þ == , Or at leaſt we ſhall hay D 
 exaitly p= + 2, ſuppoſing 9 to repreſent the ſecond Supple- 
jj | ment 
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ment of the Root. Then by Subſtitution 2ag + 29 + 99 == 
=. will be the ſecond Supplemental Equation, whoſe Root g is the 


| ſecond Supplement. Therefore =q will be a little quantity, and gg 


much leſs, ſo that we ſhall have nearly 9 2 Li or accurately 
q =— = + 7, if be made the third Supplement to the Root. 


| 3 3 x4 _ GAY, 10 Wo | 
And therefore 2 + —=F— . f — = will be the 


third Supplemental Equation, whoſe Root is r. And thus we may 
go on as far as we pleaſe, to form Reſidual or Supplemental Equa- 
tions, whoſe Roots will continually grow leſs and leſs, and there 
fore will make neafer and nearer Approaches to the Root y, to which 
they always converge. For y z=# 4p, where p is the Root of this 
Equation 24% + Jþ =xx. Ory==a+5 +9, where q is the 


Root df this Equation 247 + = 7 * 1 o Or e 4 + 
_ > 


= — — + r, where 7 is the Root.of this Equation 2ar — r — 
iind ſo on. The Reſolution of any one 


„ De d= 1 4 41 £77 380 
of theſe Quadratick Equations, in the ordinary way, will give the 
. reſpective Supplement, which will compleat the value of y. _ 

T took notice before, upon the Article of Diviſion, of what may 
be call'd a Compariſon of Quotients; or that one Quotient may be 
exhibited by the help of another, together with a Series of known 


_-or ſimpie Terms. Here we have an Inftance of a like Comparifon 


of Roots; or that the Root of one Equation may be expreſs d by 
the Root of another, together with a Series of known or ſimple 
Terms, which will hold good in all Equations whatever. And to 
eatry on the 'Analogy, we ſhall hereafter find a like Compariſon of 
Fluents; Where one Fluent, (fappoſe, for inſtance, a Curvilinear 


Atea,) will be expreſs d by another Fluent, together with a Series 
of fimple Terms. This I thought fit to inſinuate here, by way of 


anticipation, that I might ſhew the conſtant uniformity and har- 


mony of Nature, in theſe Speculations, hen they are duly and re- 


gularly purfued. | 
But I ſhall here give, ex abundanti, another Method for this, and 
ſuch kind of Extractions, tho' perhaps it may more properly be- 
long to the Reſolution of Affected Equations, which is ſoon to fol- 
low ; however it may ſerve as an Introduction to their Solution. 
1 The 
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The firſt Reſidual or Supplemental Equation in the foregoing Pro- 
ceſs was zap + pp == xx, which may be reſolved in this manner. 
Becauſe p= ——, it will be by Diviſion fp== — 25 +: — — 
=; + =, &c. Divide all the Terms of this Series (Except the 


firſt) by p, and then multiply them by the whole Series, or by the 


* „ x4þ x4þ* 
""_ of p, and you will have P == — = + F— 327 + 
— , &c. where the two firſt Terms are clear'd of p. Divide all the 


Terms of this Series, except the two firft, by p, and multiply them 
by the value of , or by the firſt Series, and you will have a Series 
for p in which the three firſt Terms are:clear'd of p. And by re- 
peating the Operation, you may clear as many Terms of þ as you 
; x” oO * 
| Pleaſe, So that at laſt you will have h 25 75 TE 
4 See, Kc. which will give the ſame value of y as before. 
13, 14,15, 16, 17, 18. The ſeveral Roots of theſe Examples, and 
of all other pure Powers, whether they are Binomials, Trinomials, 
or any other Multinomials, maybe extracted by purſuing the Me- 


2 
» 


thod of the foregoing Proceſs, or by imitating the like Praxes in 
Numbers. But they may be perform'd mueh more-readily-by.gene- 
ral Theorems computed for that purpoſe. And as there will be fre- 
2quent occdfion, in the enſuing Treatiſe, for certain general Opera- 
tions to be perform'd with infmite Series, ſuch as Multiplication, 
Diviſion, raiting of Powers, and iextracting of Roots; I {hall here 
derive ſome Theorems for thoſe purpoſes. "6. 
I. Let A+B+C+D+E, &c."P+ Q+ReS4+T,$c. and 
a + + +S-+ e, &c. repreſent the Terms of three ſeveral Series 
reſpectively, and let ABEC P AE, &. into-P+Q+R+8+T, 
&. = +8 +9 + Le, &c. Then by the known Rules of 
Multiplication, by which every Term of one Factor is tobe multi- 
ply'd into every Term of the other, it will be a = AP, = AQ 
BP, += AR+BQ—+ CP, S——=AS4+BR+EQ+DP, e<AT+ 
BS + CR DOE p; and ſo on. -Fhen-by Subſtitutien it: Will be 
. D+ i, Ok FU Rep 5 Ly oil 4 BRACP P. He. 
CCC ed 
| | | / 1. JOþARSBREGR 


1 o+ASÞBS 


And 


CER — — 
5 Tn 


— . 


&c. Terms of the Series reſpectively. 
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And this will be a ready Theorem for the Multiplication of 80 
infinite Series into each other; as in the following Example. 


ee ee ee OA AM, ©. M 
; „ * 
en 7 = += 7 &c. into 1 N ot e = ＋ exe. 
x3 12145 2844 
1 2" = a 
a* 4x0 +5 + 2. a, &c. woes, of ar- Rs. = 280 &. 
| 3 x+ 
za be — — 
3 7 24 
++ dane? = 
| 118 15a* 
7a by” 
| * 
"IE 


A130 ſo in all other caſes. 


II. From the ſame Equations above we ſhall have A-== £ 


Ba E=3C 6. wig. AT 3 hy Ph 


Len r 85 17 „&c. And then 98 3 — e wi 


. 2 —A5 aſs? b cs —35— SAT eg” This 1 . 
will ſerve commodiouſly for the Diviſion of one infinite Series by 


another. Here for conveniency-ſake the Capitals A, B, C, D, &c. 


are retained in the Theorem, to denote the firſt, ſecond, third, fourth, 


le) (8). 
Thus, for Example, if we would divide the Series * +: — + 
(* Gt. (P) ( (R) (S) (1) 


x- 3 121&ð 83 281K * by the Series ab bx 7+ I +75 &c. 


1 200a 12602 2 


the Quotient will be @ + — * TA; 4 0 


* Pr 


r reſtoring the Values of 
A, B, c D, & which . the ſeveral Texts as they ſtand in 


121x3 
r 


ord — = — 2 2 
order, the Quotient will become a — 2 + = —_—— + + &c. 


And after the ſame manner in all other n os 
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III. In the lat Theorem make a =, G o, y==0, $==0, &c. 


5 * BQ+AR _ CQ+BR+48 _ 


f PE N W e P 
I — , &c. which Es will readily find the Recipro- 


cal of any infinite Series. Here A, B, C, D, &c, denote the ſeveral 
Terms of the Series in order, as before. 
| (P) ( 


Thus if we would know the Reciprocal of the Series a+ AN 
R) (5) (T) 


5 = = + 2 = , &c, we ſhall have by Subſtitution - — = — 
<A +2xB aka —B ＋ TX C He A * —B +£c + xD 

e. 3 7 Value of A, B,.C, D, &c. i will be =:— 
_— — — _ — * 2 Cee. for the Reciprocal required. : 


1 
Ex. 2. 1— (regs ug Töæs, Ec. 
ſo of others. | | 
IV. In the firſt Theorem if we make P=>=A, Q== —ÞB, RSC, 
D, &c. that is, if we make both to be the fame Series: we ſhall have 


TT DET T0, Sc. IL =A%+ 2AB+2AC+2AD + 2AE +2AF +2AG,E&c. 
g | | ; EBT +2BC +2BD + 2BE + 2BF 
+ © -+ 2zCD+ 2CE 
＋ 


which will be a Theorem for finding the Square af any infinite 
Series, 


== 1+ =x + 2x2 $x?, &c. And 


„ * K 10 2 x4 a6 48 x10 x13 
5- 7 Ge. 2 5 1 c. 


Ex. * 24 eis I 807 z r 12848 250410 
x3 x70 54 
Te Gab HI 
BY a PLS 
| * = 
x4 x6 * 7416 21212 


— „ 84 _ 6446 — 1284 51240 
Ex. 2. — 4x3 — & = Ke. 1 p K + Ex4 + 4$5x*, &c. 


bx * * . x* hk F*? 
Ex. 3. —— 2 . „&c. 
b 2 . bs 63x3 35 
Bas * 5a 3 
4a 1704x4 
* 3 


j-2_ „ 299 13x19 36x18 


ga% 274 2434 752975 


— ——— —Efꝓ—6ͤ—B 
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V. In this laſt Theorem, if we make A*— ÞP, 24B==Q, 2AC 


＋ BRA, r 2AE + 2BD + O =I. &c. we 
R — B? — 


- ſhall have A = Ps, B C 75 5D 


e &c. Or NUN +T+U, &c. I == P* 


2A 
s- * Fre . 
— — 2A —— 2 os — —+ 2A —.— 2A * &c. 


By this Theorem the 3 of any infinite Series may eaſily be 
extracted, Here A, B, C, D, &c. will repreſent the ſeveral Terms of 
the Series as they are in ſucceſſion 


= &c. r- &. 
2 


_— L 2 2 x6 x8 x10 
Ex. 2.2 4³⁵ erte „ OE a roron; aca eg 24 . += 
VI. Becauſe i it is by the fourth Theorem TAE J e, &c. | * 
= a + 208 + 2c % + 248 + 2, &c, in the third Theorem for 
+ 8* —+ 287 + 284 
+ ** 
P,Q,R,S, T, &c. write , 28, 2a y + 8, 240 + 28, 20s 


＋ 284 +9*, &c. reſpectively. Then rien g = = 
268A i x A 2a4B8C + 24 +Þ* 8 Cc. 
— — 5 *. 


And this will be a 3 for finding the 8 of the Square 
of any infinite Series. Here A, B, C, D, &c. ſtill denote the Terms 
of the Series in their order. 

VII. If in the firſt Theorem for P, Q. R, 8, &c. we write 
A“, 2AB, 2AC + B?, 2AD -+ 2BC, &c. reſpectively, ( that is 
AFBICTD, &c.|* by Ther. 4.) we ſhall have A+FB+C+D+E+F,&c.[*: 
= AS j- 3AB + 3AB* + 3A*D + 3jAC* + 3BC?, &c. 

+ 3A*C + 6ABC-+ 3B*C + 3B*D 
+ B. ＋ ABD ACD 
+ 3A*E ＋ ABE 


Ex. I. X*—20x+20*%—= 44 


„Oc. 


+ 3AF 
which 7 ä give the Cube of any infinite Series. 
0 1 * & 10x7% 
Ex, 1. 3a* 222 2434 t. — 27a6. —— pv, 7294 2007s? 
4 | | att 10x 
* 720 
| R 8 
— 
1 x3 x22 8x3 VL ke | PINT. + 
iu = n . z, &. 
5 Ex. 
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Ex. 2. Lr Lr, &c.| SX TTT, &c. 


VIII. In the laſt Theorem, if we make A =P, 3A -B — Q, 


AB* + 3A*C==R, B= + 6ABC-+ 3A*D==S, &c. then A=Pr, 


B= =, C= — 2 , D= = — 


34 * 3 3A* 
R — 3AB* 1 | 
P+Q+R+5S+T, &c. TH Pie Sg ina — — 


T=, c. And by this Theorem the Cube- | 


+ 35 


root of any infinite Series may be extracted. Here alſo A, B, ©, D, 


&c, will 1 the Terms as LL ſtand 1 ga _ 
x2 8x2*5 + ox“ 
Ex X. I. 2 WIT In 3 RL 5. — . FP 243a . 
Ex. 2. T* + 75%" rr, &c. IW & T + 7453+, &c. 
IX. Becauſe it is by the ſeventh Theorem « + &—+ » + , &c. | f 
== &* + 33 + 38. + 85, &c. in the third Theorem for P, 
+ 3a*y + bafty 
+ 34% K 
QR, S, T, &c. write as, 3a g, 3af8* + 3a*y, ra 30 , 
3 ＋38˙7 + bad + 3, &c. reſpectively; then 1 pF 
33 = —— 34 5 xA _ 34*8C-+3a82 +30 2 —— ata 


-oag 


This 8 will 7 the Reciprocal of the cube of any infinite 
Series; where A, B, C, D, &c. ſtand for the Terms in order. 

X. Laſtly, in the firſt Theorem if we make P—As, „ 3A B, 
-R=—=3AB? + 3A*C, S = BQ ABC 3A*D, &c. we ſhall have 
A, &c. | * =A*-+ 4A*B+ 6A*B* +4 AB}, &c. which 

—+— 4A5C + 12A*BC 
+ 445D 

will be a 3 for finding the Biquadrate of any infinite Series. 

And thus we might proceed to find particular Theorems for any 
other Powers or Roots of any infinite Series, or for their Recipro- 
cals, or any fractional Powers compounded of theſe; all which will 
be found very convenient to have at hand, continued to a competent 
number of Terms, in order to facilitate the following Operations. 
Or it may be ſufficient to lay before you the elegant and general 
Theorem, contrived for this purpoſe, by that ſkilful Mathematician, 
and my good Friend, the ingenious Mr. A. De Moivre, which was 
firſt publiſh'd in the Philoſophical Tranſactions, Ne 230, and which 


will readily perform all theſe Operations. 


& 2 Or 


, > i 
— a — ——„——ĩ— —— 


— — en — 
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Or we may have recourſe to a kind of Mechanical Artifice, . by 
which all the foregoing Operations may be perform'd in a very eaſy 
and general manner, as here follows. ; 

When two infinite Series are to be multiply'd together, in order 
to find a third which is to be their Product, call one of them the 
Multiplicand, and the other the Multiplier. Write down upon your 
Paper the Terms of the Multiplicand, with their Signs, in a deſcend- 
ing order, ſo that the Terms may be at equal diſtances, and juſt | 
under one another. This you may call your fixt or right-hand Paper. 
Prepare another Paper, at the right-hand Edge of which write down 
the Terms of the Multiplier, with their proper Signs, in an aſcend- 


ing Order, ſo that the Terms may be at the fame equal diſtances 


from each other as in the Multiplicand, and juſt over one another. 


This you may call your moveable or.left-hand Paper. Apply your 


moveable Paper to. your. fixt Paper, ſo that the ficſt-Term of your 
Multiplier may ſtand over-againſt the firſt Term of your Multipli- 
cand. Multiply theſe together, and write down the Product in its 
place, for the firſt Term of the Product required. Move your move- 
able Paper a ſtep lower, ſo that two of the firſt Terms of the Mul- 
tiplier may ſtand over-againſt two of the firſt Terms of the Multi- 
plicand. Find the two Products, by multiplying each pair of the 
Terms together, that ſtand over-againſt one another; abbreviate 
them if it may be done, and ſet down the Reſult for the ſecond 
Term of the Product required. Move your moveable Paper a ſtep 
lower, ſo that three of the firſt Terms of the Multiplier may ſtand 
over- againſt three of the firſt Terms of the Multiplicand. Find the 
three Products, by multiplying each pair of the Terms together that 
ſtand over-againſt one another; abbreviate them, and ſet down the 


Reſult for the third Term of the Product. And proceed in the ſame 


manner to find the fourth, and all the following Terms. | 
I ſhall illuſtrate this Method by an Example of two Series, taken 
from the common Scale of Denary oi Decimal Arithmetick; which 
will equally explain the Proceſs in all other infinite Series whatever. 
Let the Numbers to be multiply'd be 37, 528936, &c. and 
528,7 3041, &c. which, by ſupplying X or 10 where it is under- 
ttood, will become the Series 3X + 7X* + FX 2X-*-+ 8X=3 


＋ 9X-*+ ZX 0X-5, &c. and X + 2X + XQ VX 


3X—*+ 0X73 + 4X-4++ 1X=5, &c. and call the firſt the Multipli- 
cand, and the fecond the Multiplier, Theſe being diſpoſed as is 
preſcribed, will ſtand as follows, FL | 
| | Multiplier, 


— 
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FY * 1 


Multiplier, IMultiplicandd Product 1X 
PF. me > I5X3 - - - -- X 
LIN | +7X0 I +4nXt - == an =. BN 
+4X+] | + 5X7 EX - 4X | 
+ OX + 2X”* [-- +97X* --- -- === 2X9 
8 + 5X”3 [rob MATT ee ee IS GX 
ole 7A + 985+ |- == 133X720 == = 8X» 
_m_ 3X” [- --+138X>-3 -- == = = 8X=3 
+ 2X + 6X5 |-= == +201X'- - IX 
06S] Sc. Sc.. Sc. 


Now the firſt Term of the moveable Paper, or Multiplier, being: 


apply'd to the firſt Ferm of the Multiplicand, will give 5X* x 3X 
= 15X* for the firſt Term of the Product. Then the two firſt 
Terms of each being apply'd together, they will give X x 7X*- 
+ 2Xx3X==41X* for the ſecond Term of the Product. Then 
the three firſt Terms of each being apply'd together, they will give 
SX x $X"*+ 2X XX + 8X* % 3X ==63X for the third Term 


of the Product. And ſo on: So that the Product required will be 
15N* + AIX; + 63X + 97X* + 142X"*+-133X"*+-138X-# 
+ 201X-+, &c, Now this will be a Number in the Decimal Scale 


of Arithmetick, becauſe X —= 10. But in that Scale, when it is re- 


gular, the Coefficients muſt always be affirmative Integers, leſs than 
the Root 10; and therefore to reduce theſe to ſuch, ſet them orderly 


under one another, as is done here, and beginning at the loweſt, col- 
le& them as they ſtand, by adding up each Column. The reaſon of 
which is this. Becauſe 201X-+=—= 20X-3-- 1X-4, e muſt ſet 


down IX, and add 20X-> to the line above. Then becauſe 20x 


+ 138X-3== 158X=3 —= 15X=*=+ 8X-3, we mult ſet down 8X. 


and add 15X-= to the line above. Then becauſe 15 ＋ 133K — 


= 148X= = 14X=*+ X, we muſt ſet down 8X, and add 
1FX= to the line above, And ſo we mult” proceed through the 


whole Number. So that at laſt we ſhall find the Product to be 1X+ 


+ 9X* + 8X* + 4X -2X* + 6X—"4-8X=2 N Kc. Or 


by ſuppreſſing X, or 10, and leaving it to be ſupply'd by the Ima- 


gination, the Product required will be 19842, 688, &c. 
When one infinite Series is to be divided by another, write down 
the Terms of the Dividend, with their proper Signs, in a deſcend- 


ing order, ſo that the Terms may be at equal diſtances, and juſt un- 
| | der | 


. —„—-— "EM — — — 4 — 
— ⁵⅛— ⁵ed˙— ŔN T a Mat hes — 
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der one another. This is your fixt or right-hand Paper. Prepare 


another Paper, at the right-hand Edge of which write down the 


Terms of the Diviſor in an aſcending order, with all their Signs 
changed except the firſt, ſo that the Terms may be at the ſame equal 
diſtances as before, and juſt over one another. This will be your 
moveable or left-hand Paper. Apply your moveable Paper to your 
fixt Paper, ſo that the firſt Term of the Diviſor may be over-againſt 
the firſt Term of the Dividend. Divide the firſt Term of the Di- 
vidend by the firſt Term of the Diviſor, and ſet down the Quotient 


over-againſt them to the right-hand, for the firſt Term of the Quo- 


tient required. Move your moveable Paper a ſtep lower, fo that 
two of the firſt Terms of the Diviſor may be over-againſt two of 
the firſt Terms of the Dividend. Collect the ſecond Term of the 
Dividend, together with the Product of the firſt Term of the Quo- 
tient now found, multiply'd by the Terms over-againſt it in the left- 
hand Paper ; theſe divide 

the ſecond Term of the Quotient required. Move your moveable 
Paper a ſtep lower, ſo that three of the firſt Terms of the Diviſor 
may ſtand over-againſt three of the firſt Terms of the Dividend. 
Collect the third Term of the Dividend, together with the two Pro- 
ducts of the two firſt Terms of the Quotient now found, each be- 
ing multiply'd into the Term over-againſt it, in the left-hand Paper. 
Theſe divided by the firſt Term of the Diviſor will be the third 
Term of the Quotient required. Move your moveable Paper a ſtep 
lower, ſo that four of the firſt Terms of the Diviſor may ſtand over- 
againſt four of the firſt Terms of the Dividend. Colle& the fourth 
"Term of the Dividend, together with the three Products of the three 
firſt Terms of the Quotient now found, each being multiply'd by 
the Term over-againſt it in the left-hand Paper. Theſe divided by 
the firſt Term of the Diviſor will be the fourth Term of the Quo- 


tient required, And ſo on to find the fifth, and the ſucceeding 


Terms. 
For an Example let it be propoſed to divide the infinite Series 


Ix 81x =_—_ | 
a* + 54x ＋ e + —= + — &c. by the Series 4a + & 


＋ 22 = „&. Theſe being diſpoſed as is preſcribed, 
will ſtand as here follows. 


Diviſor, 


ed by the firſt Term of the Diviſor will be 


72 8 


Ples, together with the following negative. Signs, and the Numbers 
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Diviſor, Dividend | Quotient 
| Sc. 22 4 m— —— x —U—fb Tz 4 8 
x4 C7 | 
. Tas ＋ AN —+— Fax — ra — — Tax 3 on al * pf T* 
N x3 | K * 
Is + Ter ＋ M nn get men gat ot += 
| K* 2 121x3 121x3 x3 x3 x3 x3 x3 
beret” 7260 H 12505 io. oe e 1 
x 281x4], 281x4 a+ x+ x4 x4 14 x4 
— — — — — — — — 
| ax 1260 [126 14 5 2% 0 + gas 
Fru Ce. : &c. | Sc | 


Here if we apply the firſt Term of the Diviſor 4, to the firſt 
Term of the Dividend 22, by Diviſion we ſhall have &@ for the firſt 
Term of the Quotient. Then applying the two firſt Terms of the 
Diviſor to the two firſt Terms of the Dividend, we. ſhall have Sax 
to be collected with the Product à x — Ex, or — ax, which will. 


make ax; and this divided by a, the firſt Term of the Diviſor, 


will give —=x for the ſecond Term of the Quotient. And fo of. 
the other Terms; and in like manner for all other Examples. 

When an infinite Series is to be raiſed to any Power, or when 
any Root of it is to be extracted, it may be perform'd in all caſes 
by a like Artifice, Prepare your fixt or right-hand Paper, by wri- 


ting down the natural Numbers o, 1, 2, 3, 4, &c. juſt under one an- 


other at equal diſtances, reſerving places to the right-hand for the 
ſeveral Terms of the Power or Root, as they ſhall be found. The 
firſt Term of which Series may be immediately known from the firſt 


Term of the given Series, and from the given Index of the Power 


or Root, whether that Index be an Integer or a Fraction, affirmative 
or negative; and that Term therefore may be ſet down in its place, 
over-againſt the firſt Number o. Prepare your moveable or left- 
hand Paper, by writing down, towards the edge of the Paper at the 
right-hand, all the 'Terms of the given Series, except the ER over 
one another in order, at. the ſame diſtances as the Numbers in the 
other Paper. After which, nearer the edge of the Paper, write juſt 


cover one another, firſt the Index of the Power or Root to. be found, 


then its double, then its triple, and ſo the reſt of its multiples, 
with the negative Sign after each, as far as the Terms of the Series 
extend. And alſo the firſt Term of the given Series may be wrote 
below. Thus will the moveable Paper be prepared. Theſe multi- 


©, 


— nt et —— —— —— — 
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©, 1, 2, 3. 4, &c. on the other Paper, when they meet together, will 


_compleat the numeral Coefficients. Apply therefore the ſecond Term 
of the moveable Paper to the uppermoſt Term of the fixt Paper, 
and the Product made by the continual Mutiplication of the three 
Factors that and. in- a line over-againſt one another, [which are the 
ſecond Term of the given Series, the numeral Coefficient, (here the 


given Index,) and the firſt Term of the Series already found, ] di- 


vided by the firſt Term of the given Series, will be the ſecond Term 
of the Series required, which is to be ſet down in its place over- 
againſt 1, Move the moveable Paper a ſtep lower, and the two 


Products made by the multiplication of the Factors that ſtand over- 
againſt one another, (in which, and elſewhere, care muſt be had to 


take the numeral Coefficients compleat,) divided by twice the firſt 


Term of the given Series, will be the third Term of the Series re- 

uired, which is to be ſet, down in its place over-againſt 2. Move 
the moveable Paper a ſtep lower, and the three Products made by 
the multiplication of the Factors that ſtand over-againſt one another, 
divided by thrice the firſt Term of the given Series, will be the 


Fourth Term of the Series required. And ſo you may proceed to 


find the next, and the ſubſequent Terms. 
It may not be amiſs to give one general Example of this Reduc- 
tion, which will comprehend all particular Caſes. If the Series ag 
＋ b2* + £23 -+ dz*, &c. be given, of which.we are to find any 
Power, or to extract any Root; let the Index of this Power or Root 
be mm. Then prepare the moveable or left-hand Paper as you ſee 
below, where the Terms of the given Scries are ſet oyer one another 
in order, at the edge of the Paper, and at equal diſtances. Alſo 
after every Term is put a full point, as a Mark of Multiplication, 
and after every one, (except the firſt or loweſt) are put the ſeveral 
Multiples of the Index, as m, 2m, 3m, 4m, &c. with the negative 
Sign — after them. Likewiſe a vinculum may be underſtood to 
be placed over them, to connect them with the other parts of the 
numeral Coefficients, which are on the other Paper, and which 
make them compleat. Alſo the firſt Term of the given Series is 
ſeparated from the reſt by a line, to denote its being a Diviſor, or 
the Denominator of a Fraction. And thus is the moveable Paper 
prepared. =: 
To prepare the fixt or right-hand Paper, write down the natu- 
ral Numbers o, 1, 2, 3, 4, &c. under one another, at the ſame equal 
diſtances as the Terms in the other Paper, with a Point after them 


as a Mark of Multiplication and over-againſt the firſt Term 9 


write 
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write 4 for the firſt Term of the Series required. The reſt of 
the Terms are to be wrote down orderly under this, as they ſhall be 
found, which will be in this manner. To the firſt Term o in the 
fixt Paper apply the ſecond Term of the moveable Paper, and they 


will then exhibit this Fraction . m—o. as which being reduced 
| AK. I 


to this mau ib zn, muſt be ſet down in its place, for the ſecond 
Term of the Series required. Move the moveable Paper a ſtep lower, 


and you will have this Fraction exhibited cr. 2 — 0. a- 
| + b2*. m — I. na m r 
ag. 2 


which being reduced will become ma" + mx e . x , 

to be put down for the third Term of the Series required. Bring 

down the moveable Paper a ſtep lower, and you will have the 
Fraftion + dz+*. zm — 0. "2" | 

| + £23, 2/1 — I. na g 


— 58. m — 2. mani hs Mm X _— x Zs 


as. 3 
whichreduc'd willbema*—d&rmx— 5 2E, 


for the fourth Term of the Series required. And in the ſame man- 
ner are all the reſt of the Terms to be found. 


Moveable Fixt Paper E 
Paper, &c. | o. an2” 
+ des. 3m—| II. ma"—"bg=+ 


ac. — 


＋ 02 , 271 — | 2. MX ah + Mac x 2*Þ 
| ok by | 
+ 582. M— 3. NX — E an—3 3 1. a2 g in an- NZ 


a. f oc. - 06 


— 


I —— 


—— — 


N. B. This Operation will produce Mr. De Mozvre's Theorem 
mentioned before, the Inveſtigation of which may be ſeen in the 
place there quoted, and ſhall be exhibited here in due time and 
place. And this therefore will ſufficiently prove the truth of the 


preſent Proceſs. In particular Examples this Method will be found 


very eaſy and practicable. 
| Aa | But 
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But now to ſhew ſomething of the uſe of theſe Theorems, and 
at the fame time to prepare the way for the Solution of Affected and 
Fluxional Equations; we will here make a kind of retroſpect, and 
reſume our Author's Examples of ſimple Extractions, beginning 
with Diviſion itſelf, which we ſhall perform after a different and an 
eaſier manner. | | 


Thus to divide aa by 6 ＋ x, or to reſolve the Fraction => 


into a Series of ſimple Terms; make 22 ==, or by + xy==aa. 


Now to find the quantity y diſpoſe the Terms of this Equation after 


this manner 41 == 4*, and proceed in the Reſolution as you ſee 


is done here. 


„ CF — Tt 


Here by the diſpoſition of the Terms 4* is made the firſt Term 
of the Series belonging (or equivalent) to by, and therefore dividing 
by 5, 5 will be the firſt Term of the Series equivalent to y, as is ſet 


down below. Then will + 27 be the firſt Term of the Series 


+ xy, which is therefore fet down over-againſt it; as alſo it is ſet 
down over-againſt by, but with a contrary Sign, to be the ſecond 


Term of that Series. Then will — 77 be the ſecond Term of y, 
to be ſet down in its place, which will give — = for the ſe- 
cond Term of + xy; and this with a contrary Sign muſt be ſet down 


for the third Term of by. Then will + 52 be the third Term of 


y, and therefore + * will be the third Term of + xy, which 
with a contrary Sign muſt be made the fourth Term of by, and there- 
= will be the fourth Term of y. And fo on for ever. 


ax 
fore — 5 


Now the Rationale of this Proceſs, and of all that will here fol. 
low of the ſame kind, may be manifeſt from theſe Conſiderations, 
The unknown Terms of the Equation, or thoſe wherein y is found, 
are (by the Hypotheſis) equal to the known Term ag, And each of 


thoſe 


- 
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thoſe unknown Terms is reſolved into its equivalent Series, the Ag- 
gregate of which muſt ſtill be equal to the fame known Term aa ; 
(or perhaps Terms.) Therefore all the ſubſidiary and adventitious - 
Terms, which are introduced into the Equation to aſſiſt the Solution, 
(or the Supplemental Terms,) muſt mutually deſtroy one another. 
Or we may reſolve the fame Equation in the following manner: 


Bas bags b3a* 
{2 1 + = „&c. 


bat 624% b3a 
+ xy 22 — 5 5 — —_ , &c. 
a* ba b*a* b3a 
f. TEE IRE 


Here a* is made the firſt Term of + xy, and therefore 5 muſt 


be put down for the firſt Term of y. This will give + — for the 
firſt Term of by, which with a contrary Sign mult be the ſecond 
Term of ＋ xy, and therefore — = muſt be put down for the ſe- 


cond Term of y. Then will — = be the ſecond Term of by, 
which with a contrary Sign will be the third Term of -+ xy, and 
therefore + = will be the third Term of 5. And ſo on. There- 


fore the Fraction propoſed is reſolved into the ſame two Series as 
were found above. | 
I 


. 7 2 ; 
If the Fraction —— were given to be reſolved, make 2 2 


==), or y + x*y== 1, the Reſolution of which Equation is little 
more than writing down the Terms, in the manner following: 


5 J=I=x*+x+—x5-x%,8&c, y JÞ---+x*—x"#+x5-x>* &c. 
r bc. 


Here in the firſt Paradigm, as 1 is made the firſt Term of y, fo 
will x* be the firſt Term of x*y, and therefore — x* will be the 
ſecond Term of y, and therefore — x. will be the ſecond Term of 
x*y, and therefore + x; will be third Term of y; &c. Alſo in the 
ſecond Paradigm, as 1 is made the firſt Term of x*y, fo will + x=: 
be the firſt Term of y, and therefore — * will be the ſecond 
Term of x*y, or — x74 will be the ſecond Term of y; &c. 

Aa 2 10 


5 yy a N — - 
— —NUü—U—ʒ—ä ẽ æ ä; —— —Ewʒ—ñ— —ů— — — 


180 The Method of Fiuxtons, 


| 4 7 = 
To reſolve the compound Fraction a ie into ſimple Terms, 
I+bx3i—3x 
3 
2x%—x 


make — jy, or 2* — * == » + x*y — 3xy; which E- 


14 — 3K . 
quation may be thus reſolved : 


= 2* XR — ** 


1, a + xt — 133% + 34xt— 73x, Kc. 


＋E * e == == + 2x — 2x* + 7x* — 13 ＋ 34, &c. 
. - — 6x* + 6x* — 21x* + 39, &c. 


Place the Terms of the Equation, in which the unknown quan- 
tity y is found, in a regular deſcending order, and the known Terms 


above, as you ſee is done here. Then bring down 2x* to be the firſt 
Term of y, which will give + 2x for the firſt Term of the Scries 


+ x*y, which muſt be wrote with a contrary Sign for the ſecond 
Term of y. Then will the ſecond Term of ＋ x*y be — 2, and 
the firſt Term of the Series — 3xy will be — 6x*, which together 
make — 8x*. And this with a contrary Sign would have been wrote - 
for the third Term of y, had not the Term — x* been above, which 
reduces it to + 7x* for the third Term of y, Then will + 7x* 


be the third Term of + x*y, and ＋ 6x* will be the ſecond Term 
of — 3ay, which being collected with a contrary Sign, will make 
— 13x* for the fourth Term of y; and ſo on, as in the Paradigm. 
If we would reſolve this Fraction, or this Equation, ſo as to ac- 
commodate it to the other caſe of convergency, we-may invert the 
Terms, and proceed thus : | 


3 
— x * ＋ 2X* 


hh 1 _ — x + Ax. —+ 22, &c. 


+ * 222 + 3% + I — 4, &c. 
Mo eb ner + Ex* ++, &c. 
J ==3X* +5 — 35% *— N, &c. 


Bring down — x* to be the firſt Term of — 3xy, whence + xt 
will be the firſt Term of y, to be ſet down in its place, Then the 
| , e 


— — 
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firſt Term of + x*y will be + A, which with a contrary Sign 
will be the ſecond Term of — 3xy, and therefore + 5 will be the 


ſecond Term of y. Then the ſecond Term of + x*y wil be + ix, 

and the firſt Term of y being ＋ £x*, theſe two collected with a 
contrary Sign would have made — 3 for the third Term of — 3xy, 

had not the Term ＋ 2x* been Nat above. Therefore uniting 


theſe, we ſhall have + e for the third Term of — 3xy, which 


will give — £4x—-= for the third Term of y. Then will the third 
Term of + 45 be — 3+, and the ſecond Term of y being ＋ 7. 
theſe two collected with a contrary Sign will make + 4+ for the 
fourth Term of — 3xy, and therefore — r will be the fourth 


Term of y; and fo on. 
And thus much for Diviſion ; now to go on to the Author's pure 


or ſimple Extractions. 

To find the Square- root of aa ＋ xx, or to extract the Root y of 
this Equation yy == aa + xx; make y = a ＋ p, then we ſhall have 
by Subſtitution 2aþ + fþþ = xx, of which affected Quadratick Equa- 
tion we may thus extract the Root p. Diſpoſe the Terms in this 
manner _ xx, the uUpKknowel Terms in a deſcending order on 


+ PP 
one fide, and the known Term or Terms on the other fide of the 
Equation, and proceed in the Extraction as is here directed. 


26P „ 4a* + 844 6445 . 128480 &c. 


x4 - x6 5x8 7x10 
2 on” as — —— — — — | 
WD e 844 no Wd 12848? &c. 


** x4 . 7x 
== — , © greens &. 


Buy this Diſpoſition of the Terms, x* is made the firſt Term of 
the Series belonging to 24þ; then we ſhall have < for the firſt 
Term of the Series p, as here ſet down underneath, Therefore 
= will be the firſt Term of the Series pa, to be put down in its 


place over-againſt p*, Then, by what is obſerved before, it muſt 
be put down with a contrary Sign as the ſecond Term of 2ap, 


which will make the ſecond Term of þ to be — = : Having there- 
|: | fore 
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fore the two firſt Terms of 5 == =, we ſhall have, (by any 


of the foregoing Methods for finding the Square of an infinite Se- 
ries,) the two firſt Terms of 5. == 455 bea 2 ; which laſt Term | 


muſt be wrote with a. contrary Sign, as the third Term of 245. 
0 | it Frag ; | 
Therefore the third Term of p is , and the third Term of p- 


16 
(by the aforeſaid Methods) will be =; which is to be wrote with 
a contrary Sign, as the fourth Term of 2ap. Then the fourth 
Term of p will be — , and therefore the fourth Term of p* is 


12847? 
=x10 FI 0 | ; * * . 
— Die, Which is to be wrote with a contrary Sign for the fifth 


Term of 2ap. This will give , for the fifth Term of p; and fo 


we may proceed in the Extraction as far as we pleaſe. 
Or we may diſpoſe the Terms of the Supplemental Equation thus: 


a3 as 
24 nl * gn” 7 &c. 

3 5 | 
+f*\=x* — 2 + 24 — — # + „ &c. 


. az . 
þ N — 2 & — #5 &c. 


Here x* is made the firſt Term of the Series pa, and therefore x, 
(or elſe — ,) will be the firſt Term of p. Then 24x will be the 
firſt Term of 2ap, and therefore — 2ax will be the ſecond Term of 
pa. So that becauſe p*z===x*%— 24, &c. by extracting the Square-root 
of this Series by any of the foregoiug Methods, it will be found 

== X — 4, &c. or —@ will be the ſecond Term of the Root p. 
Therefore the ſecond Term of 2ap will be — 242, which muſt be 
wrote with a contrary Sign for the third Term of p*, and thence (by 


Extraction) the third Term of p will be 2 . This will make the 
third Term of 200 to be L, which makes the fourth Term of 5. 
to be — 2 , and therefore (by Extraction) o will be the fourth Term 
of p. This makes the fourth Term of 24p to be o, as alſo of 5s. 


Then — g will be the fifth Term of p. Then the fifth Term of 
1 | 2ap 2 
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2ap will de = which will make the fixth Term of Pe to be 
2; and therefore o will be the ſixth Term of p, &c. 


Here the Terms will be alternately deficient ; oy that in the ren 
Equation yy = aa + 5 the Root will be y =@+ x — 4 + = 


as 
&c. that 1s y=x+ = — — 2 + = re, &c, which is the _ as 


if we ſhould change the order of the Terms, or if we e ſhould change 


a into x, and x into à. 

If we would extract the Square-root of aq — xx, or find the 
Root y of the Equation yy == aa — xx; make y =a + P, as be- 
fore; then 2ap + . =— x*, which EY 1 reſolved as in the fol- 
lowing Paradigm: 


— Xx 2 — — — — — — — 
„ 44% 824, 6405 12845 


Ss ns 5. as. Fo a 1 | 
þ = 24 bad |. 1645 ". 12867 — 25609 Ke. 


Here if we ſhould attempt to make — ⸗ the firſt Term of I p, 
we ſhould have — , or /, for the firſt Term of %; which 
being impoſſible, ſhews no Series can be form'd from wy Suppoſi- 
tion. 

To find the Se of — xx, or the Root y in this 8 


tion yy =xX— xx, make y == x* + p, then x + 2% + þ* = 


— XX, Or 19980 — f* = == = x, which may be reſolved after this : 


manner : : Pe | 
HH * — Logs — z, &e. 
＋ 
— - —— _ wy oth Kc. 


The Terms being rightly diſpoſed, 1 — x- the firſt Term 


of 2xip; then will — Axt be the firſt Term of Therefore 
+ & will be the firſt Term of Pa, which i is alſo to 8 wrote with 


a contrary Sign for the ſecond Term of 2 55 Which will e give — *: 
for the ſecond Term of p. Then (by ſquaring) the ſecond Term of 


Z* will be 4x+, which will give — zu for the ſecond Term of 
2* p, 
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2 vb, and therefore — & for the third Term of p; 1 6 on. 
Therefore in this Equation it will be Jug * — ao — Ix 2 
Me. 

So to extract the Root y of this Equation JJ == aa + bx — xx, 
make y=4a-+þ, then 24 +? = Ox — xx, which may be thus 
reſolved. 


| 3 
2p Abr — x* , &c. 
8 | bax* þb3x3 
— 4a* Bah 
11 Ba xa bx3 
+ a U— — 2 — 225 TD &c. 


8 2a 443 ? 
„% „ 
| . | — 


Make bx the firſt Term of 2ap.; then will * = be _ firſt Term 


of p. Therefore the firſt Term of 55 will i 5 _ „ which is 
alſo to be wrote with a contrary Sign, ſo that the ſecond Term of 
205 will be- x — —_ which will make the ſecond Term of 


p to be — = — = Then by ſquaring, the ſecond Term of p- 
bx3 bix3 


will be — . — , which muſt be wrote with a .contrary Sign 


for the third Term of 2ap. This will give the third Term of þ 
as in the Example; and ſo on. Theretors: the Square-root of the 


Quantity a> —+— bx — X will be a + 2 — — = — = | = + 
 b3g3 &c 6. 
7 6 5 


Alſo if we world extract theSquare-root of - 4 — , we may EX= 


tract the Roots of the Numerator, and likewi of the Denomi- 
nator, and then divide one Series by the other, as before ; 'but more 


directly thus. Make . = Y, or 1 + ax* = yy — bx3ys, 
Suppoſe y = 1 p, then ax* = 2p + f* — bx. — 26x*p— bp, 
which Suppplemental — 1 be thus reſolved. | 


2þ 
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25 Y==ax*+tabx+-+3ab*x5,&c. p=Eax*+Sabx+4ab8 x5,&c. 


+65 +36 +6 "+35 +36+ +6568 
m—_— + — | — a -e“ 
E 01. 244: tres? 
m—2bx*p | = - - -——=ab wxa6*, &c. | 
| | „ 
> 1 2223 


+3 == = ie , &c. 
＋ 226 +$&a6* 
| ＋ =þz Ha- 
wh 255 | | 
b þ* 113 — — , & c. 
5 | | — ab* 


„ 


Make ax* + bx> the firſt Term of 2p, then will Lax + AN 


be the firſt Term of p. Therefore — ab — 4*x+ will be the firſt 
Term of — 26bx*p, and Ta + $abx+ + £bx+ will be the firſt 
Term of 2. Theſe being collected, and their Signs changed, muſt 
be made the ſecond Term of 2p, which will give Zabx+ + & — 
ax for the ſecond Term of p. Then the ſecond Term of — 26 
will be — S26b*x5 — 343x5 + £4*bx5, and the ſecond Term of 5. 
(by ſquaring) will be found $a*bx5 + $46*x5 — aN + 353x65, and 
the firſt Term of — bx*p* will be — £2*bx5 — abe — E$h3x6 , 
which being collected and the Signs changed, will make the third 
Term of 2p, half which will be the third Term of p; and fo on as 
far as you pleaſe. | | 
And thus if we were to extract the Cube-root of a 4 , or the 
Root y of this Equation y* = = + x* ; make y = @ -+p, then by 
Subſtitution 4 + 3a*p + 3ap* + p- == 4 + x3, or 3a*p + Zap- 
＋ p* xs, which ſupplemental Equation may be thus reſolved. 


ls 1 3 * 10 r , 
: 34 75 . 3a 1 27a6 © 8149 ? &c. 
x6 2x9 134"* 

eee, OR 
j x9 Rx 2 & 

E fenen, HR 

þ A n c 
3a* ga? Bias 24341 s | 
Bb: The 
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The Terms being diſpos'd in order, the firſt Term of the Series 
34˙% will be x*, which will make the firſt Term of p to be 352. This 


will make the firſt Term of ps to be = And this will make the 
firſt Term of 34p* to be - , Which with a contrary Sign muſt be 


the ſecond Term of 3a*p, and therefore the ſecond Term of p will 
be — = Then (by ſquaring) the ſecond Term of 3ap- will be 


— 2 and (by cubing) the firſt Term of ps will be . Theſe 


gas 2746 
being collected make — = , Which with a contrary Sign muſt be 
the third Term of 34*p, and therefore the third Term of þ will be 


_—_ LEN Then by ſquaring, the third Term of Zap will be 13 


81498 
* 12 


and by cubing, the ſecond Term of ps will be — Fo which being 


collected will make ; and therefore the fourth Term of 306 


8149 ? 
FA be — =, and the fourth 'Term of p will be — 1 And 
o on. 

And thus may the Roots of all pure Equations be extracted, but 
in a more direct and fimple manner by the foregoing Theorems, 
All that is here intended, is, to prepare the way for the Reſolution 
of affected Equations, both in Numbers and Species, as alſo of 
Fluxional Equations, in which this Method will be found to be of 
very extenſive uſe. And firſt we ſhall proceed with our Author to 
the Solution of numerical affected Equations. # 


S zor. III. The Reſolution of Wumeral AﬀeBed Equations. 


19. OW has to the Reſolution of affected Equations, and firſt 
| in Numbers; our Author very juſtly complains, that be- 

fore his time the exege/is numeroſa, or the Doctrine of the Solution 
of affected Equations in Numbers, was very intricate, defective, and 
inartificial. What had been done by Vieta, Harriet, and Qughtred 
in this matter, tho' very laudable Attempts for the*time, yet how 
ever was extremely. perplex'd-and operoſe. So that he had good rea- 
ſon to reje& their Methods, eſpecially as he has ſubſtituted a much 
better in their room. They affected too great accuracy in purſuing 
| exact 
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exact Roots, which led them into tedious perplexities; but he knew 
very well, that legitimate Approximations would proceed much more 
regularly and expeditiouſly, and would anſwer the fame intention 
much better. | 

20, 21, 22. His Method may be eaſily apprehended from this one 
Inſtance, as it is contain'd in his Diagram, and the Explanation of 
it. Yet for farther Illuſtration I ſhall venture to give a ſhort rationale 
of it. When a Numeral Equation is propos'd to be reſolved, he 
takes as near an Approximation to ths Root as can be readily and 
conveniently obtain d. And this may always be had, either by the 
known Method of Limits, or by a Linear or Mechanical Conſtruc- 
tion, or by a few eaſy trials and ſuppoſitions. If this be greater or 
leſs than the Root, the Exceſs or Defe&, indifferently call'd the Sup- 
plement, may be repreſented by p, and the aſſumed Approximation, 
together with this Supplement, are to be ſubſtituted in the given 
Equation inſtead of the Root. By this means, (expunging what will 
be ſuperfluous,) a Supplemental Equation will be form'd, whoſe Root 
is now p, which will conſiſt of the Powers of the aſſumed Approxima- 
tion orderly deſcending, involved with the Powers of the Supplement 
regularly aſcending, on both which accounts the Terms will be con- 
tinually decreaſing, in a decuple ratio or faſter, if the aſſumed Ap- 
proximation be ſuppos d to be at leaſt ten times greater than the 
Supplement. Therefore to find a new Approximation, which ſhall 
nearly erhebt the Supplement p, it will be ſufficient to retain only 
the two firſt Terms of this Equation, and to ſeek the Value of p from 
the reſulting ſimple Equation. [Or ſometimes the three firſt Terms 
may be retain'd, and the Value of p may be more accurately found 
from the reſulting Quadratick Equation ; &c.] This new Approxi- 
mation, together with a new Supplement 9, muſt be ſubſtituted in- 
ſtead of p in this laſt ſupplemental Equation, in order to form a 
ſecond, whoſe Root will be g. And the ſame things may be obſerved 
of this ſecond ſupplemental Equation as of the firſt; and its Root, or 
an Approximation to it, may be diſcover'd after the ſame manner. And 
thus the Root of the given Equation may be proſecuted as far as 
we pleaſe, by finding new ſupplemental Equations, the Root of every 
one of which will be a correction to the preceding Supplement. 

So in the preſent Example y —2y — 5 o, tis eaſy to perceive, 
that y=2 fere; for 2x2x 2 —2x2==4, which ſhould make 5. 
Therefore let þ be the Supplement of the Root, and it will be y = 
2 ＋ p, and therefore by ſubſtitution — 1 + 10p + “ + D = 0. 
As p is here ſuppos'd to be _ than the Approximation & 
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by this ſubſtitution an Equation will be form'd, in which the Terms. 
will gradually decreaſe, and ſo much the faſter, ceteris paribus, as 
2 is greater than p. So taking the two firſt Terms, — 1-+ 10Þ==0, 
fere, or p== + fere; or aſſuming a ſecond Supplement g, 'tis. 

S re +9 accurately. This being ſubſtituted for p in the laſt 
Equation, it becomes o, 61 ＋ 11, 230 ＋ 6,34* +9* =o, which is 
a new Supplemental Equation, in which all the Terms are farther 
depreſs d, and in which the Supplement will be much leſs than the 
former Supplement p. Therefore it is 0,61 ＋ 11, 239 o, fere, 


or q ==— __ fere, or qzz— 0,0054 +7 accurate, by aſſuming 


7 for the third Supplement. This being ſubſtituted will give 


ES — 2580054185 
o, oo 54155 + 11, 1627, &c. o, and therefore Fr — ——= 


= o, oooo48 52, &c. So that at laſt y==2 + p == &c.. or y = 
2,094 55148, &c. N ” 1 | 6% 
And thus our Author's Method proceeds, for finding the Roots of 

affected Equations in Numbers. Long after this was wrote, Mr. Raph- 
fon publiſh'd his Analyſis Aiquationum univerſalis, containing a Me- 
thod for the Solution of Numeral Equations, not very much diffe- 
——— this of our Author, as may appear by the following Com-- 
pariſon. | | STE) | rw WH 

To find the Root of the Equation . — 2y = 5, Mr. Raphjon 
would proceed thus. His firſt Approximation he calls g, which he 
takes as near the true Root as he can, and makes the Supplement x, ſo 
that he has y==g-+x; Then by Subſtitution g- 38*x—+ Ag. Ee =, 
or if g 2, tis 10x ＋ 6x* + x*:== 1, to determine the Supple- 
ment x. This being ſuppoſed ſmall, its Powers may be rejected, 
and therefore 10x == 1, or o, 1 nearly. This added to g or 2, 
makes a new g==2,1, and x being ſtill the Supplement, tis y 
2,1 +x,' which being ſubſtituted in the original Equation 53 — 2y 
== 5, produces 11,2 35 + 6,3x* + x* = — 0,61,, to determine the 
new Supplement x. He rejects the Powers of x, and thence derives. 
x = == — 0,0054, and. conſequently y == 2,0946, which 
not being exact, becauſe the Powers of x were rejected, he makes 
the Supplement again to be x, ſo that y= 2,0946 + x, which be- 
ing ſubſtituted in the Original Equation, gives 1:1, 162x + &c. == 
o, ooo 54 15 5. Therefore to find the third Supplement x, he has 
o, oooo48 fa, ſo that y =2,0946 + x=: 


2,094 55 148, &c. and ſo on. , 


"  -— 


| By 
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By this Proceſs we may ſee how nearly theſe two Methods agree, 
and wherein they differ. For the difference is only this, that our 
Author conſtantly proſecutes the Reſidual or Supplemental Equations, 
to find the firſt, ſecond, third, &c. Supplements to the Root: But 
Mr. 3 continually corrects the Root itſelf from the ſame ſup- 

plemental Equations, which are formed by ſubſtituting the corrected 
Roots in the Original Equation. And the Rate of Convergency will 
be the ſame in both. | | 

In imitation of theſe Methods, we may thus proſecute this In-- 
quiry after a very general manner. Let the given Equation to be 
reſolved be in this form ay” + by*—* + cy"—* q-, &c. So, in 
which ſuppoſe P to be any near Approximation to the Root y, and 
the little Supplement to be p. Then is y =P +p. Now from 
what is ſhewn before, concerning the raiſing of Powers and extrac- | 
ting Roots, it will follow that y" =P + p * — P" + mP"—"p, &c. | l 
or that theſe will be the two firſt Terms of *; and all the reſt, | 
being multiply'd into the Powers of p, may be rejected. And for | 
the fame reaſon = P- 1P*-p, &c,. ET 
m— 2P"—3p, &c. and ſo of all the reſt, Therefore theſe being ſub- | 

ſtituted into the Equation, it will be | 
_aÞP” + maP"—*þ , &c. 1 | 
＋ bP"—* + m7 — T16P"—*p, &c. | 
+ PP" + m— 2cP"-3p, &c. = o; Or dividing by P“, 
LAL -= ap-, &c. 
WJ 
a LP +ÞP=* ＋dDP-, &c. +maP =p + m—T16P=*þ +m—2cP = 
＋ mM — 3dP—-*p, &c. o. From whence taking the Value of p, | 
we ſhall have þp==— 2 + bÞP* + Po 4E, Ce. „an d 
1 map Nn - 16 PCT + m— 2c + m— 3% P-, &c. | 


conſequently y=(P+p=P— —___2PT7 +7 +4t23, &c * ; 
1 * 7 7 mar 15 — -zu -A, Cc. ) 


m—1apm—2bPÞm—3P*þEm—4dF—3, &c. : 
maP"m—1 Pm —2P—3-k-mn—3dF-3,00, | i | 
To reduce this to a more commodious form, make P =; ,. whence 
P- rr &c. which being ſubſtituted, and 
alſo multiplying the Numerator and Denominator by Ar, it will be 
— aA 4m —2b PIR + 7=3AM=2B2 47 —4dAN3B3, e. 1 
F ma Am—1 Bm —1 b AM B En- An—383 + m3 1 An—4B4; c. e. which will | 
be à nearer Approach to the Root y, than F, or P, and fo much. 


the- 


2 
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the nearer as 5 is near the Root. And hence we may derive a very 
convenient and general Theorem for the Extraction of the Roots of 
Numeral Equations, whether pure or affected, which will be this. 

Let the general Equation ay” + - + cy 1 . 
== be propoſed to be ſolved; if the Fraction 3 be aſſumed 


as near the Root y as conveniently may be, the Fraction 
mM—IaA” + Ag + 11377 A2 ＋ e = B, Ec. will be ſill 4 
MA 1B LNA 2B Len- si- zd An- A. Nc. 

nearer Approximation to the Root. And rw Fraction, when com- 
puted, may be uſed inſtead of the Fraction * F » by which means a 


nearer Approximation may again be had; — ſo on, till we ap- 
roach as near the true Root as we pleaſe. 

This general Theorem 7 8 be conveniently reſolved into as many 

particular Theorems as we pleaſe. Thus in the Quadratick Equa- 


tion y* + by = c, it will be y = = LEE, dn "a 4 hgh 
| N ; 2 Bx A? 

Equation 3 + by* + cy == d, it will be y — e 0 

fere. In the Biquadratick Equation y+ + by* + cy* + dy = e, it 


c A eB 
will be y == — EE r. 5 TY „fers. And the like of higher 


Equations. 
For an Example of the Solution of a Quadratick Equation, let 


it be propoſed to extract the Square-root of 12, or let us find the 
value of y in this Equation y* «= 12. Then by CONROY with 
the general formula, we ſhall have 6 = o, and c = 125. And 


taking 3 for the firſt approach to the Root, or making © . 
that is, A3 and B== 1, we ſhall have by Subſtitution y = 


—5— , for a nearer Approximation. Again, making A7 


and B == 2, we ſhall have y = — == 27 for a nearer Approxi- 


X* 2 


mation. Again, making A = 97 and Bu= 0 we ſhall have 


12122 88 
2 — — = I for a nearer Approximation, Again, 
1881 7[*+12x54321? 


making Az=188 17 and B==5432, we ſhall have y== 37034 * 5432 


7081 58977 
204027888 for a nearer Approximation. And if we go on in the 


ſame method, we may find as near an Approximation to the Root as 
we pleaſe. | 
This 
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This Approximation will be exhibited in a vulgar Fraction, which, 
if it be always kept to its loweſt Terms, will give the Root of the 
Equation in the ſhorteſt and ſimpleſt manner. That is, it will al-- 
ways be nearer the true Root than any other Fraction whatever, 
whoſe Numerator and Denominator are not much larger Numbers: 
than its own. If by Diviſion we reduce this laſt Fraction to a De- 
cimal, we ſhall have 3,46410161513775459 for the Square-root 
of 12, which exceeds the truth by leſs than an Unit 1n the laſt place. 

For an Example of a Cubick Equation, we will take that of our 
Author y* — 2 = 5, and therefore by Compariſon þ& == o, 
cC==—2, and d—=5. And taking 2 for the firſt Approach to the 


Root, or making 5 ==+, that is, A—=2 and Br, we ſhall 


have by Subſtitution y == 2 == ++ for a nearer Approach to- 


the Root. Again, make A 21 and B — 1o, and then we 


— 9261 T2800 11761 . , 
ſhall have y = 5 — E 15 for a nearer Approximation. 


Again, make A = 11761 and B = 5615, and we ſhall have 
„ 1176113+ 5x56] ___ 4138744325037 
7 3X11761|*x5615 —2x561518 1975957310495 
proximation. And ſo we might proceed to find as near an Approxi- 
mation as we think fit. And when we have computed the Root 
near enough in a Vulgar Fraction, we may then (if we pleaſe) re- 
duce it to a Decimal by Diviſion. Thus in the preſent Example we 
ſhall have y = 2,094551481701,, &c. And after the ſame manner 
we may find the Roots of all other numeral affected Equations, of 
whatever degree they may be. | 


for a nearer Ap- 


Sect. IV. The Reſolution of Specious Equations by infinite 
Series; and firſt for determining the forms of the 
Series, and their initial Approximations. 


23, 24. ROM the Reſolution of numeral affected Equations, 
our Author proceeds to find the Roots of Literal, Spe- 
cious, or Algebraical Equations alſo, which Roots are to be exhibited: 
by an infinite converging Series, conſiſting of ſimple Terms. Or. 
they are to be expreſs'd by Numbers belonging to a general Arithme- 
tical Scale, as has been explain'd before, of which the Root is de- 
noted by x or 3. The affigning or chuſing this Root is what he 
means here, by diſtinguiſhing one of the literal Coefficients from the 
_ reſt, if there are ſeveral. And this is done by ordering or diſpoſing 
| the: 


4 
. * 
4g? 
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the Terms of the given Equation, according to the Dimenſions of 
that Letter or Coefficient. It is therefore convenient to chuſe ſuch a 
Root of the Scale, (when choice is allow'd,) as that the Series may 
converge as faſt as may be. If it be the leaſt, or a Fraction leſs 
than Unity, its aſcending Powers muſt be in the Numerators of the 
Terms. If it be the greateſt quantity, then its aſcending Powers 
muſt be in the Denominators, to make the Series duly converge. 
If it be very near a given quantity, then that quantity may be con- 
veniently made the firſt Approximation, and that ſmall difference, 
or Supplement, may be made the Root of the Scale, or the con- 


verging quantity. The Examples will make this plain. 


25, 26. The Equation to be reſolved, for conveniency-ſake, ſhould 
always be reduced to the ſimpleſt form it can be, before its Reſo- 
lution be attempted ; for this will always give the leaſt trouble. But 
all the Reductions mention'd by the Author, and of which he gives 
us Examples, are not always neceſſary, tho' they may be often con- 
venient. The Method is general, and will find the Roots of Equa- 
tions involving fractional or negative Powers, as well as cf other 
Equations, as will plainly appear hereafter. 1 

27, 28. When a literal Equation is given to be reſolved, in diſtin- 


guiſhing or aſſigning a proper quantity, by which its Root is to con- 


verge, the Author before has made three caſes or varieties; all which, 


for the ſake of uniformity, he here reduces to one. For becauſe 


the Series muſt neceſſarily converge, that quantity muſt be as ſmall 


as poſſible, in reſpect of the other quantities, that its aſcending 


Powers may continually diminiſh. If it be thought proper to chuſe 
the greateſt quantity, inſtead of that its Reciprocal muſt be intro- 
duced, which will bring it to the foregoing caſe. And if it approach 
near to a given quantity, then their ſmall difference may be intro- 
duced into the Equation, which again will bring it to the firſt caſe. 
So that we need only purſue that caſe, becauſe the Equation is al- 
ways ſuppos'd to be reduced to it. 

But before we can conveniently explain our Author's Rule, for 
finding the firſt Term of the Series in any Equation, we muſt con- 
ſider the nature of thoſe Numbers, or Expreſſions, to which theſe 
literal Equations are reduced, whoſe Roots are required; and in this 


Inquiry we ſhall be much aſſiſted by what has been already diſcourſed 


of Arithmetical Scales. In affected Equations that were purely nume- 


ral, the Solution of which was juſt now taught, the ſeveral Powers 


of the Root were orderly diſpoſed, according to a ſingle or ſimple 


Arithmetical Scale, which proceeded only 2 longum, and _—_— 
. ſufficient 
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ſufficient for their Solution. But we muſt enlarge our views in theſe 
literal affected Equations, in which are found, not only the Powers 
of the Root to be extracted, but alſo the Powers of the Root of the 
Scale, or of the converging; quantity, by which the Series for the 
Root of the Equation is to be form'd; on account of each of which 
circumſtances the 'Terms of.the Equation are to be regularly diſpoſed, 
and .therefore are to conſtitute a double or combined Arithmetical 
Scale, which muſt proceed both ways, in latum as well as in longum, 
as it were in a Table. For the Powers of the Root to be extracted, 
ſuppoſe , are to be diſpoſed in longum, ſo as that their Indices may 
conſtitute an Arithmetical Progreſſion, and the vacancies, . if any, 
may be ſupply'd by the Mark . Alſo the Indices of the Powers 
of the Root, by which the Series is to converge, ſuppoſe x, are to 
de diſpoſed in latum, fo as to conſtitute an Arithmetical Progreſſion, 
and the vacancies may likewiſe be fill d up by the ſame Mark , 
when it ſhall be thought neceſſary. And both theſe together will 
make a combined or double Arithmetical Scale. Thus if the Equa- 


tion 6. — gxy* + =y4 — 70*X*y* + 60x" + brxt = == 0, were given, 
to find the Root y, the Terms may be thus diſpoſed .: 


Y 7. * » a 4 þ ir Prins þ &: | ; 2 | 8 
42 „5 22 ͤ I 2 
K T.. ĩͤ 
X* * , eng. * = 02 
* * * ＋ * * 7 2 
X4 | * R 4 * „„ M 

Alſo the Equation y* — by + 9 - x3 O ſhould be chus d 
-poſed, in order to its Solution: R 
„ s =p, 0 e ci] 

_ F 

— 5 


And Wiens 7 axy ＋ a*y == x3 — 20 =0 thus: 
** » + a*y — 2455 
| ＋ axy * {| 


— 
And the Equation w gem Lee thus: al 


F * n 
| 9 ifs V= a 2 Fo — 0. 
> 08 riot 21 5: | | ia 
And the like of all other Equations. 
Cc When 


— 


— —— 


—— 
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When the Terms of the: Equation are thus regularly diſpos d, it 


is thefi ready for Solution; to which the een Speculation will 
be a farther preparation. 


29. This ingenious contrivance © of our Author, (which we may 
call Tabulating the Equation, ) for finding the firſt Term of the 


Root, (which may indeed be extended to the finding all the Terms, 


or the form of the Series, or of all the Series that may be derived 
from the given Equation,) cannot be too much admired, or too care- 


fully inquired into: The reaſon and foundation of which may be 


thus generally explain d Rom the following runs of which the 
ace ee is oF} A 


a7] T7 


— Bart fe 1 3 — M 
=2a+65|—a+66 +66 | a+64] 2a-+65| 34466] 44+66| 5@-+66 ſ = r þ 

Penne gb] mma 3b [+53 [ack gh] tn 5d 3 L5H 4u+ 56 [5a 5b] 62+ 5) ry 

15 "ET YET o_ 3 — 1 — 21 4 renn * * ; 


— R 
a e 20+45| 3a+45 | 44:45] SA G -A 4 
— i — 


2 FERI [244-25] 4aſerb| 404-26 5a-+ 2b 6ab23| 544 2b 


54 —25 ba—2b| 7a—26 


. E — 


In a Plane draw any -nuriber-of ſhines! parallel aa ee e and 
others at right Angles to them, ſo as to divide the whole Space, as 
far as is neceffary, into little equal Parallelograms. Aſſume any one 
of theſe, in which write the Term o, and the Terms a, 29, 3a, 42, 
&c. in dhe ſscceeding Pataltetogtams to the right band as alſo the 
Terms = 32; = Za, &c. to the left hed Over the Term 
9, in t ſame Calm, write the Terms 6, 26, 36, 4b, &c. ſuc- 
ceſſively, and the Terms — 5, — 2b, — 36, &c. underneath. And 
theſe we fay wall primary Terms. Now to inſert its — Term 
in any 26thef uffignd Pdraltelberapn, ad the two” Terms 
togeth& that ſtand over-againſt it each way, and write he aha Sum 


In the given Paralfelegram. And thus all the Parallelograms be- 


ing filkd, as fur as there is ocafton wyery way, the whole n 


er 


f % 
N f 
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Progreſſion in plano, corapaſed of the two general Numbers @ and 6, if 
of which theſe following will be the chief prgperties. ö 
Any Row of Terms, parallel:to the. prigyary Serigs 04.94 126, 36, i 


Kc. will be an Arithmetical Progreflion, hoſe common Difference 
is a; and it may be any ſuch Progreſſion at pleaſure, Any Row ar 
Column parallel to the primary Series ©, 6, 26, 365 &. will bo an 


Arithmetical Progreſſion, whaſe common difference is þ; and it may lil 
be any ſuch Progreſſion. If a ſtrait Ruler be laid on the Table, 1 
the Edge of which thall paſs thre the Centers of any two Parallelo- pn ll 
grams whatever; all the Terms of the Parallelograms, whaſe Cen- ll 
ters ſhall at the ſame time touch the Edge af the Ruler, will canſtitute 1 
an Arithmetical Progreſſion, Whoſe common difference will conſiſt of 1 


two parts, the firſt of which will be ſome Multiple of 2, and the other 
a Myltiple of 6. If this Pragreſhion'be, ſuꝑꝑos d to proceed igferiara 
_ werjus, or from the upper Term or Parallelogram towards the lower; 
each part of the common difference may be ſeparately found, by ſub- 


e 4 4 
& 44 ** 
FFP ᷑ ˙ -m eo r, 


tracting the primary Term belonging to the lower, from the primary - 
Term belonging to the: upper Parallelogram. + If this.common diffe- "i 
- rence, when found, be made equal to nothing, and thereby the Re- +. 
lation of @ and & be determined; the Progreſſion degenerates into a | 1 
Rank of Equals, or (if you pleaſe) it becomes an Arithmeticabrogreſ- | 
ſion, whoſe.common. difference is infinitely. little. In vhich caſe, if | | 
the Ruler be moved by a parallel mation, all the Terms of the-Parallelo- 4 
grams, whole Centers ſhall at the fame time be found to tquch;the Edge (ih 

of the Ruler, ſhall be equal to each other. And if the motion bf 
the Ruler be continued, ſuch Terms as at equal diſtances from the | a! 
Arſt ſituation are ſucceſſively found to touch the Ruler, ſhall form 7 | | 
an Arithmetical Progreſſion. Laſtly, to come nearer to the caſe in lf 
hand, if any number of theſe Parallelograms be mark'd out and di- il 
ſtinguiſh'd from the reſt, or aſſign'd promiſcuouſly and at pleaſure, " 
through whoſe Centers, as before, the Edge of the Ruler ſhall ſuc- I 
ceſſively paſs in its parallel motion, beginning from any two (or more) bl! 
initial or external Parallelograms, whoſe Terms are made equal; an ; 
Arithmetical Progreſſion may be found, which ſhall comprehend and Wl! 


take in all thoſe. promiſcuous Terms, without:any regard. had to. the | il 

Terms that are to be omitted. Theſe are ſome of the properties of 
this Table, or of a combined Arithmetical Progreſſion in plano, by 
which we may eaſily underſtand our Author's expedient, of Tabu- 

lating the given Equation, and may derive the neceſſary Conſequen- 


des from it. 
Cc 2 For 
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For when the Root y is to be extracted out of a given Equation; 
eonſiſting of the Powers of y and x any how combined together 
promiſcuouſly, with other known quantities, of which x is to be 
the Root of the Scale, (or Series,) as explain'd before; ſuch a value 
of y is to be found} as when ſubſtituted in the Equation inſtead of 
y; the whole ſhall be deftroy'd, and become equal to nothing. And 
firſt the initial Term of the Series, or the firſt Approximation, is to be 
found, which in all caſes may be Analytically repreſented by Ax"; 
or we may always put y == Ax, &c. So that we ſhall have 9 
Ax, &c. 3 == A3x3", &c. y* A, &c. And fo of other 
Powers or Roots. Theſe when ſubſtituted in the Equation, and by 
that means compounded with the ſeveral Powers of x (or >) already 


found there, will form ſuch a combined Arithmetical Progreſſion ix 


plano as is above deſcribed; or which may be reduced to ſuch, by 


making a==m and E I. Theſe Terms therefore, according to 
the nature of the Equation, will be promiſcuouſly diſperſed in the 
Table; but the vacancies- may always be conceived to be ſupply'd,, 
and then it will have the properties before mention'd. That is, the 
Ruler being apply'd to two (or perhaps more): initial» or external. 


Terms, (for if they were not external, they could not be at the be- 


ginning of an Arithmetical Progreſſion, as is neceſſarily required,) 


and thoſe 'Ferms being made equal, the general Index mz will thereby 


be determined, and the general Coefficient A will alſo be known. 


If the external Terms made choice of are the loweſt. in the Table, 
© which is the caſe our Author purſues, the Powers of x- will proceed 


by increaſing. But the higheſt may be choſen, and then a Series 
will be found, in which the Powers of x will proceed by decreaſing. 
And there may be other caſes of external Terms, each of which will 
commonly afford a Series. 'The initial Index being thus found, the 


other compound Indices belonging to the Equation will be known 


alſo, and an Arithmetical Progreſſion may be found, in which they 
are all comprehended, and conſequently the form. of. the Series will 
be known, 1211 8 
Or inſtead of Tabulating the Indices of the Equation, as above, 
it will be the ſame thing in effect, if we reduce the Terms themſelves 


to the form of a combined Arithmeticab. Progreſſion, as was ſhewn 


before. But then due care muſt be taken, that the Terms may be 
rightly placed at equal diſtances; otherwiſe the Ruler cannot be ac- 
tually apply'd, to diſcover the Progreſſions of the Indices, as may 
be done in the Parallelogram. : | | 
For 


2 


wo 


LE IRE IN, 
e INS 


FTC n R : VO ts Was 
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For the ſake of greater perſpicuity, we will reduce our general 
Table, or combined Arithmetical Progreſſion in plano, to the parti- 
cular caſe, in which a m and =I; which will then appear 


thus: | 
Dee +6] m+6 [2m+6| 3+ 6] 414-6] 5914-6 | Gm 6 | 7m | 
D; u 5 +5 —＋5 20-05 e 4-5 5mÞ+5 G5 2 1 | 
an 4| —n+ 4 +4 m4 2mb-4 3m 4| 4m+4 | AE 75 | [| 
— —m+ 3 +3 a 343 t 3 5er il 
ano 2 |—m+ 2 |+ 2 |mþ2 | am-+2 | 3m+2| qm+2 -- 1 


—2m+ 1 —m+1|+ 1] m+1 2 1 zu IIA IIS i ru -1 


— 


— —  ©[m 2 3m 4m 5m 6m 7M | 


* 


— ͤ öã r 1 


| —2m—1] —n—1 |—1 | —12z— 13 —14n— 15 — 116 — 17 — 1 


—2m— 2 —m—2|—2 | mn: | 2m—2 | 3zu— 2 4u— 2 5m—2 | 6m—2 | 7m—:| 


a — —— —— — A D — 


—2.—3 . Mm} 2m 3 3M— 3 2 — 6m—3 | 7m—: |; 


Now the chief properties of this Table, ſubſervient to the preſent 1 
purpoſe, will be theſe. If any Parallelogram be ſelected, and an- 1 
other any how below it towards the right hand, and if their included | | 
Numbers be made equal, by determining the general Number , it 
| which in this caſe will always be affirmative; alſo if the Edge of the | 
Ruler be apply'd to the Centers of theſe two Parallelograms ; all the Il 
Numbers of the other Parallelograms, whoſe Centers at the ſame time || 
touch the Ruler, will likewiſe be equal to each other. Thus if the i 
Parallelogram denoted by 2 + 4- be ſelected, as alſo the Parallelo- li 
gram zu ＋ 2; and if we make m + 4 = 3m + 2, we ſhall have | li! 
m =I. Alſo the Parallelograms — m + 6, m + 4, Zu + 2, 5m, | 

| 


zm — 2, &c. will at the ſame time be found to touch the Edge of 
the. Ruler, every one of which will make 5, when m== 7. 

And the ſame things will obtain if any Parallelogram be ſelected, ik 

and another any how below. it towards the left-hand, if their in- 1 

I cluded Numbers be. made equal, by determining the general Number 

m, which in this caſe will be always negative. Thus if the Parallelo- 

7 gram denoted by 5 4 be ſelected, as alſo the Parallelogram 4 ＋ 2; 

and if we make n- A= Am +2, we ſhall have n==— 2. Alſo | 

the Parallelograms 6 + 6, 5m +4, 4m ＋ 2, zu, zm — 2, &c. | | 

| 7 wal | 
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will be found at the ſame time to touch the Ruler, every one of 
which will make — 6, when == — 2. | 
The ſame things remaining as before, if from the firſt ſituation of 
the Ruler it ſhall move towards the right-hand by a parallel motion, 
it will continually arrive at greater and greater Numbers, which at 
equal diſtances will form an aſcending Arithmetical Progeſſion. Thus 
if the two firſt ſelected Parallelograms be 2 - 1=—= m — 3, whence 
n , the Numbers in all the correſponding Parallelograms will 
be =, Then if the Ruler moves towards the right-hand, into the 
parallel ſituation 392 ＋ 1, 6 — 1, &c. theſe Numbers will each be 
3. If it moves forwards to the ſame diſtance, it will arrive at 


4m + 3, 7m +1, &c. which will each be 54. If it moves forward 


again to the fame diſtance, it will arrive at 59 + 5, 8m -+ 3, &c. 

which will each be 84. And fo on. But the Numbers 2, 3, 57 

87, &c. are in an Arithmetical Progreſſion whoſe common diffe- 

_ is 23. And the like, mutaris mutandis, in other circum- 
ances. 


And hence it will follow e contra, that if from the firſt fitnation 
of the Ruler, it moves towards the left-hand by a parallel motion, 


it will continually arrive at leſſer and leſſer Numbers, which at equal 


diſtances will form a decreaſing Arithmetical Progreſſion. 


But in the other fituation of the Ruler, in which it inclines down- 
wards towards the left-hand, if it be moved towards the right-hand 
by a parallel motion, it will continually arrive at greater and greater 


Numbers, which at equal diſtances will form an increaſing Arith- 


metical Progreſſion, Thus if the two firſt ſelected Numbers or Pa- 
rallelograms be 8 I 5m — 1, whence m = — 4, and the 


Numbers in all the correſponding Parallelograms will be — 47. If 


the Ruler moves upwards into the parallel ſituation 5 ＋ 2, 2m, &c. 


theſe Numbers will each be — 14. If it move on at the ſame diſtance, 


it will arrive at 2 ＋ 3, —'m-+ 1, &c. which will each be 134. If it 
move forward again to the fame diſtance, it will arrive at — m + 4, 
— 4m A 2, &c. which will each be 43. And ſo on. But the Num- 
bers — 43, — 13, 15, 43, Kc. or — 2, — 3, 3, , &c. are in an in- 
creaſing Arithmetical Progreſſion, whoſe common difference is 2, or 3. 
And hence it will follow alſo, if in this laſt ſituation of the Ruler 
it moves the contrary way, or towards the left-hand, it will conti- 
nually arriye at leſſer and leſſer Numbers, which at equal diſtances 
will form a decreaſing Arithmetical Progreſſion. 
Now if out of this Table we ſhould take promiſcuoufly any num- 
ber of Parallelograms, in their proper places, with their reſpective 
| Num- 
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Terms, fo as to comprehend them all, however promiſcuouſly and 
irregularly. they might have been taken. 1 | | 
Thus ſecondly, if the Ruler be apply'd to the two external Pa- 


equal, we ſhall have »==2, and the Numbers: themſelves will be 
each 15. The three next Numbers which the Ruler will arrive at 
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Numbers included, neglecting all the reſt; we ſhould form ſome cer- 
tain Figure, ſuch as this, of which theſe would be the properties. 


| 5m+5| 7 ol 
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The Ruler being apply'd to any two (or perhaps more) of the 
Parallelograms which are in the Ambit or Perimeter of the Figure, 
that is, to two of the external Parallelograms, and their Numbers 
being made equal, by determining the general Number m; if the 
Ruler paſſes over all the reſt of the Parallelograms by a parallel mo- 
tion, thoſe Numbers which at the ſame time come to the Edge of the 


Ruler will be equal, and thoſe that come to it ſucceſſively will form 


an Arithmetical Progreſſion, if the Terms ſhould lie at equal diſtan- 
ces; or at leaſt they may be redueed to ſuch, by ſupplying any Terms 
that may happen to be wanting. 
Thus if the Ruler ſhould be apply'd to the two uppermoſt and 
external Parallelograms, which include the Numbers 3m + 5 and 
594 +-5, and if they be made equal, we ſhall have n o, ſo that 
each of theſe Numbers will be 5. The next Numbers that the Ruler 


will arrive at will be 1 ＋ 3, 4m -+ 3, 6: + 3, of which each will 


be 3. The laſt are 2m ＋ 1, 5914+ 1, of which each is 1. So that 
here n = o, and the Numbers ariſing are 5, 3, 1, which form a 
decreaſing Arithmetical Progreſſion, the common difference of which 
is 2. And if there had been more Parallelograms, any how diſpoſed, 
their Numbers would have been comprehended by this Arithmetical 
Progreſſion, or at leaſt it might have been interpolated with other 


rallelograms 592 + 5 and 6m ＋ 3, and if theſe Numbers be made 


i Will 
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will be each 11, and the two laſt will be each 5, But the Num 
bers 15, 11, 5, will be comprehended in the decreaſing Arithmetical 


Progreſſion 15, 13, II, 9, 7, 5, whoſe common difference is 2. 
Thirdly, it the Ruler -be apply'd to the two external Parallelograms 
Em +3 and 5m + 1, and if theſe Numbers be made equal, we ſhall 
have n —=— 2, and the Numbers will be each — 9. The two next 
Numbers that the Ruler will arrive at will be each — 5, the next 


-will be — 3, the next — 1, and the laſt + 1. All which will be 


comprehended in the aſcending Arithmetical Progreſſion — 9, — 7, 


— 5, — 3, — 1, +1, whoſe common difference is 2. 


ourthly, if the Ruler be apply'd to the two loweſt and external 
Parallelograms 2 + 1 and 5 ＋ 1, and if they be made equal, 


we ſhall have again o, fo that each of theſe Numbers will be 1. 


The next three Numbers that the Ruler will approach to, will each 
be 3, and the laſt 5. But the Numbers 1, 3, 5, will be compre- 
hended in an aſcending Arithmetical Progreſſion, whoſe common 
difference 1s 2. | 


Fifthly, if the Ruler be apply'd to the two externa! Parallelograms 


m3 and 2 ＋ 1, and if theſe Numbers be made equal, we ſhall 
have m 2, and the Numbers themſelves will be each 5. The 
three next Numbers that the Ruler will approach to will each be 14, 
and the two next will be each 15. But the Numbers 5, 14, 15, will 
be comprehended in the aſcending Arithmetical Progreflion 5, 7, 9, 
Il, 13, 15, of which the common difference is 2. 135 
La 

theſe Numbers be made equal, we ſhall 
have m == — 1, and the Numbers themſelves will each be 2. The 


next Number to which the Ruler approaches will be o, the two next 
are each — 1, the next — 3, the laſt — 4. All which Numbers 


will be found in the deſcending Arithmetical Progreſſion 2, 1, o, 

— 1, — 2, — 3, —4, whoſe common difference is 1, And theſe 

fix are all the poſſible caſes of external Terms. 
Now to find the Arithmetical Progreſſion, in which all theſe re- 


ſulting Terms ſhall be comprehended ; find their differences, and the 


greateſt common Diviſor of thoſe differences ſhall be the common 
difference of the Progrefſion. Thus in the fifth caſe before, the reſultin 
Numbers were 5, 11,15, whoſe differences are 6, 4, and their greate! 


common Diviſor is 2. Therefore 2 will be the common difference of 


the Arithmetical Progreſſion, which will include all the reſulting 
Numbers 5, II, 15, without any ſuperfluous Terms. But the ap- 
plication of all this will be beſt apprehended from the Examples that 
are to follow, 5 30. 


y, if the Ruler be apply'd to the two external Parallelograms 
3m-+5 and m 3, and i 
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zo. We have before given the form of this Equation, y9 — Jay 
+ * 7M + 64*x* + A S o, when the Terms are diſ- 


poſed according to a double or combined Arithmetical Scale, in or- 
der to its Solution. Or obſerving the ſame diſpoſition of the Terms, ö 
they may be inſerted in their reſpective Parallelograms, as the Table = 
requires. Or rather, it may be ſufficient to tabulate the ſeveral In- | 
dices of x only, when they are derived as follows. Let Ax" repre- | 
ſent the firſt Term of the Series to be form'd for y, as before, or let | | 
3 — Ax", &c. Then by ſubſtituting this for y in the given Equa- l 


tion, we ſhall have A5x%” — gAsx5mts - E A- | | 
Gas + g, &c. =o. Theſe Indices of x, when ſelected from ll 
the general Table, with their reſpective Parallelograms, will ſtand | i! 
thus: | 


| 


| | 1 
4-3 ll! 


4 
. 


ban 


may apply the Ruler to the three external Terms 3, 2 ＋ 2, 6m, 
which being made equal to each other, will give = 4, and each | . 
of the Numbers will be 3. The Ruler in its parallel motion will | 4 
next arrive at 3 ＋ 1, or 32; then at 4; then at 4 ＋ 3, or 5; It! 
which Numbers will be comprehended in the Arithmetical Progreſ- 
ſion 3, 32, 4, 4, 5, whoſe common difference is 2. This there- 
fore will be the common difference of the Progreſſion of the Indices, 1 
in the Series to be derived for- y. So that now we intirely know the | 
J form of the Series, which will reſult from this Caſe. For if A, B, | 
1 C, D, &c. be put to repreſent the ſeveral Coefficients of the Series in 
| order, and as the firſt Index is found to be =, and the common 
difference of the aſcending Series is alſo 2, we ſhall have here y=— 
Ax* + Bx + Cx*-+ Dx*, &c. | 

As to the Value of the firſt Coefficient A, this is found by putting 


the initial or external Terms of the Parallelogram equal to nothing. | ö 
D d This | | 


Here if we would have an aſcending Series for the Root y, we | | 
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This here will give the Equation A“ — 74A + ö = 0, which 


has theſe fix Roots, An T Va, A_Tty/2a4 An za, 
of which the two laſt are impoſſible, and to be rejected. Of the 
others any one may be taken for A, according as we would proſecute 
this or that Root of the Equation. 

Now that this is a legitimate Method for finding the firſt Ap- 
proximation Ax”, may appear from confidering, that when t 
Terms of the Equation are thus ranged, according to a double Arith- 
metical. Scale, the initial or external Terms, (each Caſe in its turn,) 


become the moſt conſiderable of the Series, and the reſt continually 
decreaſe, or become of leſs and leſs value, according as they recede 


more and more from thoſe initial Terms. Conſequently they may 
be all rejected, as leaſt conſiderable, which will make thoſe initial 


or external Terms to be (nearly) equal to nothing ; which Suppoſi- 


tion gives the Value of A, or of Ax", for the firſt Approximation. 
And this Suppoſition is afterwards regularly purſued in the ſubſe- 
quent Operations, and proper Supplements are found, by means of 
which the remaining Terms of the Root are extracted. 

We may try here likewiſe, if we can obtain a deſcending Series 
for the Root y, by applying the Ruler to the two external Terms 
4m + 3 and 6m; which being made equal to each other, will give 
mn , and hence each of the Numbers will be g. The Ruler in 
its motion will next arrive at 592+ 1, or 82. Then at 2+ 2, or 
5. Then at 4. And laſtly at 3. But theſe Numbers g, 8=, 5, 4, 
3, will be comprehended in an Arithmetical Progreſſion, of which 
the common difference is 2. So that the form of the Series here 
will be y=Ax* + Bx + Cx*® + Dx®, &c. But if we put the two 
external Terms equal to nothing, in order to obtain the firſt Ap- 
proximation, we ſhall have As + = =, or A* + _— = o, which 
will afford none but impoſſible Roots. So that we can have no ini- 
tial Approximation from this ſuppoſition, and conſequently no 
Series. | | 

But laſtly, to try the third and laſt caſe of external Parallelograms, 
we may apply the Ruler to 4 and 4m + 3, which being made equal, 
will give , and each of the Numbers will be 4. The next 
Number will be 3; the next 2 ＋ 2, or 2+; the next 597 ＋ 1, or 
2+; the laſt will be 6, or 1+. But the Numbers 4, 3, 2+, 2+ 
12, will all be found in a decreaſing Arithmetical Progreſſion, whoſe 


common difference will be =. So that Ax* + B + CI + Dx, 
&c. may repreſent the form of this Series, if the circumſtances of 
: the 


. 
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the Coefficients will allow of an Approximation from hence. But 
if we make the initial Terms equal to nothing, we ſhall have =* 
+ 4. = o, which will give none but impoſſible Roots. So that 


we can have no initial Approximation from hence, and conſequently 
no Series for the Root in this form. 


31. The Equation y* —by* + 9gbx* — &. =0, when the Terms 


are diſpoſed according to a double Arithmetical Scale, will have the 


form as was ſhewn before; from whence it may be known, what 
caſes of external Terms there are to be try'd, and what will be the 
circumſtances of the ſeveral Series for the Root y, which may be 


derived from hence. Or otherwiſe more explicitely thus. Putting 


Ax" for the firſt Term of the Series y, this Equation will become 
by Subſtitution Arx — EAX + gbx* — x3, &c. =0. 80 that 
if we take theſe Indices of x out of the general Table, they will 
ſtand as in the following Diagram. 

Now in order to have an aſcending | ; „ 
Series for y, we may apply the Ruler to |[—|—|—|—]—|— 
the two external Parallelograms 2 and 4 
2 n, which therefore being made equal, will | 

ive n == 1, and each of the Numbers FTE 
will be 2. The Ruler then in its parallel | 2a | gm | 
progreſs will firſt come to 3, and then to m, or 5. But the Num- 


bers 2, 3, 5, are all contain'd in an aſcending Arithmetical Progreſſion, 


whoſe common difference is 1. Therefore the form of the Series 
will here be y = Ax + Bx* + Cx3, &c. And to determine the 
firſt Coefficient A, we ſhall have the Equation — Ar + gbx* =0 
or A. q, that is AzS=# 3. 80 that either ＋ gx, or — 3x may 
be the initial Approximation, according as we intend to extract the 
affirmative or the negative Root. | | 

We ſhall have another caſe of external Terms, and erhaps an- 
other aſcending Series for y, by applying the Ruler to he Parallelo- 


grams 2m and n, which Numbers being made equal, will give 
mn DO. (For by the way, when we put 2 = 5m, we are not at 
liberty to argue by Divifion, that 2 = 5, becauſe this would bring 


us to an abſurdity. And the laws of Argumentation require, that no 
Abſurdities myſt be admitted, but when they are inevitable, and 
when they are of uſe to ſhew the falſity of ſome Suppoſition. We 
ſhould therefore here argue by Subtraction, thus: Becauſe 5m — 2%, 


then 3 — 2 o, or zu Do, and therefore y O. This Cau- 
tion I thought the more neceſſary, becauſe I have obſerved ſome, 
F e 


who 


4 


: 
19 
3 


A 


„* 4 PETR 2 — 
.. ͤ ²˙ , Lame ou 


204. We Method of FLuUxX1ONS, 


who would lay the blame of their own Abſurdities upon the Analy- 
tical Art. But theſe Abſurdities are not to be imputed to the Art, 
but rather to the unſkilfulneſs of the Artiſt, who thus abſurdly ap- 
plies the Principles of his Art.) Having therefore n So, we ſhall 
alſo have the Numbers 2% = 597 O. The Ruler in its parallel 


motion will next arrive at 2; and then at 3. But the Numbers o, 


2, 3, will be comprehended in the Arithmetical Progreſſion o, 1, 2, 3, 
whoſe common difference is 1, Therefore y = A + Bx + Cx*, &c. 
will be the form of this Series. Now from the exterior Terms A* 
A , or A3 , or A, we ſhall have the firſt Term 
of the Series. | 

There is another caſe of external Terms to be try'd, which poffi- 
bly may afford a deſcending Series for y. For applying the Ruler to 
the Parallelograms 3 and 5m, and making theſe equal, we ſhall have 
m , and each of theſe Numbers will be 3. Then the Ruler 
will come to 2; and laſtly 2, or 4. But the Numbers 3, 2, 13, 
will be comprehended in a deſcending Progreſſion, whoſe common 
difference is 4. Therefore the form of the Series will be y = Ax* 


+ Bx* + Cx* ++ D, &c. And the external Terms A*x* — X — © 


will give Ai for the firſt Coefficient. Now as the two former 


caſes will each give a converging Series for y in this Equation, when 
x is leſs than Unity; ſo this caſe will afford us a Series when x is 
greater than Unity ; which will converge ſo much the faſter, the 
greater x is ſuppoſed to be. 3 

32. We have already ſeen the form of this Equation y3 + axy + 
aay — X3 — 243 Do, when the Terms are diſpoſed according to a 
double Arithmetical Scale. And if we take the fictitious quantity 
Ax" to repreſent the firſt Approximation to the Root y, we ſhall 
have by ſubſtitution A + gAx"+* Ax — x* — 243, &c. 
So. Theſe Terms, or at leaſt theſe Indices of x, being ſelected 
out of the general Table, will appear thus. 

Now to obtain an aſcending Series for the [7 I 
Root y, we may apply the Ruler to the three 
external Terms o, n, z, which being made 
equal, will give = o. Therefore theſe mþ1 
Numbers are each o. In the next place the e e WaAKA 
Ruler will come to n ＋ 1, or 1; and laſtly 
to 3. But the Numbers o, 1, 3, are contain'd in the Arithmetical 
Progreſſion o, 1, 2, 3, whoſe common difference is 1. Therefore 
the form of the Root is y A + Bx + Cx* + Dx3, &. Now 
if the Equation A; ＋ &*A — 24 o, (which is derived from the 

initial 
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initial Terms,) is divided by the factor A- + aA -+ 245, it will give 
the Quotient A—a=—=o, or A=—a for the initial Term of the 


Root y. 
If we would alſo derive a deſcending Series for this Equation, we 


may apply the Ruler to the external Parallelograms 3, 3zu, which 


being made equal to each other, will give 2 = 1 ; allo theſe Num- 
bers will each be 3. Then the Ruler will approach to m-þ 1, or 2; 
then to , or 1; laſtly to o. But the Numbers 3, 2, 1, o, are a de- 
creaſing Arithmetical Progreſſion, of which the common difference 


is 1. So that the form of the Series will here be y =Ax + B + 


Cx , Dx=*, &c. And the Equation form'd by the external Terms 
will be A3x3 — x3 S o, or A1. | 

33. The form of the Equation xh — 3c4xy* — C + 07 == 0, 
as expreſs d by a combined Arithmetical Scale, we have already ſeen, 
which will eaſily ſhew us all the varieties of external Terms, with 


their other Circumſtances. But for farther illuſtration, putting Ax“ for 


the firſt Term of the Root y, we ſhall have by ſubſtitution A 
— 3a π . — 5x* +, &c. o. Theſe Indices of x being 
tabulated, will ſtand thus. | 

Now to have an aſcending - 


. 2 +2 
Series, we muſt apply the . 7 LOT 
Ruler to the two external | 2 1 
Terms and zu ＋ 2, which | ET TREE. 


being made equal, will give 


n =- , and the two Numbers ariſing will be each o. The next 


Number that the Ruler arrives at is 2 + 1, or +4; and the laſt is 2. 


But the Numbers o, +, 2, will be found in an aſcending Arithmeti- 


cal Progreſſion, whoſe common difference is . Therefore y == Ax 
＋E Bx CDs, &c. will be the form of the Root. To deter- 


mine the firſt Coefficient A, we ſhall have from the exterior Terms 


As, Which will give A= — N =— 5, Therefore 
the firſt Term or Approximation to the Root will be y == — 72 > 
&c. | == 


We may try if we can obtain a deſcending Series, by applying 
the Ruler to the two external Parallelograms, whoſe Numbers are 2 


and 5m +2, which being made equal, will give 2 = ©, and theſe 


Numbers will each be 2. The Ruler will next arrive at 2 ＋ 1, or 
1; and laſtly at o. But the Numbers 2, 1, o, form a deſcending 
Progreſſion, whoſe common difference is 1. So that the form of the 
Series will here be) =A + Bx—*-+ Cx, &c, And putting the 
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initial Terms equal to nothing, as they ſtand in the Equation, we 
ſhall have A*x* — C = ©, or Ac, for the firſt Approximation: 


to the Root. And this Series will be accommodated to the caſe of Con- 


vergency, when x is greater than c; as the other Series is accommo- 
dated to the other caſe, when x is leſs than c. th | 
34. If the propoſed Equation be 88 + a2%y* — 27% o, 

it may be thus reſolved without any preparation. When reduced to 
our form, it will ſtand thus, 82% + a25%y* K =» | 3 
/ uo. » —2709 T=0; andby 

putting y=Az",&c.it will become 8A EAA -e 4 ay | 
| „ 0 RET. 

The firſt caſe of external Terms will give 8A es. 274 == o, 


whence zm ＋ G o, or m=—=— 2. Theſe Indices or Numbers 


therefore will be each o; and the other 2 + 6 will be 2. But o, a, 
will be in an aſcending Arithmetical Progreſſion, of which the com- 
mon difference is 2. So that the form of the Series will be 2 AZ 
++ B + Cz2* + Daz, &c. And becauſe 8A3 = 2749, or 2A Das, 
it will be A. Therefore the firſt Term or Approximation to 
the Root will be = . ii 

But another caſe of external Terms will give aA>2*"+6 — 2703 
So, whence 2 ＋ 6==0, or mn —— 3. Theſe Indices or Num- 
bers therefore will be each ©; and the other 3 + 6 will be — z. 
But o, — 3, will be found in a deſcending Arithmetical Progreſſion, 
whoſe common difference is 3. So that the form of the Series will 
be y = AZ + BZ + Cg, &c. And becauſe aA* = 2749, 
'tis A+ 3/3 x 4+, for the firſt Coefficient, 

Laſtly, there is another caſe of external Terms, which may poſſi- 
bly afford us a deſcending Series, by making 8A3 23" ＋ Ag? 
So; whence m o. And the Numbers will be each equal to 6; 
the other Number, or Index of Z, is o. But 6, o, will be in a 
deſcending Arithmetical Progreſſion, of which the common difference 
is 6. Therefore the form of the Series will be y==A -- BZ + 
Cu, &c. Alſo becauſe 8A5 + AA =o, it is A =— 2 for the 
firſt Coefficient. 115 ; 

I ſhall produce one Example more, in order to ſhew what variet 
of Series may be derived from the Root in ſome Equations; as als 
to ſhew all the caſes, and all. the varieties that can be derived, in the 
preſent ſtate of the Equation. Let us therefore aſſume this Equation, 
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Nane 
rather y* — . , N — @3y—* K + as - ＋ Ae 
—G32x"* + oo. Which if we make y = Ax", &c. and 
diſpoſe 
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diſpoſe the Terms according to a combined Arithmetical Progreſ- 
ſion, will appear thus 5 


f | = 25 x5 
— G3 AN Mm—z „ 2 e 
; = * * a * * 2 
An * #* a3 * „ 2 A Æαπν Kc. > == ©. 
* * * * * 7 
A . * Ar 
| 4 x3 | 


Now here it is plain by the diſpoſition of the Terms, that the 


Ruler can be apply'd eight times, and no oftner, or that there are 


eight caſes of external Terms to be try'd, each of which may give 


a Series for the Root, if the Coefficients will allow it, of which four 
will be aſcending, and four deſcending. And firſt for the four caſes 


of aſcending Series, in which the Root will converge by the aſcend- 


ing Powers of x ; and afterwards for the other four caſes, when the 


Series converges by the deſcending Powers of x. 
I. Apply the Ruler, or, (which is the fame thing,) aſſume the 
Equation aA — g7 A=*$>*%—=* == o, which will give — 3 


2m — 2, o'm=2; alſo A=-. The Number reſulting. 


from theſe Indices is — 6. But the Ruler in its parallel motion will 


next come to the Index — 3; then to — zm ＋ 2, or —2 ; then 


to o; then to 29—2, or 2; then to 3; and laſtly to zm and 2 ＋ 2, 


or 6. But the Numbers — 6, — 3, — 2, o, 2, 3, 6, are in an al. 


eending Arithmetical Progreſſion, of which the common difference 


is 1; and therefore the form of the Series will be y== Ax* + Bæ⸗ 


+ Cx+, &c. and its firſt Term will be 5 ; 


II. Aſſume the Equation 4 — A nn o, which will 


give — 3} — 27 — 2, or ; alſo A Ta. The Num- 
ber reſulting hence is — 3; the next will be — zu, or — 12; the 
next 2m — 2, or — 1; the next o; the next — 2 2, or 1; 
the next 3m, or 12; the two laſt 2 + 2 and 3, are each 3. But 
the Numbers — 3, — 12, — 1, o, 1, 14, 3, will be found in an 
aſcending Arithmetical Progreſſion, of which the common difference 
is =; and therefore the form of the Series will be AN + BKA 
Cx* + Das, &c. and its firſt Term will be + ax. 2 

; UI 
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III. Aſſume the Equation a%x—5 — A , which will 
ive — 3 = 2m — 2, or m - +; allo A—_t a*, The Num- 
ber reſulting is — 3; the next zu, or — 12; the next — 2m — 2, 
or — I; the next o; the next 2 + 2, or 1; the next — 3, or 
17; the two laſt 3 and —2m +2, which are each 3. But the 
Numbers — 3, — 12, — f, o, 1, 1+, 3, will be all comprehended 
in an aſcending Arithmetical Progreſſion, of which the common dif- 


— 


ference is = ; and therefore the form of the Series will be y ANR 


3 — 


+B-—+ CN ＋ Dx, &c. and the firſt Term will be + a or 


+a V | 

IV. Aſſume the Equation As x — @3A*x*=2 = o, which will 
give zu = 2m — 2, or n = —2; allo A==|a3, The Number 
reſulting is — 6; the next will be — 3; the next 2 + 2, or — 2; 
the next o; the next — 2 — 2, or 2; the next 3 ; the two laſt 
— 3m and — 2M-+2, each of which is 6. But the Numbers — 6, 
— 3. — 2, o, 2, 3, 6, belong to an aſcending Arithmetical Progreſ— 


ſion, of which the common difference is 1. Therefore the form of 


the Series will be y = Ax + Bx—* + C + Dx, &c. and its firſt 
Term will be 12 b | | 

The four deſcending Series are thus derived. | 

I. Aſſume the Equation A? — . — o, which will 


give zu 2m +2, or M==2; allo A==>. The Number re- 


ſulting is 6; the next will be 3; the next 22 — 2, or 2; the next 
o; the next — 2 ＋ 2, or — 2; the next — 3; the two laſt 
— 3m and — 2M — 2, each of which is — 6. But the Numbers 
6, 3, 2,'0, —2, — 3, — 6, belong to a deſcending Arithmetical Pro- 
greſſion, of which the common difference is 1. Therefore the form 
of the Series will be) = Ax* + Bx + C + Dx; &c. and the firſt _ 
Term will be 3 F | | 

II. Aſſume the Equation x* — A. = o, which will give 
2m 2 ==3, or r; alſo Aa. The Number reſulting 
is 3; the next will be 377, or 1+; the next — 2 ＋ 2, or 1; the 
next o; the next 2 — 2, or — I; the next — 3, or — 12; the 
two laſt — 3 and — 2 — 2 are each — 3. But the Numbers 3, 
IF, 1,0, — 1, — 12, — 3, belong to a deſcending Arithmetical 


2) 


Progreſſion, of which the common difference is 4. Therefore the 
form of the Series will be y= Ax*+Bx%4+ Cx=z-+ Dx=*, &c. and 
the firſt Term will be + Hax. | | 

| III. 
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II. Aſſume the Equation &* — a*A—*x—=++ =6, which will 
give 3 == — 2m ＋ 2, or m==— >; alfo Am ==t+-&F. The Num- 
2 from hence is 3 the next will be — 3m, or 1+; the 
next 2m ＋ 2, or 1; the next o; the next — 2 — 2, or — 1; 
the next zu, or — 12 ; the two laſt — 3 and 2y — 2, each ek 
which are —3. But che Nase g IS, I, o, —I, — 1+, — 3, are 
comprehended in a deſcending Arithmetical Progreflion, of which 
the common difference is +. Therefore the form of the Series will 


be y—=Ax"3+ Bx=+ Cx + Dx, &c. and the firſt Term will 
be a , or TAN. 

IV. Laſtly, aſſume the Equation a Amiga n o, 
which will give — zu = - 2m ＋ 2, or m — 2; allo AS 44. 
The Number reſulting is 6; the next will be 33 the next — 2 — 2, 
or 2; the next o; che next 2m + 2, or — 2; the next — 3; the 
two next zm and 2 — 2, are each — 6, But the Numbers 6, 3, 
2, o, — 2, — 3. — 6, belong to a deſcending Arithmetical Progrel- 
ſion, of vchich the common difference is 1. Therefore the form af 
the Series will be A A= een &c. and the firtt 


Term. is =. 


And this may ſuffice in all Equations of this kind, for fnding 
the forms of = ſeveral Series, and their firſt Approximations. Now 
we muſt proceed to their farther Reſolution, or to the Method of 
finding all 7 reſt of the Terms ſucceſſively, 


Sr. v. The Reſelution of Aﬀeted Specious 8 
0 2 various Methods of Analyfis. 


4 ITHERTO it has been ſhewn, when an Equation is 
e in order to find a its Root, how the Terms of the 


— 


of the Series is known.. For this end he finds Reſidual or i Sapple. 
mental Equations, in a regular ſucceſſion alſo, the Roots of Which 
are a continued Series of Supplements to t the Root required, - In 


every one of which Supplemental Equations the Approximation be - 


Ee - fqund, 
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found, by rejecting the more remote or leſs conſiderable Terms, and 


reducing it to a fimple Equation, which will give a near Value 
of the Root. And thus the whole affair is reduced to a kind of 
Compariſon of the Roots of Equations, as has been hinted already. 
The Root of an Equation is nearly found, and its Supplement, which 
ſhould make it compleat, is the Root of an inferior Equation, the Sup- 
plement of which is again the Root of an inferior Equation ; and ſo on 
for ever. Or retaining that Supplement, we may ſtop where we pleaſe. 

36. The Author's Diagram, or his Proceſs of Reſolution, is very 
eaſy to be underſtood ; yet however it may be thus farther explain'd, 
Having inſerted the Terms of the given Equation in the left-hand 
Column, (which therefore are equal to nothing, as are alſo all the 
ſubſequent Columns,) and having already found the firſt Approxi- 
mation to the Root to be 4 inſtead of the Root y he ſubſtitutes its 
equivalent 2 ＋E in the ſeveral Terms of the Equation, and writes 
the. Reſult over-againſt them reſpectively, in the right-hand Margin. 
Theſe he collects and abbreviates, writing the Reſult below, in the 


left-hand Column; of which rejecting all the Terms of too high a 


compoſition, he retains only the two loweſt Terms 4a*+4a*x=—=a, 
which give p =— 4x for the ſecond Term of the Root. Then 
aſſuming p== — Ex + , he ſubſtitutes this in the deſcending Terms 
to the left-hand, and writes the Reſult in the Column to the right- 
hand. Theſe he collects and abbreviates, writing the Reſult below 
in the left-hand: Column. Of which rejecting again all the Higher 
Terms, he retains only the two loweſt 4 — fax =o, which 
give q == = for the third Term of the Root. And fo on. 

Or in imitation of a former Proceſs, (which may be ſeen, pag. 
165.) the Reſolution of this, and all fuch like Equations, may be 
thus perform'd. | 


+ a*y==20%==(if y==a+p) a +3a*p+3ap* +3 } Or collecting 
Ht axy + x" r | 5 and expung- 
+a*x+axp ing, 
4a. Pa (if) - 4 
—+axp ＋ Xx -N +A&Xq 
regex —paxy+ 34 
—=F Fre Fe +9". 


Or collecting and expunging, | 
449 + 30% ＋ rar = (if gz= qu + 7). &c. 
wp + 
| 3 x*q ; 


By which Proceſs. the Root will be-found y== - bx + ba- &c. 
| | Or 
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Or in imitation of the Method before taught, (pag. 178, &c.) we 
may thus reſolve the firſt Supplemental Equation of this Example ; 
g. 44*Þ + axp + 3Zap* + =—=— a*x + x* ; where the Terms 


muſt be diſpos d in the following manner. But to avoid a great deal 
of unneceſſary prolixity, it may be here obſerved, that y = a, &c. 


briefly denotes, that @ is the firſt Term of the Series, to be derived 
for the Value of y. Alſo y =- 2, &c. infinuates, that — =x 


is the ſecond Term of the ſame Series y. Alſo y =# « + = , 


&c. inſinuates, that + = is the third Term of the Scries y, with- 


out any regard to the other Terms. And ſo for all the ſucceeding 
Terms; and the like is to be underſtood of all other Series what- 


Ever. 
40%) - @« + x8 
6 "PE Tran. +=, + 2 . Ke. 
e ere 1 ts 
F398 |= = === == ahent — 1h HED, tes 
e 


ä 4+ 219 Pn 
| RO 7 ＋ 54 ＋ rz ＋ 1638443 » &c. 


To explain this Proceſs, it may be obſerved, that here — a*x is 


made the firſt Term of the Series, into which 4a is to be re- 
ſolved ; or 44*Þ=— @*x, &c. and therefore p==— Ax, &c. which 
is ſet down below. Then is 4+ axp =— $ax*, &c. and (by ſquaring) 
＋ 34p* = + 7+ N, &c. each of which are ſet down in their pro- 
per Places. Theſe Terms being collected, will make — 4 2x*+, 


which with a contrary Sign muſt be ſet down for the ſecond Term 


of 4a*p; or 4 = + rx“, &c. and therefore p += , 
&c. Then axp==# + , &c. and (by ſquaring) Jap =#— > 


128 


&c. and (by cubing) þ5 =— z r*, &c. Theſe being collected 


3x3 


will make — g, to be wrote down with a contrary Sign; and 


128 


this, together with x3, one of the Terms of the given Equation, 
will make 4p ==» * + g, &c. and therefore p= + » + 


131 x3 
3 7 


N | Ix . | | $0987 
Kc. Then axp = + + = , &c. and (by ſquaring) 34% =» + 


Ee2 Ws — 


— EE I TEIN a 
— eb 4 


Aren en 


2 A 
An. the 
I 


_ . KTP de as — — 
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, Ke. and (by cubing) ff =» + 2 , Kc. all which 


, de and therefore pe 00+ g, 4e. Aid by the 
fame Method we may continue the Extfackien as far as we pleaſe. 
The Rational of this Proceſs has been already delivet'd, but as. 
it will be of frequent aſe, I ſhall here mention it again, in fome- 
what a different manner. The Terms of the Equation being duly 
order'd, fo as that the Terms involving the Root, (which are. to be. 
reſolved into theit feſpective Series,) being all in a Column on one 


| 4 | "FEE . AE A client bs 0 10 p ; 
being collected with a contrary Sigg, will mak. e 4 =» # # + 
50g | | 


fide, and the known Terms on the other fide ; any adventitious 


Ferms may be introduced, ſuch as will be neceſſury for forming the 

ſeveral Series, provided they are made mutually to deſtrey one an- 

other, that the integrity of the Equation may be thewky, preſerved. 
Dir 


— 


Theſe adventitious Terms will be ſupply d by a ene e culation,, 
which Will make the work eaſy and pleaſant enough; and the ne- 


ceſſary Terms of the ſimple Powers or Roots, of ſuch Series as com- 
oſe the Equation, mitft be derived one by one, by any of the 
R Theorems. : e 
Or if we are willing to avoid too many, and tob high Powers. 
in theſe Extractions, we itiay pfoceed in the following manner. 
The Example ſhall be the ſame Supplemental Equation as before, 
which may be reduced to this form, 4.4* —+ ax + 3ap + p * þ == 
— a*x * +X*, of which the Reſolution may, be thus: 


| 40% + "os . | 
+ 3% far ＋ Ar. + r, Ke. 
1 
5 ; __— GENT 1. | r 
48% + 448 + N + _ „Kc. 


1 51242 i 
! * —+ x3 « 


A Xx» xs. Fool | 
P = — xx +—- ph ns —— . 


The Terms 44* ＋ av + 32þ ＋ p I call the aggregate Factor, of 
which I place the known part or parts 4a. + ax ahhove, and the 
unknown parts 34 + ppb in a Column to the left-hand, fo as that 
their reſpective Series, as they come to be known, may be placed: 
regularly over- againſt them. Under thefe a Line is drawn, to; receive 
| 2 | the 
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the „ it, which is formed by the Terms of th 

egate Factor, as they become known. Under this a gate Se. 
ries comes the fimple Factor p, or the fymbol of the Þ is bs 
extracted, as its Terms become known 115 Laftly; bender all are 
the known. Terms of the Equatian in their proper places/* Now as 
theſe laſt Terms (becauſe of the Equation) are equivalent to the Pro- 
duct of the two Species above them; from this conſideration the. 
Terms of the Series p are gradually derived, as follows. 

Firſt, the initial Term 44. (of the aggregate Series) is brought 
down into its place, as having no other Term to be collected with 
it. Then becaufe this Term, multiply'd by the firſt Term of p, 
ſuppoſe g, is equal to the firſt Term of he Product, that is, 42. 


== — &, it will be q z=— u, of == xx, &c. to be put down | 


in its place. Thence we ſhall have .34p = — 4ax, &c. which to- 


gether with»-+- ax above, will make ar for the ſecond Term 


of the aggregate Series. Now if We BIEN ofe 7 to repreſent the ſe- 
cond Term of p, and to be wrote in its place accordingly ; by croſs- 
multiplication we ſhall have 44*r — r == 0, becauſe 0 ſecond 


Term of; the Product is abſent, or =0. Therefore r= 25 „ which 


may now . And hence % . g, 
cc. and = , & being collected will make oo, 
for the third Term of the aggregate Factor. Now if we ſuppoſe 
s to repreſent the third Term 1 — p, then by croſs-mmltiplication, (or 
by our Theotem for Multiplication of infinite Series,) 4455 + 


2 STEELS (for ars is the third Term of the Product ) There 


fore 5 = = =, , to be ſet down! in its Place. Then 3 = S2 


3 + - 


593— 3 BG = — =, Kc. which together will make 


yur 7 


+ = for the fourth Term of the aggregate Series. Then potting 


pc to repreſent the fourth Term of p, by multiplication we we ſhall have 


4144 2 | __ 389x4 26” 1 301 
42 EEE + Em a = — — 
ſet down in its place. If we would proceed any farther in the Ex- 


traction, we muft find in like manner the fourth Term of the Se- 
ries zap, and the third Term of p-, in order t find the fifth Term 


of the aggregate Series. And thus we may E and ſurely carry 


on the Root to what degree of accuracy "wk eaſe, without any 


danger of computing any TIE 
n of theſe Methods. 


ich wilt be no mean 
Or 


FA "77 - 4 
2 ·˙ ² A3 —3r˙ ů 2 — —— 


muſt not omit to ſupply the Learner with one more, which is com- 
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Or we may proceed in the following manner, by which we ſhall F 
avoid the trouble of raifing any ſubſidiary Powers at all. The Sup- z 
plemental Equation of the ſame Example, 44*p + axp + 3ap* + . 
ff =— @*x + x3, (and all others in imitation of this,) may be 


reduced to this form, 44* + ax + 34 ＋ Þ * x þ = — ax ＋ , 
which may be thus reſolved. w_ = 


©. walls 44. + ar 
+3a+ ----- + 3.— r + © » Kc. 


| x® 131x3 


51244 


* 


4a +448 o+ Arx = . h &c. 
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pl — — 4 | — | 1313 dog? | KN 
KP == Px FT i 1638 7723 Kc. 


The Terms being diſpoſed as in this Paradigm, bring down 43. 
for the firſt Term of the aggregate Series, as it may till be call'd, 
and ſuppoſe q to repreſent the firſt Term of the Series p. Then will 
4 =— a*x, Or 8 =- I x, which is to be wrote every where 
for the firſt Term of p. Multiply + 3a by — 4x for the firſt Term 
of 3a ＋ pp, with which product — 4ax collect the Term above, 
or + ax ; the Reſult Sax will be the ſecond Term of the aggregate 
Series. 'Then let 7 repreſent the ſecond Term of p, and we ſhall 
have by Multiplication 4e — ax = ©, or r= = , to be 
wrote every where for the ſecond Term of p. Then as above, by croſs- 
multiplication we ſhall have 3a * -- + Tr =o75x* for the third 

4a 
Term of the aggregate Series. Again, ſuppoſing 5s to repreſent the 
third Term of p, we ſhall have by Multiplication, (fee the Theorem 


: x3 7x3 ** -. 3 131x3 
for that purpoſe,) 445 ＋ 2786 Wr 256 — x3, that 18, S == 25 9 to 


be wrote every where for the third Term of p. And by the ſame 
way of Multiplication the fourth Term of the aggregate Series will be 
found to be S, Which will make the fourth Term of þ to be 
. Oo LO 


6384483 * : 1 3 oY 5 
f Among all this variety of Methods for theſe Extractions, we 


mon 
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mon and obvious enough, but which ſuppoſes: the form of the Se- 
ries required to be already known, and only the Coefficients to be 
unknown. This we may the better do here, becauſe we have al- 
ready ſhewn how to determine the form and number of ſuch Se- 
ries, in any caſe propoſed, This Method conſiſts in the aſſumption 
of a general Series for the Root, ſuch as may conveniently repre- 
ſent it, by the ſubſtitution of which in the given Equation, the ge- 
neral Coefficients may be determined. Thus in the preſent Equa- 
tion y* + axy + aay — x3 — 24 o, having already found (pag. 
204.) the form of the Root or Series to be y = A+ Bx—+ Cx*, &c. 
by the help of any of the Methods for Cubing an infinite Series, 
we may eaſily ſubſtitute this Series inſtead of y in this Equation, 
which. will then become | 


A + 3A*Bx + 3AB*x* + Brx® + 3AC*x+, &. T1 

TAC +6ABC+3BC O 

+ AD ＋ ABD 

1 0 b | p poor ; 
+ Ax + aBx* ＋ Cx + aDx1, &c. 

+ 4A + @Bx + CY + aD ＋ a*Ex*,&c.; 


— 243 g 1 "A. — 8 &x* a ; S bs ; i 


| 
2 


4+ 


Now becauſe. x is an indeterminate quantity; and muſt continue 


ſo to be, every Term of this Equation may be ſeparately put equal to 


nothing, by which the general Coefficients A, B, C, D, &c. will be de- 
_ termined to congruous Values; and by this means the Root y will be 
known. Thus, (1.) A + a*A — 24*==0, which will give A=, 


— aA 


as. before.. (2.) 3A*B ＋ aA + BZN, or B Ii=—3 
(3.) 3AB* + 3A*C +aB + Co, or C=— Tia a 


(4.) B* + ABC 3A*D +aC + @D— 1 o, or D = 
(5) 3AC* + 3B*C + 6ABD + 3A*E D +@E Do, or E 
a And fo on, to determine F, G, H, &c. Then by ſubſti- 
tuting theſe Values of A, B, C, D, &c. in the aſſumed Root, we 
ſhall have the former Series y = A K 52 * —— Js &c. 

Or laſtly, we may conveniently enough reſolve this Equation, or 
any other of the ſame kind, by applying it to the general Theorem, 


pag. 190. for extracting the Roots of any affected Equations in Num- 
bers. For this Equation being reduced to this form y* A 
| 0 5 — 


r — — - — — 
— I Se ISS = — — = 
Wo 7 2 . _ PET * 
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— Ex e = ©, we ſhall have there w==3. And inſtead 
of the firſt, ſecond, third, fourth, fifth, &c. Coefficients of the Powers 
of y in the Theorem, if we write 1,0, aa ＋ ax, ee en o, 


a 


Kc. reſpectively; and if we make the firft Approximation 5 2 ==> 


or Ard and B==1; we ſhall have 5 denne dipprecd- 


mation to the Root. Again, if we make A== 44 o x3, and 
B =— 44% + ax, by Subſtitution we ſhall have the Fraction 
26 4--96afx 247 . 114 + 484 ＋ 124 K 25adx6 „ag for ra 


75 16 l ＋ GO + 10949 3+ 254444 # + Za a 
nearer * to the Root. And taking this Numerator 


for A, and the Denominator for B, we ſhall approach nearer ſtill. 
But this laſt 3 · ·[70„dd is ſo near, that if we only take the firſt 
five Terms of the Numerator, and rie them by the firſt five 
Terms of the Denominator, (Which, if rightly managed, will be no 
troubleſome Operation, we N 2 — five Terms of the 
Series, ſo often found 

And the Theorem will — 1 faſt on this, and ſuch like oc- 
caſions, that if we here take the firſt Approximation A 4, (ma- 


king B = 1.) we ſhall have J=ETE, c. == @— 2x, &c. 
And if again we mike this the ſecond Approximation, or A | 
— ite, (making B == 1;) we ſhall have 7. e c. = 


A e 2 


* TEL AN „ =d&— x + ; Ft —+ IS. 5 &c. And 


1.4 Lein we make this the. third Approximation, r A2 * 
| FE , Kc. (making B= I/) we ſhall have the Value of the 


64a 51244 
Ae Rast to eight Terms at this Operation. For every new Oper- 
ation will double the number of Terms, that were found true hy the 
Jaſt Operation. 
'To PPE ſtill with the ſame Equatian ; we have found before, 
pag . 205, that we might likewiſe have a deſcending Series in this 
Im, == Ax+B +Cx=, '&c. for the Root y, which we ſhall 
extract two or three ways, for the more abundant exemplification of 
this Doctrine. It has been already found, that A== 1, or that x 
is the firſt Approxamation to the Root. Make therefore, Y x Eg, 
and ſubſtitute this in the given 1 Equation J* + 2X) + Gay. — x5 — 
243 o, which will then as 3* + A a*þ + Z "4 £® 
+ r + a — 245 = o. This may be reduced to this form 
2x* + ax + a* + 3x + * of am. — OX + 247, and may 
de reſolved as follows, 3* 
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5 z | ax + a? RY 
+ 3x) - - - - max — o* þ 2 


27x 


8 * -===== = +30 + = 5 &c. 


4 6143 
| 3* * * ＋ 74 — Iz 4 &c. 
— _—_— —— a” I Gab 0444 
* 3x + 812 —_ 243x3 ? &c. 


* * 


22 -A- 245 * 


The Terms of the aggregate Factor, as alſo the known Terms of 
the Equation, being diſpoſed as in the Paradigm, bring down 3 x* 
for the firſt Term of the aggregate Series; and ſuppoſing ꝙ̃ to repre- 
tent the firſt Term of the Series 5, it will be 3x*%4q=— ax*?, or 

= — 2a, for the firſt Term of . Therefore — ax will be the 
firſt Term of 3xp, to be put down in its place. This will make the 
ſecond Term of the aggregate Series to be nothing ; ſo that if 7 re- 


preſent the ſecond Term of p, we ſhall have by multiplication 3x*r 
= - ax, or 7 == — 55 for the ſecond Term of p, to be put down 
in its place. Then will — a* be the ſecond Term of 3xp, as alſo 
va will be the firſt Term of pa, to be ſet down each in their places. 
The Reſult of this Column will be ga, which is to be made the 
third Term of the aggregate Series. Then putting s for the third 
Term of p, we ſhall have by Multiplication gx*s — . = 245, 
or == . And thus by the next Operation we ſhall have * = 


81 x2 
6444 
=, and fo on. 
243x5 


Or if we would reſolve this reſidual Equation by one of the fore- 
going Methods, by which the raiſing of Powers was avoided, and 
wherein the whole was perform'd by Multiplication alone ; we may 


reduce it to this form, 3x* + ax + 4 + 3x ＋ xÞ xP - d& 
— 4a*x -+ 243, the Reſolution of which will be thus: 
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| 3x* + ax ＋ 2 * 


+ 3+ - 3 — 1 — f . &. 


22 By 
33 . 2 
x 5 = Res as "mn res + 81K 2 3 &c. 
5 6143 
| * N . 
= many = 8 — I ny * 
ee eee 7h 
- aN — A ＋ 24* * 


The Terms being diſpos'd as in the Example, bring down 3x* for 
the firſt Term of the aggregate Series, and ſuppoſing 9 to repreſent 
the firſt Term of the Series p, it will be 3x*q == — ax*, or g =—- 
:7, Put down -+ 3x in its proper place, and under it (as alſo after 
it) put down the firſt Term of p, or — 4a, which being multiply'd, 
and collected with ＋ ax above, will make o for the ſecond Term 
of the aggregate Series. If the ſecond Term of p is now repreſented 


by r, we ſhall have zur = d&, or r= 2 „to be put 
down in its ſeveral places. Then by multiplying and collecting we 
ſhall have + Za* for the third Term of the aggregate Series. And 


putting s for the third Term of p, we ſhall have by Multiplication 
JX* — 2. ==243, Or S== SE And fo on as far as we pleaſe. 

Laſtly, inſtead of the Supplemental Equation, we may reſolve the 
given Equation itſelf in the following manner : 


— IX - ax + x4 _ &c. 
| 7 3  $ix ? 
5541 | 
＋AN Y 1 = - - aA& — a — x 8 &c. 
aq 
422 Soo ooo. 4 Rx we 505 cm &c. 
— i Cs hot , on 


Here becauſe it is 1 = x3, &c. it will be y = x, &c. and therefore 
+ axy ==—+ ax, &c. which muſt be ſet down in its place. Then 
it muſt be wrote again with a contrary ſign, that it may be ys =, 
— ax*, &c. and therefore (extracting the cube-root,) y == « — 2, 
&c, Then a = a*x, &c. and ＋ axy = — asn&, &c. 

which 


. 1 
WEN 
8 
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8 
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* 
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which being collected with a contrary ſign, will make 5 == 4 « — 
za, &c. and (by Extraction) y = + « — 25 , &c. Hence + a*y 
= « 43, &c. and + axy==# « — 25, &c. which being col- 
lected with a contrary ſign, and united with ＋ 243 above, will 


. 3 

make q = + 5 &c. whence (by Extraction) y = + * # - — , 
- 41 | v4 

&c. Then + a D = * K — 2 &c. and ＋ OXY == *Ků * — — > 


' &c. which being collected with a contrary ſign, will make ys = 


2844 - 64c4 
* # * , &c. and then (by Extraction) y == « « « « + —3 


&c. And ſo on. 

37, 38. I think I need not trouble the Learner, or myſelf, with 
giving any particular Explication (or Application) of the Author's 
Rules, for continuing the Quote only to ſuch a certain period as ſhall 
be before determined, and for preventing the computation of ſuper- 
fluous Terms ; becauſe moſt of the Methods of Analyſis here deli- 


ver'd require no Rules at all, nor is there the leaſt danger of making 


any unneceſſary Computations. 

39. When we are to find the Root y of ſuch an Equation as 
this, y — 257 + 2) — $y+ + Zy*, &c. = E, this is uſually call'd 
the Reverſion of a Series. For as here the Aggregate z 1s expreſs d by 
the Powers of y; ſo when the Series is reverted, the Aggregate y 


will be expreſs'd by the Powers of 2. This Equation, as now it 


ſtands, ſuppoſes & (or the Aggregate of the Series) to be unknown, 
and that we are to approximate to it indefinitely, by means of the 
known Number y and its Powers. Or otherwiſe ; the unknown 
Number 2 is equivalent to an infinite Series of decreaſing Terms, 
expreſs'd by an Arithmetical Scale, of which the known Number y 
is the Root. This Root therefore muſt be ſuppoſed to be leſs than 
Unity, that the Series may duly converge. And thence it will fol- 
low, that E alſo will be much leſs than Unity. This is uſually cal- 
led a Logarithmick Series, becauſe in certain circumſtances it ex- 
preſſes the Relation between the Logarithms and their Numbers, as 
will appear hereafter. If we look upon & as known, and therefore 
y as unknown, the Series muſt be reverted ; or the Value of y muſt 
be expreſsd by a Series of Terms compos'd of the known Num- 
ber z and its Powers. The Author's Method for reverting this Se- 
ries will be very obvious from the conſideration of his Diagram ; 
and we ſhall meet with another Method hereafter, in another part of 
his Works. It will be ſufficient therefore in this place, to perform it 
after the manner of ſome of the foregoing Extractions. | 
E472 y 
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* | == 2 +- I$* 28 ＋ 1178 —— TITS, &c. - 


— He | 1 1 — 77. — , Ke 

+ 17 11434 + £23 + 224 + Frs“, &c. 

— 2 | 344 === — E234 — 22, &c. 

U r 2%; Bak 
E. | 


In this Paradigm the unknown parts of the Equation are ſet down 
in a deſcending order to the left-hand, and the known Number 2 is 
ſet down over-againſt y to the right-hand. Then is y, &c. 


and therefore — 2) = — 22, &c. which is to be ſet down in its 


place, and alſo with a contrary ſign, ſo that y== + + 227, &c. 
And therefore (ſquaring) — 2) == « — 223, &c. and (cubing) 
+ YYY = + +23, &c. which Terms collected with a contrary ſign, 
make y == « « + #2, &, And therefore (ſquaring) — 2 = 
„ * — 7x24, &c. and (cubing) ＋ 2 = + + $24, &c. and — 2) 
==— 22+, &c. which Terms collected with a contrary fign, make 

== * ＋ st, &c. Therefore — 2) == # * * — F2*, &c. 
and + Y = # , &c. and — ) = « — E237, &c. and 
+ Y =—+ E2*, &c. which Terms collected with a contrary fign, 
make y== s, &c. And ſo of the reſt. 

40. Thus if we were to revert the Series y + 4 ＋ £&y* + £397 
＋ +453) + 53373)", &c. = 2, (where the Aggregate of the Se- 
ries, or the unknown Number &s, will repreſent the Arch of a Circle, 


whoſe Radius is 1, if its right Sine is repreſented by the known 


Number y,) or if we were to find the value of y, conſider'd as un- 
known, to be expreſsd by the Powers of E, now conſider'd as known 
we may proceed thus: = 


14 1 == 2 — 7 -þ- TITS —_ ers _ Jrrrres“, &c. 
— 2 bs 

+ „ +38 — 7 + #52) — vrrrrzb, &c. 
JJ + Jet = wt + your, Kc 


+ . 2 — — — + Az — 2“, &c. 
N BEET <-> + a 
C. J 


The Terms being diſpoſed as you ſee here, we ſhall have y E, 
&c. and therefore (cubing) 2 = #23, &c. which makes y = , 
— s, &c, ſo that (cubing) we ſhall have + 25 = « — 225, 


&c, and alſo Fy* == , &c. and collecting with a contrary ſign, 


9, 
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„ eres, &c. Hence 2 = + , &c. and . 
= + — 2), &c. and ii = iz, &c. and collecting with a 
contrary ſign, . — 35755", &c. And ſo on. 

If we ſhould deſire to perform this Extraction by another of the 
foregoing Methods, that is, by ſuppoſing the Equation to be reduced 
to this form 1 + 0 ＋ r + +$53* ir, &c. xy, it 
may be ſufficient to ſet down the Praxis, as here follows. 


I * * * * 
+ fe == o $00 ͤ — NS 
. + 252) — , E ah rge, Cc. 
— Aro“ =nnnnnnn=n===—=—— + 755735 — Ars, &c. 
on rh e proved ops. - Dr. doen Fe —+ Tr &c. 


— — - woe 
_———— ——  — TSS -E e „ &c. 
e &c. 
S. 


* * K* 11 6 


41. The affected Cubick Equation, which the Author here aſſumes 
to be ſolved, has infinite Series for the Coefficients of the Powers of 
y; and therefore its Terms being diſpoſed (as is taught before) accor- 
ding to a double Arithmetical Scale, the Roots of each of which are 


y and E, it will ſtand as is repreſented here below. Or taking Aa 


for the firſt Approximation to the Root y, and ſubſtituting it in the 
firſt Table, it will appear as is here ſet down in the ſecond Table. 


0 * 2 — 8 » "5 2 — 8 


AUR + wap 4 Ar E a git op A . 2 
SH 290 39 o Elmo. pantry 4am mgg bo, 
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Noi the only caſe of external Terms, to be diſcover'd by apply- 
ing the Ruler, will give the Equation A; g g — o, whence 
zu + 2 o, or mn = — 2, and the Coefficient A2. The 
next Number or Index, to which the Ruler in its parallel motion 
will apply itſelf, will be 2 + 2, or 3; the next will be n ＋ 2, 
or 4; and ſo on. Which aſcending Arithmetical Progreſſion o, +, 
2, &c. will have 4 for its common difference. Therefore y==Az—3 


+ B +Cz* + Ds? + Ex-, &c. will be the form of the Root in this 
Equation, It may be reſolved by any of the. foregoing Methods, 


but 
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but t perhaps moſt readily by ſubſtituting the Value of y now found 


in the given Equation, and thence determining the general Coeth- 

cients as before. By which the Root will be found to — J= 

22 3 +4 =—32) + £52) — 3425 ＋ O27 + rr „Kc. 
42. To reſolve this affected Quadratick k Equation, in Which one 


of the Coefficients is an infinite Series; if we ſuppoſe y = AY, &c. 


we ſhall have (by Subſtitution) the Equation as it ſtands hers: below. 
Then by applying the Ruler, we ſhall have — aAx” + = =O, 


whence m == 4, and A > The next Index, that the Ruler 


in its parallel motion will arrive at, is 7 + 1, or 5; the next is 
N ＋2, or 6; &c. ſo that the common difference of the Progreſ- 
ſion is 1, and the Root may be repreſented by y == Ax- ＋ Bx + 
Cx*5, &c. which may be ny oe as here follows. 


x6 x7 
| a6; 9 — — + — 
4a4 


Here becauſe it is = ee => &c. it will be y== , &c. 


Therefore — xy == — = * which wrote with a Wen Sign 


will make — ay == + +5 7 and therefore 0 . — . ; 


Then — xy == + + — , &c. and — - &c. which 
collected will 3 eh other, and therefore — ay == * « + ©, 
y 


&c. and conſequently y == « o, &c. &c. 
But there is another caſe of external Terms, which will be diſ- 
over'd by the Ruler, and which will give Ax — AA —o, 


| 33 m Do, and Aa. Here the Progreſſion of the Indices 


will be o, 1, 2, &c. ſo that y==A +Bx-+ Cx*, &c. will be the 


form of the Series. And if this Root be proſecuted by any of the 


Methods 
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Methods taught before, it will be found y = ＋ x + = + = 


4 
=, &c. 
Now in the given Equation, becauſe the infinite Series 2 + x + 


2. 3 + . g : 
_ = + = „. 14 4 Geometrical Progreſſion, and therefore 1s 


2 


equal to —— , as may be proved by Diviſion; if we ſubſtitute this, 


the Equation will become y* — . Re 8 S2 o. And if we ex- 
tract the ſquare-root in the ordinary way, it will give y = 
ö for the exact Root. And if this Radical 


24 — 24X 


be reſolved, and then divided by this Denominator, the ſame two 
Series will ariſe as before, for the two Roots of this Equation. And 
this ſufficiently verifies the whole Proceſs. | 
43. In Series that are very remarkable, and of general uſe, the 
Law of Continuation (if not obvious) ſhould be always aſſign'd, when: 


that can be conveniently done; which renders a Series ſtill more uſe- 


ful and elegant. This may commonly be diſcover'd in the Compu- 
tation, by attending to the formation of the Coefficients, eſpecially 
if we put Letters to repreſent them, and thereby keep them as general 
as may be, deſcending to particulars by degrees. In the Logarithmic 
Series, for inſtance, & ==y — 29 + 4y3 — 4y*, &c. the Law of 
Conſecution is very obvious, ſo that any Term, tho” ever ſo remote, 
may eaſily be aſſignd at pleaſure. For if we put T to repreſent any 
Term indefinitely, whoſe order in the Series is expreſs'd by the na- 


tural Number n, then will T A, where the Sign muſt be 


Tor — according as n is an odd or an even Number. $0 that the 
hundredth Term is — 443", the next is r , &c. In the 
Reverſe of this Series, or J=3+ T= + £23) T + 73525) 
&c. the Law of Continuation is thus. Let T repreſent any Term 


indefinitely, whoſe order in the Series is expreſs'd by m; then is 


15 S , Which Series in the Denominator muſt be con- 


1X2X3X4x Oc. 


tinued to as many Terms as there are Units in yy. Or if e ſtands 


for the Coefficient of the Term immediately preceding, then is T 


C 
* 


Again, in the Series y= 2 — F233 + 5358) = 35552) + 
577752), &c. (by which the Relation between the Circular Arch 
and its right Sine is expreſs'd,) the Law of Continuation will be . 


—— 
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If T be any Term of the Series, whoſe order is expreſs'd by n, and 


: 2m. . 


if c be the Coefficient immediately before; then T 


2M — 1 X PRI 2 : 
And in the Reverſe of this Series, or & =y +5)* + Yn + 34357 
+ 35:9, &c. the Law of Conſecution will be thus. If T repre- 
ſents any Term, the Index of whoſe place in the Series is , and if 


£ be the preceding Coefficient ; then T = — —.— - - ym, And 
2 — 1 X 21 — | 
the like of others. | " OY 1 
44, 45, 46. If we would perform theſe Extractions after a more 
indefinite and general manner, we may proceed thus. Let the given 
Equation be 5 + a*y + axy — 24 — K* O, 3 -. 8 
the Terms of which ſhould be diſpoſed as . 4 5 G Ti - 


in the Margin. Suppoſe y = 4 p, where * 
b is to be conceived as a near Approximation 
to the Root y, and 5 as its ſmall Supplement. When this is ſubſti- 


tuted, the Equation will ſtand as it 


does here. Now becauſe x and þ — 232 + 75 + 3⁰ +3? 
are both ſmall quantities, the moſt T 72 * | 
conſiderable quantities are at the be- + a!zx + axp NZ. 
ginning of the Equation, from — ; v [ 


whence they proceed gradually di- 
miniſhing, both downwards and towards the right-hand ; as ought 
always to be ſuppos d, when the Terms of an Equation are diſposd 
according to a double Arithmetical Scale. And becauſe inſtead of 
one unknown quantity , we have here introduced two, 4 and 5, 
we may determine one of them &, as the neceſſity of the Reſolution 
ſhall require. To remove therefore the moſt conſiderable Quantities 
out of the Equation, and to leave only a Supplemental Equation, 
whoſe Root is p; we may put 5 + a*þ— 243: o, which Equa- 
tion will determine &, and which therefore henceforward we are to 
look upon as known. And for brevity ſake, if we put 42 + 362 
Sc, we ſhall have the Equation in the Margin. : 
Now here, becauſe the two initial Terms i 

＋ + abx are the moſt conſiderable of * . IE TE 

the Equation, which might be removed, if „ = 
for the firſt Approximation to p we ſhnoula * 


aſſume — ==, and the reſulting Supplemental Equation would be de- 
preſs'dlower ; therefore make p == — — ＋ 9, and by ſubſtitution we 
ſhall have this Equation following. 5 


Or 
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Or in-this Equation, ifß rs =p 3 +1) 
we make 7 „„ c wa 7 = 
Gaba 43543 + a 
2 — — See, and — 324 „ 
c — , c3 + > * 2252 T0 
+ Lo J; it will aſſume 2 + ap . - | 
t IS Orm. | C | 


a . 
Here becauſe the Terms to be next removed are - PROP may 
put qz=— g +7, and by Sub- 4% +34 +8 
ſtitution we ſhall have another 4 — - . | 
Supplemental Equation, which 2052 
will be farther depreſs'd, and fo = M 75 
on as far as we pleaſe. Therefore J 


we ſhall have the Root 2256 x — <x*, &c. where 5 will be 


the Root of this Equation 43 ＋ 4 — 24 = 0, c= @a* + 26, 
1 3a*b3 a*b ; 


Or by another Method of Solution, if in this Equation we aſſume 


(as before) y = A + Bx + Cx* + Dx3, &c. and ſubſtitute this in 


the Equation, to determine the general Coefficients, we ſhall have 

y=A— x wh D- + e . &c. wherein A is the 

Root of the Equation A3 + a*A — 245 o, and c == 3A* + 2. 
47. All Equations cannot be thus immediately reſolved, or their 


Roots cannot always be exhibited by an Arithmetical Scale, whoſe . 


Root is one of the Quantities in the given Equation. But to per- 


form the Analyſis it is ſometimes required, that a new Symbol or 
Quantity ſhould be introduced into the Equation, by the Powers 


of which the Root to be extracted may be expreſs'd in a converg- 


ing Series. And the Relation between this new Symbol, and the 
Quantities of the Equation, muſt be exhibited by another Equation. 
Thus if it were propoſed to extract the Root y of this Equation, 
* 4+) — 2 + 4y3 — 4%, &c. it would be in vain to expect, 
that it might be expreſs'd by the ſimple Powers of either x or 4. 
For the Series itſelf ſuppoſes, in order to its converging, that y is 
ſome ſmall Number leſs than Unity; but x and à are under no ſuch 
limitations. And therefore a Series, compoſed of the aſcending 
Powers of x, may be a diverging Series. It is therefore neceſſary to 
introduce a new Symbol, which ſhall alſo be ſmall, that a Series 

- "2% NR » 5 form'd 
4 | 
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form'd of its Powers may converge to y. Now it is plain, that x 
and a, tho' ever fo great, muſt always be near each other, becauſe 
their difference y — 4y*, &c. is a ſmall quantity. Aſſume therefore 


the Equation x —@==2, and S will be a ſmall quantity as required; 


and being introduced inſtead of x — 4, will give S y — 33* + 
2) — 4y+, &c. whole Root being extracted will be y S + 38+ 
＋ 423 + 2721, &c. as before. 

48. Thus if we had the Equation y* ＋- y* + y — o, to find 
the Root y; we might have a Series for y compoſed of the aſcending 
Powers of x, which would converge if x were a ſmall quantity, lets 
than Unity, but would diverge in contrary Circumſtances. - Suppo- 
ſing then that x was known to be a large Quantity ; in this caſe the 
Author's Expedient is this. Making E the Reciprocal of x, or ſup- 


poſing the Equation x - , inſtead of æ he introduces & into the 


Equation, by which means he obtains a converging Series, conſiſting 
of the Powers of 2 aſcending in the Numerators, that is in reality, 
of the Powers of x aſcending in the Denominators. This he does, 
to keep within the Caſe he + gs to himſelf ; but in the Method 


here purſued, there is no occaſion to have recourſe to this Expedient, 


it being an indifferent matter, whether the Powers of the converg- 


ing quantity aſcend in the Numerators or the Denominators. 


Thus in the given Equation y* - + y + 

; . 

king y=Ax*, ke) Au + A. + Ar. v, Ke. 
— 3 8 797 aig « 


by applying the Ruler we ſhall have the exterior Terms AK 


Ss, or m =, and A1. Alſo the reſulting Number or Index 
is 3. The next Term to which the Ruler approaches will give 2, 
or 2; the laſt z, or 1. But 3, 2, 1, make a deſcending Progreſſion, 
of which the common difference is 1. Therefore the form of the 
Root will be y = Ax +B + Cx=*-+ Dx, &c. which we may 
thus extract. | N | 


755 * x + Ir vr , &c. 


＋ 5* — — — . ** — — * ＋ TREE CC. 
o+YJJ------- + 3x — & — x" + px rr , &c. 


Becauſe y*==x3,&c. it will be y==x,&c.and therefore . , &c. 


which will make y = . — x*, &c. and (by Extraction) y = « —= 


Kc. Then (by ſquaring) y* = « — 2x, &c, which with x below, 
and changing the Sign, makes y% == « - ix, &c, and therefore 


N 


£ == O, Or (ma- 
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y= * $0, &c. Then J* ==+ # — 8. &c. and =, 
&c. which together, changing the Sign, make 9 = » « ＋ , 
&c. and S* EK. Then „* , 
&c. and y = e , &c. and therefore 9 ＋ r, 
&C. and y r „ CC. | EM 
Now as this Series is accommodated to the caſe of convergency 
when x 1s a large Quantity, ſo we may derive another Series from 
hence, which will be accommodated to the caſe when x is a ſmall 


quantity. For the Ruler will direct us to the external Terms Ax= 


— So, whence m==}, and A==71; and the reſulting Num- 
ber is 3. The next Term will give 2, or 6 ; and the laſt is 3m, 
or 9. But 3, 6, 9 will form an aſcending Progreſſion, of which the 
common difference is 3. Therefore y == Ax* + Bx* ++ Cx, &c. 
will be the form of the Series in this caſe, which may be thus 
derived. 1 


| == X* — „ + x” «„ — 4X" + 14x" &c. 
- * + XS — 2X9 + Jx*"* — 2 Fs 70 &c. 
+ 3Y -- = = - 2234 NF cm 33 ＋ 6 2 &c. 


Here becauſe — &c. it will be y* == x5, &c. and therefore 
== = — x5, &c. Then y* == « — 2, &c. and y x, &c. 


F 
and therefore y == ＋ , &c. Then'y* == « « + 3x**, &c. and 


y = = — 3X"*, &c. and therefore y == . o, &c. 

The Expedient of the Ruler will indicate a third caſe of external 
Terms, which may be try'd alſo. For we may put A*x3” + Azx** 
+ Ax = 0, whence m = 0, and the Number reſulting from the 
other Term is 3. Therefore 3 will be the common difference of 
the Progreſſion, and the form of the Root will be y = A + By? + 
Cx, &c. But the Equation As + A* + A s, will give Ao, 
which will reduce this to the former Series. And the other two 
Roots of the Equation will be impoſſible. _ 4 
If the Equation of this Example y* + y + y — oO be 
multiply'd by the factor y— 1, we ſhall have the Equation y+ — y 
IE * = ©, or 34 # * 3 4 od o, which when re- 
ſolved,” will only afford the ſame Series for the Root y as before. 

49. This Equation 5. — x*y* + K) + 2) — 2 + lo, when 


reduced to the form of a double Arithmetical Scale, will ſtand as in 


the Margin. | 
33 8 | + phe Now 


4 


228 The Method of FLUxTONs, 
Now the firſt Caſe of external 34 + T 93. 2+ 1 


Terms, ſhewn by the Ruler, in . 2 
I! _ 7 . 23 Series, 3 Or making y = Ax, &e. 
4 * r 0 Ax „2A — 2Ax +1 | 
if + I =O, OT n == ©; where the An r 1 
|: , , + A3x We NS 
| reſulting Number is alſo o. The — 4 *. 
I ſecond is 2,7 + 1, or 1; the third | | | 
| 2m ＋ 2, or 2. Therefore the Arithmetical Progreſſion will be o, 
| I, 2, whoſe common difference is 1; and conſequently it will be 


1 ATB + Cx* + Dx, &c. But the Equation A+ + 2A» 

| — 2A + 1==0, which ſhould give the Value of the firſt Coeffi- 
| cient, will ſupply us with none but impoſſible Roots; ſo that y, 
=. the Root of this Equation, cannot be expreſs'd by an Arithmeticat- 
> Scale whoſe Root is x, or by an aſcending Series that converges by 
| the Powers of x, when x is a ſmall quantity. 
1 As for deſcending Series, there are two caſes to be try'd ; firſt the. 
Ruler will give us A+x4" — AN = o, whence 4m == 2m + 2, or 
m==1, and A=+ 1. The Number ariſing is 4; the next will 
be 2m —+ 1, or 3; the next 2m, or 2; the next , or 1; the laſt o. 
LY But the Arithmetical Progreſſion 4, 3, 2, 1, o, has 1 for its common 
| difference, and therefore the form of the Series will be y == Ax 4+ 
I B-+ Cx, &c. But to extract this Series by our uſual Method, it 

will be beſt to reduce the Equation to this form, y* — x* + x + 2 

| — 2 + y* os, and then to proceed thus: 


— ns Ig 


| 5% N —X— 2 ＋ 2K — *, &c. 
3 27 UU— 2 —— — 2K — + , &c. 
0 ＋ * C 9 K *, &c. 

1 | | | > haze: ad + 8x 355 16% 1289 &c. 


=_ | Becauſe y* = x* — x— 2, &c. tis therefore (by Extraction) 


| | J=x—+ -, &c. Then (by Diviſion) — 2 =—=— 2K, 
why . , 
| &c. ſo that ) # » + 2x", &c. and (by Extraction) y = + + 


| &c. which being united with a contrary ſign, make y* = « «+ + 
z, &c. and therefore by Extraction } == * ==, 

In the other caſe ofa deſcending Series we ſhall have the Equation 
I! — A:X**Þ* + fro, whence 27 +2 o, or n = 1, and 
i A==>+ 1. The Number hence ariſing is o; the next will be 2 + 1, 
I cr 
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or — 1; the next 2, or — 2; and the laſt 4m, or — 4. But 
the Numbers o, — 1, — 2, — 4, will be found in a deſcending Arith- 
metical Progreſſion, the common difference of which is 1. There- 
fore the form of the Root is y A + BY. + Cx, &c. and 
the Terms of the Equation muſt be thus diſpoſed for Reſolution. 


Jy =x — K* — 2 — r -, &c. 


+ 2x + 1 
— 27 —— — — 2x — I - ax + 5 &c. 
+ „* 22 „ + , Er. 
amt LS. Ro 7 
r 77: a np ane hg og 128x5? &. 


Here becauſe it is y=* == x*, &c. it will be by Extraction of the 
Square- root 5 = x, &c. and by finding the Reciprocal, y == x7, 
&c. Then becauſe — 2y—* = — 2x, &c. this with a contrary Sign, 
and collected with — x above, will make y—* == « + x, &c. which 
(by Extraction) makes y—* = # + 2, &c. and by taking the Reci- 
procal, y = « — 2, Nc. Then becauſe — 2 = — 1, &c. 
this with a contrary ſign, and collected with — 2 above, will make 
, &c. and therefore (by Extraction) y—* == # « — 
5x", Kc. and (by Diviſion) y == + « + 4-7, &c. Then becauſe 
— 2 ==# # , it will be . == -. , &c. and 
1 e , Kc. and y=+# , &c. Then 
becauſe — 2) - = « IN, &c. and y* = x—*, &c. theſe 
collected with a contrary ſign will make y*=+ # 22 , 
&c. and = ### *# — 53x", &c. andy TTA, 

Theſe are the two deſcending Series, which may be derived for 
the Root of this Equation, and which will converge by the Powers 
of x, when it is a large quantity. But if x ſhould happen to be 
ſmall, then in order to obtain a converging Series, we much change 

the Root of the Scale. As if it were known that x differs but little 
from 2, we may conveniently put z for that. ſmall difference, or 
we may aſſume the Equation x - 2 = 8. That is, inftead of x 
in this Equation ſubſtitute z ＋ 2, and we ſhall have a new. Equa- 
tion y+ — 2 — 32y* — 2y + lo, which will appear as in 
the Margin. | | PR | 


{þ 
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Here to have an aſcending g. +» —2+10 
ries, we muſt put A+424%7 —-2A2” n = 0. 


＋I co, hence m==0, and 6, ne Sade ns 
A =I. The Number hence X 


; EF 8 * — Az" + 
ariſing is o; the next is 2 4-1, — 4 Ae Oy 
or 1; and the laſt 2 ＋ 2, or 2. 8 Se. 8 


But o, 1,2, are in an aſcending „ | 
Progreſſion, whoſe common difference is 1. Therefore the form of 
the Series is y = A + Bz + Cz* + Ds, &c. And if the Root y 
be extracted by any of the foregoing Methods, it will be found y = 
1 + 35 — £22, &. Alſo we may hence find two deſcending Se- 
ries, which would converge by the Root of the Scale E, if it were 
a large quantity. 

Fo, 51. Our Author has here opened a large field for the Solution 
of theſe Equations, by ſhewing, t the indeterminate quantity, or 
what we call the Root of the Scale, or the converging quantity, 
may be changed a great variety of ways, and thence new Series will 
be derived for the Root of the Equation, which in different circum- 


ſtances will converge differently, fo. that the moſt commodious for 


the preſent occaſion may always be choſe. And when one Series 
does not ſufficiently converge, we may be able to change it for an- 
other that ſhall converge faſter. But that we may not be left to 
uncertain interpretations of the indeterminate quantity, or be obliged 
to make Suppoſitions at random; he gives us this Rule for finding 
initial Approximations, that may come at once pretty near thg Root 
required, and therefore the Series will converge apace to is hich 
Rule amounts to this: We are to find what quantities, when ſub- 
ſtituted for the indefinite Species in the propoſed Equation, will 
make it diviſible by the radical Species, increaſed or diminiſhed by 
another quantity, or by the radical Species alone. 'The ſmall diffe- 
rence that will be found between any one of thoſe quantities, and 
the indeterminate quantity of the Equation, may be introduced 
inſtead of that indeterminate quantity, as a convenient Root of the 

Scale, by which the Series is to converge, © © 
Thus if the Equation propoſed be ys + axy + Ay — x? — 245 
So, and if for x we here ſubſtitute a, we ſhall have the Terms 
y ＋ 24˙ — 345, which are divifible by ) — a, the Quotient be- 
ng y* + ay + 34. Therefore we may ſuppoſe, by the foregoing 
Rule, that a—x === is but a ſmall quantity, ,or inſtead of x we 
may ſubſtitute a — S in the propoſed 1 Which will then 
become y* + 2% — 4 + 34 — 34. ＋2— 24 =0. A 
1 Series 

> 
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Series derived from hence, compoſed of the aſcending Powers of 25 
muſt converge faſt, cæteris paribus, becauſe the Root of the Scale 
2 is a ſmall quantity. 

Or in the fame Equation, if for x we ſubſtitute — a, we Qual 
have the Terms 9 — a, which are diviſible by y- a, the 
tient being y* + ay + a*. Therefore 'we may ſappoſe the af e- 
rence between — à and x to be but little, or that — a — * # 
a ſmall quantity, and therefore inſtead of x we may ſubſtitute its 


equal — 4 — E in the given Equation, This will then become 


s — aZy + 3a + 34 — 4 o, where the Root y will con- 
verge by the Powers of the ſmall quantity >. 

Or if for x we ſubſtitute — 22, we ſhall have hs Terms 5 — 
a*y + 6a*, which are diviſible by y + 24, the Quotient being y* 
— 2a + 342. Wherefore we may ſuppoſe there is but a ſmall dif- 
ference between — 24 and x, or that — 22 * => is a ſmall 
quantity; and therefore inſtead of x we may introduce its equal 
— 24 — S into the Equation, which will then become 2 —9— 
ay + 043 + 124*S + 6⁴σ⁹ -þ 2% = 0. 

Laſtly, if for x we ſubſtitute — 239, we ſhall have - Terms 
73 — 23s + @*y, which are diviſible by y, the Radical Species alone. 
Wherefore we may ſuppoſe there is but a ſmall difference between 
— 2a and x, or that — 2 —x=S is a ſmall quantity; and 
therefore inſtead of x we may ſubſtitute its equal — 24 — 2, Which 


will reduce the Equation to ) + I- * a*y — azy + 374 * 4˙2 


—+ Jy/2x42* + 35 So, wherein the Series for the Root may 


converge by the Powers of the ſmall quantity S. 

But the reaſon of this Operation ſtill remains to be inquired into, 
which I ſhall endeavour to explain from the preſent Example. In 
the Equation y* + axy +.4%y — K* — 243 o, the indeterminate 
quantity x, of its own nature, muſt be ſuſceptible of all poſſible 
Values; at leaſt, if it had any limitations, they would be ſhew'd by 
impoſſible Roots. Among other values, it will receive theſe, a, — à, 


— 22, — 25a, &c. in which caſes the Equation would become y? 
+ 24˙¹ — 34 =0, J* — 2 S o, 9 — 4 + 043 o, 3 — 
2 %% + a*y o, &c. reſpectively. Now as theſe Equations admit 
of juſt Roots, as appears by their being diviſible by y + or — an- 


other quantity, and the laſt by y alone; ſo that in the Reſolution, 


the whole Equation (in thoſe og would be immediately exhauſted : 
And in other caſes, when x does not much recede from one of thoſe 
Values, 
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0 

I. Values, the Equation would be nearly exhanſted. ' Therefore 'the 

þ introducing of 2, which is the ſmall difference between x and any 

| | one of thoſe Values, muſt depreſs the Equation ; and > itſelf muſt 

ﬀ be a convenient quantity to be made the Root of the Scale, or the 

if converging Quantity. | „ 9, tp” N 

0 I ſhall give the Solution of one of the Equations of theſe Exam- 

[4 ples, which ſhall be this, y* — azy + 34*2 ++ 342% — 83 o, or 

| ſ = $/: yp 45 1, ) FT. nat 2 Anim JAS”, 
l = 7) ＋ 3 ES. | + @*3—042*—4523, &c. 

[1 i | | +342* 1 —AZY - — fas nent ns &C.- 

ff | | 4 $2 === — Fs &c. 

1 Here becauſe y* == 43, &c. it will be y a, &c. Then — azy 

I = — &*2,, &c. which mult be wrote again with a contrary ſign, and | 
fl united with — 3a*z above, to make y = « — 24*S, &c. and 
f 5 2 2 ; WH 
Hi therefore y== # — 42, &c. Then — azy == + 4az?, &c. and i 
| „ — ag, &c. and y == = — . » &c. Then — 42 
R: = + «+ 38", &c. and 9 =+ - 38, &c. and y =» 4 # — ; 
j Hig A 

| The Author hints at many other ways of deriving a variety of 2 
j| Series from the fame Equation ; as when we ſuppoſe the afore-men- 3 
| tion'd difference > to be indefinitely great, and from that Suppoſition J 
f we find Series, in which the Powers of z ſhall aſcend in the Deno- 1 
li; minators. This Caſe we have all along purſued indiſcriminately with A 
1 the other Caſe, in which the Powers of the converging quantity 
aſcend in the Numerators, and therefore we need add nothing here E 
i about it. Another Expedient is, to aſſume for the converging quantity 
i | ſome other quantity of the Equation, which then may be conſider'd 4 
| | as indeterminate. So here, for inſtance, we may change à into x, 5 
1 and x into 4. Or laſtly, to aſſume any Relation at pleaſure, (ſup- 
poſe x = a2 + be-, & . x = 5 , &c.) between the in- E 
ö determinate quantity of the Equation x, and the quantity z we I 
i would introduce into its room,. by which new equivalent Equations 2 
if, may be form'd, and then their Roots may be extracted. And after- I 
|| | wards the value of z may be expreſs d by x, by means of the aſ- 3 
| ſamed Equation. | 
1 | 52. The ; 
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2. The Author here, in a ſummary way, gives us a Rationale of 


his whole Method of Extractions, proving 2 priori, that the Series 
thus form'd, and continued in infinitum, will then be the juſt Roots 
of the propoſed Equation. And if they are only continued to a 


competent number of Terms, (the more the better,) yet then will 
they be a very near Approximation to the juſt and compleat Roots. 
For, when an Equation is propoſed to be reſolved, as near an Ap- 
proach is made to the Root, ſuppoſe y, as can be had in a ſingle 


Term, compoſed of the quantities given by the Equation; and be- 


cauſe there is a Remainder, a Reſidual or Secondary Equation is 
thence form'd, whoſe Root 5 is the Supplement to the Root of the 
given Equation, whatever that may be. Then as near an approach 
is made to p, as can be done by a ſingle Term, and a new Reſidual 
Equation is form'd from the Remainder, wherein the Root 9 is the 
Supplement to p. And by proceeding thus, the Reſidual Equations 
are continually depreſs'd, and the Supplements grow perpetually leſs 
and leſs, till the Terms at laſt are leſs than any aſſignable quantities. 
We may illuſtrate this by a familiar Example, taken from the uſual 


Method of Diviſion of Decimal Fractions. At every Operation we 


put as large a Figure in the Quotient, as the Dividend and Diviſor 
will permit, ſo as to leave the leaſt Remainder poſſible. Then this 


Remainder ſupplies the place of a new Dividend, which we are to 


exhauſt as far as can be done by one Figure, and therefore we put 
the greateſt number we can for the next Figure of the Quotient, 
and thereby leave the leaſt Remainder we can. And ſo we go on, 
either till the whole Dividend is exhauſted, if that can be done, or 
till we have obtain'd a ſufficient Approximation in decimal places or 
figures. And the ſame way of Argumentation, that proves our Au- 
thor's Method of Extraction, may eaſily be apply'd to the other 
ways of Analyſis that are here found. | ; SH 8 0163 2009 
53, 54. Here it is ſeaſonably obſerved, that tho' the indefinite 
Quantity ſhould not be taken ſo ſmall, as to make the Series con- 


verge very faſt, yet it would however converge to the true Root, 


tho' by more ſteps and flower degrees. And this would obtain in 
proportion, even if it were taken never ſo large, provided we do 
not exceed the due Limits of the Roots, which may be diſcover'd, 
either from the given Equation, or from the Root when exhibited 
by a Series, or. may be farther deduced. and illuſtrated by ſome 
Geometrical Figure, to which the Equation is accommodated. + 


So if the given Equation were yy == ax — xx, it is eaſy to ob- 


ſerve, that neither y nor & can be infinite, but they are both liable to 
1 5 H h ſeveral 


4 


— —— — 


234 The Method of Fuuxions, 


ſeveral. Limitations. For if x be ſuppos'd infinite, the Term a 
would vaniſh in reſpe& of — xx, which would give the Value of yy 
impoſſible on this Suppoſition. Nor can & be negative; for then the 
Value of yy would be negative, and therefore the Value of y would 
again become impoſſible, If x o, then is Ss alſo; which is 
one Limitation of both quantities, As yy is. the difference between. 
ax and xx, when that difference is greateſt, then will yy, and con- 
ſequently y, be greateſt alſo. But this happens when x== 2a, as 
alfo za, as may appear from the following Prob. 3. And in. 
general, when y is expreſs'd by any number of Terms, whether 
ſinite or infinite, it will then come to its Limit when the difference 
is greateſt between the affirmative and negative Terms; as may ap- 

ear from the fame Problem. This laſt will be a Limitation for 5, 
| wp not for x. Laſtly, when a, then y== © ; which will limit 

both x and y. For if we ſuppoſe x to be greater than a, the ne- 


gative Term will prevail over the affirmative, and give the Value af 


Y negative, which will make the Value of y impoſſible. So that 
upon the whole, the Limitations of x in this Equation will be theſe, 
that it cannot be leſs. than o, nor greater than a, but may be of any 
intermediate; magnitude between. thoſe Limits. 

_ Now if we refolve this Equation, and find the Value of y in an. 
infinite Series, we may ſtill diſcover the fame Limitations from 
thence. For from the Equation yy = ax — xx, by extracting the 


EF mm 4 x 
ſquare-root, as before, we ſhall have y —atgt — — > o—_ 
| 5 24 8a? 


* ; ” L k ' Fe 5 a * 
* | . E. 1 2 * * x3 

— = 4 , — z 2 : * — a — 9 , « 

Ta c. that is, J 1 7073.» &c. Here 


* cannot be negative; for then æ would be an impoſſible quantity. 
Nor can x be greater than @; for then the converging quantity = * 


or the Root of the Scale by which the Series is expreſs'd, would be 
greater than Unity, and conſequently the Series would diverge, and 


not converge as it ought to do. The Limit between converging and: 
diverging will be found, by putting x==a, and therefore yo; 


in which caſe we ſhall have the identical Numeral Series 1 —= 2 
+ 4 + +, &c. of the ſame nature with ſome of thoſe, which we 
have elſewhere taken notice of. So that we may take * of any 
intermediate Value between o and a, in order to have a converging 
Series. But the nearer it is taken to the Limit o, ſo much faſter 


the Series will converge to the true Root; and the nearer it is taken 
to the Limit a, it will converge ſo much the flower. But it will 
£1573) ; > . 
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however converge, if » be taken never ſo little lefs than a. And by 
Analogy, a like Judgment is to be made in all other caſes. 

The Limits and other affections of y are likewiſe diſcoverable from 
this Series. When xo, then yo. When x is a naſcent quan- 
tity, or but juſt beginning to be poſitive, all the Terms but the firſt 


may be neglected, and y will be a mean proportional between à and x. 


Alſo y So, when the affirmative Term is equal to all the negative 
Terms, or when 1 2 + 2 + = , &c. that is, when x = 6. 
For then 1==+4 + ++ #3, &c. as above, Laſtly, y will be a 
Maximum when the difference between the affirmative Term and all 
the negative Terms is greateſt, which by Prob. 3. will be found 
when Xx 4. | Ia | | 

Now the Figure or Curve. that may be adapted to. this: Equation, 
and to this Series, and which will have the ſame! Limitations that 
they have, is the Circle ACD, whoſe Diameter is D a, its Ab- 
ſciſs AB. x, and its perpendicular Ordinate BC =y. For as the 
Ordinate BC==y is a mean proportional © 8 | 
between the Segments of the Diameter 
AB == x and BD a — x, it wall be 
Jy. == ax —xx. And therefore the Ordi- 
nate BC == y will be expreſs'd by the fore- . 
going Series. But it is plain from the na | . 
ture of the Circle, that the Abſciſs AB cannat be extended back. 
wards, ſo as to become negative; neither can it be continued for- 
wards beyond the end of the Diameter D And that at A and Dy 
where the Diameter begins and 'ends, the Ordinate is nothing. And 
the greateſt Ordinate is at the Center, or when AB = ZAD. 


— EL D 


SSC. VI. Tranſition to the Method of Fluxions. 


557 H E learned and ſagacious Author having thus accom- 


pliſh'd one part of his deſign, which was, to teach tlie 


Method of converting all kinds of Algebraic Quantities into ſimple 
Terms, by reducing them to infinite Series: He now goes or to 
ſhewy the uſe and application of this Reduction, or of theſe Series; 


in the Method of Fluxions, which is indeed the principal defign of 


this Treatiſe; For this Method has ſo near a connexion with, and 
dependence upon the foregoing, that it would be very lame and 
defective: without it. He lays down the fundamental Principles of 
is H h 2 this 
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this Method in a very general and. ſcientifick manner, deducing 
them from the received and known laws of local Motion. Nor is 
this inverting the natural order of Science, as ſome have pretended, 
by introducing the Doctrine of Motion into pure Geometrical Spe- 
culations. For Geometrical and Analytical. Quantities are beſt con- 
ceived as generated by local Motion; and their properties may as 
well be derived from them while they are generating, as when their 
generation is ſuppos'd to be already accompliſh'd, in any other way, 
A right line, or a curve line, is deſcribed by the motion of a point, 


a ſurface by the motion of a line, a ſolid by the motion of a ſur- 


face, an angle by the rotation of a radius; all which motions we 
may conceive. to be perform'd according to any ſtated law, as occa- 
fion ſhall require. Theſe aner of quantities we daily ſee to 
obtain in rerum naturd, and is the manner the ancient Geometricians 
had often recourſe to, in confidering their production, and then de- 


ducing their properties from ſuch actual deſcriptions. And by ana- 


logy, all other quantities, as well as theſe continued geometrical 
quantities, may be conceived as generated by a kind of motion or 
progreſs of the Mind. 8 9 

The Method of Fluxions then ſuppoſes quantities to be generated 
by local Motion, or ſomething analogous thereto, tho' ſuch gene- 
rations indeed may not be eſſentially neceſſary to the nature of the 
thing ſo generated. They might have an exiſtence independent of 
theſe motions, and may. be conceived as produced many other ways; 
and yet will be endued with the ſame properties. But this concep- 
tion, of their being now generated by local Motion, is a very fertile 
notion, and an exceeding uſeful artifice for diſcovering their pro- 
perties, and a great help to the Mind for a clear, diſtinct, and me- 
thodical perception of them. For local Motion ſuppoſes a notion 
of time, and time implies a ſucceſſion of Ideas. We eaſily diſtin- 
ouiſh it into what was, what is, and what will be, in theſe ge- 
nerations of quantities; and ſo we commodiouſly conſider thoſe 
things by parts, which would be too much for aur faculties, and ex- 
tream difficult for the Mind to take in the whole together, without 

ſuch artificial partitions and diſtributions. 
Our Author therefore makes this eaſy. ſuppoſition, that a Line 
may be conceived as now deſcribing by a Point, which moves either 
equably or inequably, either with an uniform motion, or elſe accor- 
ding to any rate of continual Acceleration or Retardation. Velocity 
is a Mathematical Quantity, and like all fuch, it is ſuſceptible of 
infinite gradations, may be intended or remitted, may. be increaſed 
| | | or 
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or diminiſh'd in different parts of the ſpace deſcribed, according to 


an infinite variety of ſtated Laws. Now it is plain, that the ſpace 
thus deſcribed, and the law of acceleration or retardation, (that is, 
the velocity at every point of time,) muſt have a mutual relation 
to each other, and. muſt mutually determine each other; fo that 
one of them being aſſign'd, the other by neceſſary inference may be 


derived from it. And therefore this is ſtrictly a Geometrical Pro- 


blem, and capable of a full Determination. And all Geometrical 
Propoſitions once demonſtrated, or duly inveſtigated, may be fafely 
made uſe of, to derive other Propoſitions from them. This will 
divide the preſent Problem into two. Caſes, according as either the 
Space or Velocity is aſſign'd, at any given time, in order to find-the 
other. And this has given occaſion to that diſtinction which has 
ſince obtain'd, of the direct and inverſe Method of Fluxions, each of 
which we ſhall now conſider apart. | 2s 

56. In the direct Method the Problem is thus abſtractedly pro- 
poſed. From the Space deſcribed, being continually given, or afſumed, 
or being known at any point of Time afſign'd ; to fo the Velocity of the 
Motion at that Time. Now in equable Motions it is well known, 
that the Space deſcribed is always as the Velocity and the Time of 
deſcription conjunctly; or the Velocity is directly as the Space de- 
ſcribed, and reciprocally as the Time of deſcription. And even in 
inequable Motions, or ſuch as are continually accelerated or retarded, 
according to ſome ſtated Law, if we take the Spaces and Times very 
ſmall, they will make a near approach to the nature of equable Mo- 
tions; and ſtill the nearer, the ſmaller thoſe are taken. But if we 
may ſuppoſe the Times and Spaces to be indefinitely ſmall, or if 
they are naſcent or evaneſcent quantities, then we ſhall have the Ve- 
locity in any infinitely little Space, as that Space directly, and as the 
tempuſculum inverſely. This property therefore of all inequable Mo- 
tions being thus deduced, will afford us a medium for ſolving the 
preſent Problem, as will be ſhewn afterwards. So that the Space 
deſcribed being thus continually given, and the whole time of its 
deſcription, the Velocity at the end of that time will be thence de- 
terminable. | | Fool 

57. The general abſtract Mechanical Problem, which amounts to 
the fame as what is call'd the inverſe Method of Fluxions, will be 
this.. From the Velocity of the Motion being continually given, to de- 
termine the Space deſcribed, at any point of Time aſign d. For the 
Solution of which we ſhall have the aſſiſtance of this Mechanical 


Theorem, that in inequable Motions, or when a Point deſcribes a 


Line 
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Line according to any rate of acceleration or retardation, the indefi- 
nitely little Space deſcribed in any indefinitely little Time, will be in 


a compound ratio of the Time and the Velocity; or the ſpatiolum will 


be as the velocity and the rempuſeulum conjunctly. This being the 
Law of all equable Motions, when the Space and Time are any finite 
quantities, it will obtain alſo in all inequable Motions, when the 
Space and Time are diminiſh'd in 7nfinitum. For by this means all 
inequable Motions are reduced, as it were, to equability. Hence the 


Time and the Velocity being continually known, the Space deſcribed 


may be known alſo; as will more fully appear from what follows. 
This Problem, in all its caſes, will be capable of a juſt determina- 


tion; tho' taking it in its full extent, we muſt acknowledge it to 


be a very difficult and operoſe Problem. So that our Author had 
good reaſon for calling it mole/tr/ſimum. & omnium diſſicillimum pro- 
blema. 


58. To fix the Ideas of his Reader, our Author illuſtrates his 


general Problems by a particular Example. If two Spaces x and y 
are deſcribed by two points in ſuch manner, that the Space x being 
uniformly increaſed, in the nature of Time, and its equable velocity 
being repreſented by the Symbol x; and if the Space y increaſes in- 
equably, but after ſuch a rate, as that the Equation y:== xx. ſhall 
always determine the relation between thoſe Spaces; (or x: being 
centinually, given, y will be thence known ;) then the velocity of 
the-increaſe of y ſhall always be repreſented by 2xx. That is, if the 
ſymbol y be put to repreſent the velocity of the increaſe of y, then 
will the Equation: y = 2xx always obtain, as will be ſhewn hereafter. 
Now from the given Equation y== xx, or from the relation of the 
Spaces y and x, (that is, the Space and Time, or its repreſentative, ) 
being. continually given, the relation of the Velocities y == 2xx is 


found, on the relation of the Velocity y, by which the Space increaſes, 


ta the Velocity x, by which the repreſentative of the Time increaſes, 
And this is an inſtance of the Solution of the: firſt general Problem, 
on of a particular Queſtion in the direct Method: of Fluxions. But 


dune wrsd,. if the laſt Equation. y == 2xx: were given, or if the Ve- 


locity y, by which the Space y is deſcribed, were continually known 


from: the Time: being given, and its Velocity &; and if from thence, 


we ſbauld: derive: the Equation y xx, or the relation of the Space 
and Time: This wauld be an inſtance af the Solution of the ſecond 
general Problem, or of a particular Queſtion of the inverſe Method 
af Fluxions. And in analogy to this deſcription of Spaces by mov- 
ing points, our Author conſiders all other quantities Whatever as ge- 


nerated 
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nerated and produced by continual augmentation, or by the perpe- 
wal acceſſion and accretion of new particles of the fame kind. 
59. In ſettling the Laws of his Calculus of Fluxions, our Author 
very fkilfully and judiciouſly difengages himſelf from all conſidera- 
tion of Time, as being a thing of too Phyſical or Metaphyſical a 
nature to be admitted here, eſpecially when there was no abſolute 
neceſſity for it. For tho' all Motions, and Velocities of Motion, 
when they come to be compared or meaſured, may ſeem neceſſarily 
to include a notion of Time; yet Time, like all other quantities, 
5 may be repreſented by Lines and Symbols, as in the foregoing ex- 
ample, eſpecially when we conceive them to increaſe uniformly. 
And theſe repreſentatives or proxies of Time, which in ſome mea-- 
ſure may be made the objects of Senſe, will anſwer the preſent pur- 
L poſe as well as the thing itſelf. So that Time, in ſome ſenſe, may 
be faid to be eliminated and excluded out of the inquiry. By this 
means the Problem 1s no longer Phyfical, but becomes much more 
ſimple and Geometrical, as being wholly confined to the deſcription 
of Lines and Spaces, with their comparative Velocities of increaſe. 
and decreaſe. Now from the equable Flux of Time, which we 
conceive to be generated by the continual. acceflion of new particles, 
q or Moments, our Author has thought fit. to call his Calculus he 
A Method of Fluxrons, | | 
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60, 61. Here the Author premiſes ſome Definitions, and other 
neceſſary preliminaries to his Method. Thus Quantities, which in 
any Problem or Equation are ſuppos d to be ſuſceptible of continual 
increaſe or decreaſe, he calls Fluents, or flowing Quantities; which 
are ſometimes call'd variable or indeterminate quantities, becauſe they 
are capable of receiving an infinite number of particular values, in- 
a regular order of ſucceſſion. The Velocities of the increaſe or de- 
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| creaſe: of ſuch quantities are call'd their Fluions; and quantities in | 
| the ſame Prablem, not liable to increaſe or decreaſe, or whoſe Fluxions | 
7 are nothing, are call'd conan, given, invariable, and determinate | 
5 guantities. This diſtinction of quantities, when once made, is care- ö 
5 fully obſerved through the whole Problem, and infinuated by proper | 
I Symbols. For the firſt Letters of the Alphabet are generally appro-- | 


priated for denoting conſtant quantities, and the laſt Letters com- 


L monly ſignify variable quantities, and the ſame Letters, being pointed, 

L repreſent the Fluxions of thoſe variable quantities or Fluents reſpec- 

; tively. "This diſtinction between theſe quantities is not altogether 
| 2 arbitrary, but has ſome foundation in the nature of the thing, at 

I leaſt during the. Solution of the preſent Problem, For the flowing 

z | | Or 
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or variable quantities may be conceived as now generating by Motion, 


and the conſtant or invariable quantities as ſome how o other 41- 
ready generated, Thus in any given Circle or Parabola, the Diame- 


ter or Parameter are conſtant lines, or already generated; but the 
Abſciſs, Ordinate, Area, Curve-line, Sc. are flowing and variable 
quantities, becauſe they are to be underſtood as now deſcribing by 
local Motion, while their properties are derived. Another diſtinc- 
tion of theſe quantities may be this. A conſtant or given line in any 
Problem is linea quædam, but an indeterminate line is linea quaews 
vel guæcungque, becauſe it may admit of infinite values. Or laſtiy, 
conſtant quantities in a Problem are thoſe, whoſe ratio to a common 
Unit, of their own kind, is ſuppos'd to be known ; but in variable 
quantities that ratio cannot be known, becauſe it is varying perpe- 
tually, This diſtinction of quantities however, into determinate and 
indeterminate, ſubſiſts no longer than the preſent Calculation requires; 
for as it is a diſtinction form'd by the Imagination only, for its own 
conveniency, it has a power of aboliſhing it, and of converting de- 
terminate quantities into indeterminate, and vice versd, as occaſion 


may require; of which we ſhall ſee Inſtances in what follows. In 


a Problem, or Equation, there may be any number of conſtant quan- 
tities, but there muſt be at leaſt two that are flowing and indeter- 
minate ; for one cannot increaſe or diminiſh, while all the reſt con- 
tinue the ſame. If there are more than two variable quantities in 
a Problem, their relation ought to be exhibited by more than one 


% 


Equation, 


'ANNO- 


ANNOTATIONS on Prob. 1. 


O R, | 
The relation of the lowing Quantities being given, 
to determine the relation of their Fluxions. 
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SECT. I. Concerning Fluxions of the firſt order, and 10 


find their Equations. 


= HE Author having thus propoſed his fundamental Pro- 
WY, blems, in an abſtract and general manner, and gradually 
brought them down to the form moſt convenient for 
his Method; he now proceeds to deliver the Precepts 

of Solution, which he illuſtrates by a ſufficient variety of Examples; 
reſerving the Demonſtration to be given afterwards; when his Rea- 
ders will be better prepared to apprehend the force of it, and wheh. 
their notions will be better ſettled and confirm'd. Theſe. Precepts 
of Solution, or the Rules for finding the Fluxions of any given 
Equation, are very ſhort, elegant, and comprehenſive ; and appear 
to have but little affinity with the Rules uſually given for this pur- 
poſe : But that is owing to their great degree of univerſality. We 
are to form, as it were, ſo many different Fables for the Equation, 
as there are flowing quantities in it, by diſpoſing the Terms accor- 
ding to the Powers of each quantity, ſo as that their Indices may 
form an Arithmetical Progreſſion. Then the Terms are to be mul- 
_ tiply'd in each caſe, either by the Progreſſion of the Indices, or by 
the Terms of any other Arithmetical Progreſſion, (which yet ſhould. 
have the ſame common difference with the Progreſſion of the Indices ;) 
5 ii —- as: 
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as alſo by the Fluxion of that Fluent, and then to be divided by 
. the Fluent itſelf. Laſt of all, theſe Terms are to be collected, accor- 
| ding to their proper Signs, and to be made equal to nothing ; which 
| will be a new Equation, exhibiting. the relation of the Fluxions. 
This proceſs indeed is not ſo ſhort as the Method for taking Fluxions, 
(to be given preſently,) which he elſewhere delivers, and which is 
commonly follow'd ; but it makes ſufficient amends by the univer- 
fality of it, and by the great variety of Solutions which it will afford, 
For we may derive as many different Fluxional Equations from the 
ſame given Equation, as we ſhall think fit to aſſume different Arith- 
metical Progreſſions. Yet all theſe Equations will agree in the main, 
and tho' differing in form, yet each will truly give the relation of 
the Fluxions, as will appear from the following Examples. 
2. In the firſt Example we are to take the Fluxions of the Equa- 
tion x3 — ax* + axy — y* = ©, where the Terms are always 
brought over to one fide. Theſe Terms being diſpoſed according 
to the powers of the Fluent x, or being conſider'd as a Number ex- 
preſs d by the Scale whoſe Root is x, will ſtand thus x3 — ax* + 
ayx* — y3x* =0; and aſſuming the Arithmetical Progreſſion 3, 2, 
1, o, which is here that of the Indices of x, and multiplying each 
us Term by each reſpectively, we ſhall have the Terms 3x3 — 2a 
+ ayx =; which again multiply'd by =, or x, according to 
the Rule, will make 3xx* — 2axx + ayx. Then in the ſame Equa- 
tion making the other Fluent y the Root of the Scale, it will ſtand 
thus, — 93 + oy*+ axy* — ax%y* =0; and aſſuming the Arith- 
ie | 
metical Progreſſion 3, 2, 1, o, which alſo is the Progreſſion of the 
Indices of y, and multiplying as before, we ſhall have the Terms 
— 3y* + + axy , which multiply'd by 5 or , will make 
— 30 + axy. Then collecting the Terms, the Equation ZR — 9 
a2 ＋aνν — 3 + axj Ds will give the required relation of the 
Fluxions. For if we reſolve this Equation into an Analogy, we ſhall 
have *: :: 35 ax :3x*— 2 + ay; which, in all the values that 
x and y can aſſume, will give the ratio of their Fluxions, or the 
comparative velocity of their increaſe or decreaſe, when they flow 
according to the given Equation. 5 
| Or to find this ratio of the Fluxions more 1mmediately, or the 


value of the Fraction 2 by fewer ſteps, we may proceed thus. Write 


down the Fraction = with the note of equality after it, and in the 
| Numerator 


2 
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Numerator of the equivalent Fraction write the Terms of the Equa- 


tion, diſpos d according to x, with their reſpective ſigns; each be- 
ing multiply d by the Index of x in that Term, | (increaſed or di- 


muniſh'd, if you pleaſe, by any common Number,) as- alſo divided 


by x. In the Denominator do the ſame by the Terms, when diſ- 
poſed according to y, only changing the ſigns. Thus in the pre- 


fent Equation & — ax* + axy — y* = o, we ſhall have at once 


1 3x2 — 2ax4ay . 
* 32 — ax # 


Let us now er the Solution another way. The Equation x? 


— 4 + axy — y* = © being order'd according to x as before, 
will be & — ax* + ayx* — y*x* =0©0; and ſuppoſing the Indices 


of x to be increas'd by an unit, or aſſuming the Arithmetical Pro- 
* * 2 


Sete 2 E =, and multiplying the Terms reſpectively, 


A tx 7497 


we ſhall have theſe Terms 4xx* — Jaxx + 2ayx — y*xx7*.” Then 


ordering the Terms according to y, they will become — y3+ oy* 
+ QXY* + x =0; ; and ſuppoſing the Indices of y to be diminiſh d 


— x 


2 


and multiplying the Terms reſpectively, we ſhall Nie theſe Fs 


by an unit, or aſſuming the Arithmetical Progreſſion Z 2 2, =, 25 


- 27% $$ — * = + ax*yy*. 80 that collecting the Terms, 


we ſhall have 4 — 3axx + 2a — e — 2% — xy + 


 ax*yy "== 0, for the Fluxional Equation required. Or the ratio 


of the Fluxions will be = 2 = r — 5 r which ratio 


e + x33" — 4 


may be found immediately by applying the foregoing Rule. 


Or contrary-wiſe, if we multiply the Equation in the firſt form 


by the Progreſſion =, 3 oy = „ we ſhall have the Terms 2xx* 


1 


— axx y*xx7, And if we multiply the Equation in the ſe- 


cond form by = 2 15 : 2, „, we ſhall have the Terms — 


1 V a a, eee tis 2* 2 — axx 


2&2 — A * 
of the Fluxions Ly! be 2 = ni wa 
2 * — 2ax KL x3) I ax 


have been found at once "by the foregoing Rule. 


And in general, if the Equation x — ax» TL 00 in 
the form & —ax* + axy - o, be multiply'd by the Terms 


of this Arithmetical Progreſſion =X3; we, 2 —, * it will 


5 


produce the Terms m3; Z — 72 + 2 ＋ Mt ” ICN —my TIT; 
11 L 2 and 


Tan „ which minke ; 


c „ W 4 
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and if the ſame Equation, reduced to the form — y: ＋ 0y*+ axy* 
+ * s, be multiply'd by the Terms of this Arithmetical Pro- 


— ax* 


greſſio | =, —— „ =; I , it will produce the Terms 2 ＋ 35 


6— — 


* + 2+ Iax) + 1x*jy"" — nax*yy—*. Then collecting the Terms, 
we ſhall have m + z — m + Zs + n ＋ Iaxy — my xx 


—7 + Jy = +2 + Ia) + nx — nax*yy”" == ©, for the 
Fhuxional Roultion required, Or the ratio of the Fluxions will be 
Ä ᷣ ͤ K wWuich might have been 
15 1 + 3 * * — 1+ Lax - nr + nax%y K : | 
found immediately from the given Equation, by the foregoing Rule. 
Here the general Numbers n and 7 may be determined pro lubitu, 
by which means we may obtain as many Fluxional Equations as we 
pleaſe, which will all belong to the given Equation. i And thus we 
may always find the ſimpleſt Expreſſion, or that which is beſt ac- 


commodated to the preſent exigence. Thus if we make o, 
and co, we ſhall have 1 , as found before. Or if 


| „ 

| | | J 
we make m==1, and 2z==—41, we ſhall have === TT 
as before. Or if we make n =— 1, and 72 == 1, we ſhall have 


3 2x2 — ax + Q . 
EEE nin ray. a8 before. Or if we make mz=—3, 
2 * ax — 2ay + 3y3x—7 


a2 — 22 + 3517 1. . . 
ore em py any And fo of others. Now this variety of Solutions 


will beget no ambiguity in the Concluſion, as poſſibly might have 
been ſuſpected; for it is no other than what ought neceſſarily to 


ariſe, from the different forms the given Equation may acquire, as 


will appear afterwards. If we confine ourſelves to the Progreſſion of 
the Indices, it will bring the Solutioh to the common Method of 


taking Fluxions, which our Author has taught elſewhere, and which, 
becauſe it is eaſy and expeditious, and requires no certain order of 


the Terms, I ſhall here ſubjoin. 

For every Term of the given Equation, ſo many Terms muſt be 
form'd in the Fluxional Equation, as there are flowing Quantities in 
that Term. And this muſt be done, (1.) by multiplying the Term 


by the Index of each flowing Quantity contain'd in it. (2.) By 


dividing it by the quantity itſelf; and, (3.) by multiplying by its 
Fluxion. Thus in the foregoing Equation x= — ax* ＋ ayx — y3 


=o, the Fluxion belonging to the Term &= is —, or 3x. 


The 
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The Fluxion belonging to — ax* is — „ or — 2axx, The 


Fluxion belonging to ayx is 2 + = 


Fluxion belonging to — y3 is — 2, or — 33%. So that the 


Fluxion of the whole Equation, or the whole Fluxional Equation, 
is 3X*X — 2axx + ayx + ayx — 3) = o. Thus the Equation 
x" == y, will give mxx"—* ] and the Equation * == y, will 
give mXxx"—"27 + u == y for its Fluxional Equation. And 
the like of other Examples. 

If we take the Author's ſimple Example, in pag. 19, or the Equa- 
tion y == xx, or rather ay — * = o, that is ay — x*y* = o, 
in order to find its moſt general Fluxional Equation ; it may be per- 
form'd by the Rule before given, ſuppoſing the Index of x to be 
encreas'd by m, and the Index of y by x. For then we ſhall have 


, or axy ＋ ayx. And the 


directly 2 Por the firſt Term of the given 


Equation being aj, kd by the Index of x increas'd by 
m, that is by n, and divided by x, will give mayx—* for the firſt 
Term of the Numerator. Alſo the ſecond Term being — x*y*, this 
multiply'd by the Index of x increas'd by m, that is by n ＋ 2, and 
divided by x, will give — + 2x for the ſecond Term of the Nu- 
merator. Again, the firſt Term of the given Equation may be now 
— x-, which multiply'd by the Index of increas d by , that 
is by 1, and divided by y, will give (changing the ſign) nx*y=* for 
the firſt Term of the Denominator. Alſo the ſecond Term will 
then be ayxe, which multiply'd by the Index of increas d by u, 
that is by 2 ＋ 1, and divided by , will give (changing the Sign) 


— 7 + ia for the ſecond Term of the Denominator, as found above. 


Now from this general relation of the Fluxions, we may deduce as 


many particular ones as we pleaſe. Thus if we make n o, and 


„ co, we ſhall have 2 , or ay == 2xx, agreeable to our 


Author's Solution in the place before cited. Or if we make m==— 2, 


; | 2a. Rr 2ay2 „ 
and == — 1, we ſhall have - — Tranny = — Or if we make 
0 2x 2 | « 
n =, and 7 = — 1, we ſhall have 2 = = = Z. Or if 
| 7 I * 3 * 


we make o, and 7==—2, we ſhall have >= t = 2 


as before. All which, and innumerable other caſes, may be eaſily 
proved by a ſubſtitution of equivalents. Or we may prove it gene- 
| | N rally 


. 
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rally thus. Becauſe by the given Equation it is y == x*4=", in the- 


0 2 3 mayx i — mm + - 2X 7 | . . Ig 
value of the ratio > = v = for y ſubſtitute its value, and 


max — m ＋ 2x 2x 
* — , as above. 


we ſhall have Y = 


na - +14 
| 3. The Equation of the ſecond Example is 2) + x*y — 2cyz 
; ＋ 3523 — 23 o, in which there are three flowing quantities y, x, 
| and Z, and therefore there muſt be three operations, or three Tables 
EE muſt be form'd. Firſt diſpoſe the Terms according to y, thus; 
| 2) + O + * — 23y%=0, and multiply by the Terms of the Pro- 
— 2e | 

= ＋ 5 ; EE 2 - reſpediively;. (wh 
refſion 2 x yy”, IX, OX, — IX, reipecuvely, (where 
| the Cocfficients are mit by Aminiſhing the Indices of y by the com 
| mon Number 1,) and the reſulting Terms will be 4yy* « « + 23997. . 
Secondly, diſpoſe the Terms according to x, thus; yx*-+ox-+25* x*%>=0, . z 

157 Each 

ul! | ＋ * 
| : — 
|} and multiply by the Terms of the Progreſſion 2 x xx=*, I x A 
| | | Ox xx", (where the Coefficients are the fame as the Indices of , 
11 and the only reſulting Term here is + 2yxx . Laſtly, diſpoſe 
| the Terms according to 2, thus; — 25 + 3y23* — 2c + x*y2%=0, . 

| + 29" * J 
and multiply by the Progreſhon 3 x 22—7, 2 x22=7*, IXS, Ox, 
(where the Coefficients are alſo the ſame as the Indices of E,) and 
the Terms will be — 322* + 6922 — 2c . Then collecting all 
theſe Terms together, we ſhall have the Fluxional Equation 4yy* + -- I 
2 + 2 — 382 + 6 — 2c == O. | | 

Here we have a notable inſtance of our Author's dexterity, at 
finding expedients for abbreviating. For in every one of theſe Ope- 
rations. ſuch a Progreſſion is choſe, as by multiplication will make 
the greateſt deſtruction of the Terms. By which means he. arrives 
at the ſhorteſt Expreſſion, that the nature of the Problem will allow. . 
If we ſhould. ſeek the Fluxions of this Equation by the uſual me- 
thod, which is taught above, that is, if we always aſſume the Pro- 
greſſions of the Indices, we ſhall have 6yy* + 2xxy + x*7 — 2cy2 
— 208 + 2 + 2 1 — 3 = o; which has two Terms 
more than the other form. And if the Progreſſions of the Indices 
are increas d, in each caſe, by any common general Numbers, we 
may form the moſt general Expreſſion for the Fluxional Equation, . 
that the Problem will admit of. | | 


3 | "PY 
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4. On occaſion of the laſt Example, in which are three Fluents 
and their Fluxions, our Author makes an uſeful Obſervation, for 
the Reduction and compleat Determination of ſuch Equations, tho 


it be derived from the Rules of the vulgar Algebra; which matter 


may be confider'd thus. Every Equation, conſiſting of two flowing 
or variable Quantities, is what correſponds to an indetermin'd Pro- 
blem, admitting of an infinite number of Anſwers. Therefore one 
of thoſe quantities being aſſumed at pleaſure, or a particular value 


being aſſign'd to it, the other will alſo be compleatly determined. 
And in the Fluxtonal Equation derived from thence, thoſe particular 
values being ſubſtituted, the Ratio of the Fluxions will be given in 
Numbers, in any particular caſe. And one of the Fluxions being 
taken for Unity, or of any determinate value, the value of the other 


may be exhibited by a Number, which will be a compleat Determi- 
nation. : 


But if the given Equation involve three flowing or indeterminate 


Quantities, two of them muſt be aſſumed to determine the third ; 


or, which is the ſame thing, ſome other Equation muſt be either 


given or aſſumed, involving ſome or all the Fluents, in order to a 
compleat Determination. For then, by means of the two Equa- 
tions, one of the Fluents may be eliminated, which will bring this 


to the former caſe. Alſo two Fluxional Equations may be derived, 
involving the three Fluxions, by means of which one of them may be 


eliminated. And ſo if the given Equation ſhould involve four Fluents, 


two other Equations ſhould be either given or aſſumed, in order to 
a compleat Determination. This will be ſufficiently explain'd by the 
two following Examples, which will alſo teach us how compli- 
cate Terms, ſuch as compound Fractions and Surds, are to be ma- 


naged in this Method. _ 


5, 6. Let the given Equation be y* — a* — xVa* — x* == 0, 
of which we are to take the Fluxions. To the two Fluents y and 
x we may introduce a third , if we aſſume another Equation. 


Let that be z==xV/ a* — x*, and we ſhall have the two Equations 

2 — 2 — So, and a —x+ — g o. Then by the fore- 
going Solution their Fluxional Equations (at leaſt in one caſe) will 
be 2yy — 2==0O, and a*XX— 2Xx3 — 2 = 0. Theſe two Fluen- 
tial Equations, and their Fluxional Equations, may be reduced 
to one Fluential and one Fluxional Equation, by the uſual methods 
of Reduction: that is, we may eliminate 2 and 2 by ſubſtituting 
their values yy aa and 2yy, Then we ſhall have y*—a*—xy/ a*—x* 


== O, 
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o, and 2 — = = o. Or by taking away the ſurds, 


tis a2 — xt — 9 + 24*y* — 44 o, and then a — 2K* 


— 27% + 24*yy == 0. 

7. Or if the given Equation be & —ay* + _ — X*\/ ay + x* 
==0, to find its correſponding Fluxional Equation ; to the two 
flowing quantities x and y we may introduce two others & and v, 
and thereby remove the Fraction and the Radical, if we aſſume the 


1 25 — e eee, e ae e 
two Equations 2 ＋ D E, and * Vay+xx==v. Then we ſhall 


have the three Equations x — ay* ＋E 3 — b ==0, a2 + 2 — 
by: =o, and ayx++x*— v*——o, which will give the three 
Fluxional Equations gxx* — 2ayy + 3 —vV==0, 423 + YZ + YZ 
— 3byy* == ©, and aj + 4ayxx3 + 6xx* — 2vv==0. Theſe by 
known Methods of the common Algebra may be reduced to one 
Fluential and one Fluxional Equation, involving x. and , and their. 


Fluxions, as is required. 


8. And by the ſame Method we may take the Fluxions of Bino- 
mial or other Radicals, of any kind, any how involved or compli- 
cated with one another. As for inſtance, if we were to find the 


Fluxion of V ax + Vaa— xx, put it equal to y, or make ax + 
vV aa — xx —=yy. Alſo make Vaa — Xx . Then we ſhall 
have the two Fluential Equations ax + 5 — y* =0, and a — x* 
— 2* =0, from whence we ſhall have the two Fluxional Equations 
ax + 2 — 2 o, and — 2Xx — 22 == 0, or XX + S o. 
This laſt Equation, if for & and 2 we ſubſtitute their values yy—ax 
and 2yy — ax, will become xx ＋ 2yy* — 24 — axy* +-@*XXx. 
= 0; whence . And here if for y we ſubſti- 


233 — 2ax) 


— — — 


tute its value Vax+ Vaa—xx, we ſhall have the Fluxion re- 


> : ax Jaa — xx — xx * 
uired / = = == And many other Exam 
9 9 ; 24/aa — KA X Vax ＋ Vaa - x ! * am- 


ples of a like kind will be found in the ſequel of this Work. 
9, 10, II, 12. In Examp. 5. the propoſed Equation is Ss ＋ 


ax3 — 3y4==0, in which there are three variable quantities x, y, and: 
S, and therefore the relation of the Fluxions will be 28 + ax 


+ aN — 4jyy*== 0. But as there wants another Fluential Equa- 
tion, and thence another Fluxional Equation, to make a compleat 
determination ; if only another Fluxional Equation were given or 
aſſumed, we ſhould have the required relation of the Fluxions x and y. 

| . Suppoſe. 
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deſcribe the right line CE, parallel to AB. 
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Suppoſe this Fluxional Equation were 8 n &; ; then by 
ſubſtitution we ſhould have the Equation 28 + ax x X/ ax — xx 


+ ax2 — 4 = ©, Or the Analogy & : :: : 28 + ax x 


ax — xx + az, which can be reduced no farther, (or & cannot 


be eliminated,) till we have the Fluential Equation, from which the 


Fluxional Equation & xv ax — xx is ſuppos'd to be derived. 
And thus we may have the relation of the Fluxions, even in ſuch 
caſes as we have not, or perhaps cannot have, the relation- of the 
Fluents. | | 

But tho' this Reduction may not perhaps be conveniently per- 
form'd Analytically, or by Calculation, yet it may poſſibly be per- 
form'd Geometrically, as it were, and by the Quadrature of Curves ; 


as we may learn from our Author's preparatory Propoſition, and 


from the following general Conſiderations. Let the right Line AC, 
perpendicular to the right Line AB, be conceived to move always 
parallel to itſelf, fo as that its extremity A may deſcribe the line AB. 
Let the point C be fixt, or always at the ſame diſtance from A, and 
let another point move from A towards C, with a velocity any how 
accelerated or retarded, The parallel motion of the line AC does 
not at all affect the progreſſive motion of the point moving from 
A towards C, but from a combination of theſe two independent 
motions, it will deſcribe the Curve ADH; 
while at the fame time the fixt point C will 


Let the line AC be conceived to move thus, 
till it comes into the place BE, or BD. Then 
the line AC is conftant, and remains the fame, 
while the indefinite or flowing line becomes A 
BD. Alſo the Areas deſcribed at the ſame time, ACEB and ADB, 
are likewiſe flowing quantities, and their velocities of deſcription, 
or their Fluxions, muſt neceſſarily be as their reſpective deſcribing 


2 lines, or Ordinates, BE and BD. Let AC or BE be Linear Unity, 


or a conſtant known right line, to which all the other lines are to 
be compared or refer'd ; juſt as in Numbers, all other Numbers 
are tacitely refer'd to 1, or to Numeral Unity, as being the fim- 
pleſt of all Numbers. And let the Area ADB be ſupposd to be 
Eg to BE, or Linear Unity, by which it will be reduced from 
e order of Surfaces to that of Lines; and let the reſulting line 
be call'd-z. That is, make the Area ADB — 2 x BE; and if AB 
be calld x, then is the Area ACEB == x x BE. Therefore the 
K k | ; Fluxions 
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Fluxions of theſe Areas will be 3 x BE and & x BE, which are as 2 
and x. But the Fluxions of the Areas were found before to be as 
BD to BE. So that it is 8: x :: BD : BE =1, or &==x x BD. 
Conſequently in any Curve, the Fluxion of the Area will be as the 
Ordinate of the Curve, drawn into the Fluxion of the Abſcils. 
Now to apply this to the preſent caſe. In the Fluxional Equa- 


tion before aſſumed S == *Vax — xx, if x repreſents the Abſciſs | 


of a Curve, and Wax — xx be the Ordinate; then will this Curve 
be a Circle, and S will repreſent the correſponding Area. So that 
we ſee from hence, whether the Area of a. Circle can be exhibited 
or no, or, in general Terms, tho' in the Equation propoſed there 
ſhould be quantities involved, which cannot be. determined or ex- 
preſs'd by any Gecmetrical Method, ſuch as the Areas or Lengths 
of Curve-lines ; yet the relation of their Fluxions may nevertheleſs 
be found. | | ; ; 

13. We now come to the Author's Demonſtration of his Solution, 
or to the proof of the Principles of the Method of Fluxions, here laid 
down, which certainly deſerves to engage our moſt ſerious attention. 
And more eſpecially, becauſe theſe Principles have been lately drawn 
into debate, without being well conſider d or underſtood; poſſibly be- 
cauſe this Treatiſe of our Author's, expreſſly wrote on the ſubject, had 
not yet ſeen the light. As theſe Principles therefore have been treated 
as precarious at leaſt, if not wholly inſufficient to ſupport the Doc- 
trine derived from them ; I ſhall endeavour to examine into every 
the moſt minute circumſtance of this Demonſtration, and that with 
the utmoſt circumſpection and impartiality. 

We have here in the firſt place a Definition and a. Theorem to- 
gether. Moments are defined to be the indeſinitely ſmall parts of flows 
ing quantities, by the acceſſion of which, in indefinitely ſmall portions 
of time, thoſe quantities are continually increaſed. The word Moment 
(momentum, movimentum, a moveo,) by analogy ſeems to have been 
borrow'd from Time. For as Time is conceived to be in continual : 
flux, or motion, and as a greater and a greater Time is generated 
by the acceſſion of more and more Moments, which are conceived 
as the ſmalleſt particles of Time: So all other flowing, 5 ö 
may be underſtood as perpetually increaſing, by the acceſſion of 
their ſmalleſt particles, which therefore may not. improperly be call'd 
their Moments. But what are here call'd their /malle/ particles, 
are not to be underſtood as if they were Atoms, or of any definite 
and determinate magnitude, as in the Method of Indiviſibles; but 
i be indefinitely {mail; or continually decreaſing, till they are leſs 


than 


— 
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than any aflignable quantities, and yet may then retain all poſſible 


varieties of proportion to one another. That theſe Moments are 
not chimerical, viſionary, or merely imaginary things, but have an 


_ exiſtence ſui generis, at leaſt Mathematically and in the Underſtand- 


ing, is a neceſſary conſequence from the infinite Diviſibility of Quan- 
tity, which I think hardly any body now conteſts &. Fe or all con- 
tinued quantity whatever, tho' not indeed actually, yet mentally 
may be conceived to be divided in inſinitum. Perhaps this may be 
beſt illuſtrated by a comparative gradation or progreſs of, Magnitudes. 
Every finite and limited Quantity may be conceived as divided into 
any finite number of ſmaller parts. This Diviſion may proceed, 
and thoſe parts may be conceived to be farther divided in very lit- 
tle, but ſtill finite parts, or par/zcles, which yet are not Moments. 
But: when theſe particles are farther conceived to be divided, not 
actually but mentally, ſo far as to become of a magnitude leſs than 
any aflignable, (and what can ſtop the progreſs of the Mind?) then 


are they properly the Moments which are to be underſtood here. As 


this gradation of diminution certainly includes no abſurdity or con- 
tradiction, the Mind has the privilege of forming a Conception of 
theſe Moments, a poſſible Notion at leaſt, though perhaps not an 
adequate one; and then Mathematicians have a right of applying 
them to uſe, and of making ſuch Inferences from them, as by any 
ſtrict way of reaſoning may be derived. | 

It is objected, that we cannot form an intelligible and adequate 
Notion of theſe Moments, becauſe ſo obſcure and incomprehenſible 


an Idea, as that of Infinity is, muſt needs enter that Notion ; and 


therefore they ought to be excluded from all Geometrical Diſquiſi- 
tions. It may indeed be allowed, that we *have not an adequate 


Notion of them on that acccunt, ſuch as exhauſts the whole nature 


of the thing, neither is it at all neceſſary; for a partial Notion, 
which is that of their Diviſibility /ne fine, without any regard to 
their magnitude, is ſufficient in the preſent caſe. There are many 
other Speculations in the Mathematicks, in which a Notion of In- 
finity is a neceſſary ingredient, which however are admitted by all 


Geometricians, as uſeful and demonſtrable Truths. The Doctrine 


of commenſurable and incommenſurable magnitudes includes a No- 
tion of Infinity, and yet is received as a very demonſtrable Doctrine. 


We have a perfect Idea of a Square and its Diagonal, and yet we 


K k 2 know 


* Perhaps the ingenious Author of the Diſcourſe calbd The Arah/? mult be excepted, 
who is plead to ask, in his fifth Query, II heben it be not unneceſſary, as well as abſurd, 
to ſuppoſe that finite Extenſion is inſinitely diviſible ® Sec allo Query 19, 20, 21, &c. 
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know they will admit of no finite common meaſure, or that their pro-- 
portion cannot be exhibited in rational Numbers, tho' ever ſo ſmall,. 
but may by a ſeries of decimal or other parts continued ad infini- 
zum. In common Arithmetick we know, that the vulgar Fraction 

2, and the decimal Fraction o, 666666, &c. continued ad infinitum, . 


are one and the ſame thing; and therefore if we have a ſcientifick 


notion of the one, we have likewiſe of the other. When I de- 
ſcribe a right line with my Pen, ſuppoſe of an Inch long, I deſcribe 
firſt one half of the line, then one half of the remainder, then one 
half of the next remainder, and ſo on. That is, I actually run 
over all thoſe infinite diviſions and ſubdiviſions, before I have com- 
pleated the Line, tho' I do not attend to them, or cannot diſtin- 
guiſh them. And by this I am indubitably certain, that this Series 
of Fractions 2 + +: 4.+ #5, &c. continued ad infinitum, is pre- 
ciſely equal to Unity. Euclid has demonſtrated in his Elements, 
that the Circular Angle of Contact is leſs than any aſſignable right-- 
lined Angle, or, which is the ſame thing, is an infinitely little Angle 
in compariſon with any finite Angle: And our Author ſhews us 
fill greater Myſteries, about the infinite gradations of Angles of Con- 
tact. In Geometry: we know, that Curves may continually approach - 
towards their Aſymptotes, and yet will not actually meet with them, 
till both are continued to an infinite. diſtance. We know likewiſe, . 
that many of their included Areas, or Solids, will be but of a finite 
and determinable magnitude, even tho' their lengths ſhould be actually 
continued ad infinitum. We know that ſome Spirals make infinite 
Circumvolutions about a Pole, or Center, and yet the whole Line, 
thus infinitely involved, is but of a finite, determinable, and aſſign- 
able length. The Methods of computing Logarithms ſuppoſe, that 
between any two given Numbers, an infinite number of mean Pro- 
portionals may be interpoſed; and without ſome Notion of Infinity 
their nature and properties are hardly intelligible or diſcoverable. 
And in general, many of the moſt ſublime and uſeful parts of 
knowledge muſt be baniſh'd. out of the Mathematicks, if we are 
ſo ſcrupulous as to admit of no Speculations, in which a Notion 
of Infinity will be neceſſarily included. We may therefore as ſafely 
admit of Moments, and the Principles upon which the Method 
of Fluxions is here built, as any of the fore-mention'd Specula- 

tions. | | Vs 

The nature and notion of Moments being thus eſtabliſh'd, we 
may paſs on to the afore-mention'd Theorem, which is this. 


. - The 
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The (contemporary Moments of flowing quantities are as the Velocities of 


flowing or increaſing ; that is, as their Fluxions. Now if this be 
proved of Lines, it will equally obtain in all flowing quantities 
whatever, which may always be adequately repreſented and ex- 
pounded by Lines. But in equable Motions, the Times being given, 
the Spaces deſcribed will be as the Velocities of Deſcription, as is 


known in Mechanicks: And if this be true of any finite Spaces 


whatever,..or of all Spaces in general, it muſt alſo obtain in infi- 
nitely little Spaces, which we call Moments. And even in Mo- 
tions continually accelerated or retarded, the Motions in infinite- 


ly little Spaces, or Moments, muſt degenerate into equability. 80 
that the Velocities of increaſe or decreaſe, or the Fluxions, will be 
always as the contemporary Moments. Therefore the Ratio of 
the Fluxions of Quantities, and the Ratio of their contemporary. 


Moments, will always be the fame, and may be uſed promiſcu- 
ouſly for each other. | 7 


14. The next thing to be ſettled is a convenient Notation for 
theſe Moments, by which they may be diſtinguiſh'd, repreſented, 


compared, and readily ſuggeſted to the Imagination. It has been 


appointed already, that when x, y, E, v, &e. ſtand for variable or 
flowing quantities, then their Velocities of increaſe, or their Fluxions, 
ſhall be repreſented by x, y, 2, v, &c. which therefore will be pro- 


portional to the contemporary Moments. But as theſe are only 


Velocities, or magnitudes of another Species, they cannot be the Mo- 
ments themſelves, which we conceive as indefinitely little Spaces, 


or other analogous quantities We may therefore here aptly intro- 


_ duce the Symbol o, not to ſtand for abſolute nothing, as in Arith- - 
metick, but a vaniſhing Space or Quantity, which was juſt now 
finite, but by continually decreaſing, in order preſently to terminate - 
in mere nothing, is now become leſs than any aſſignable Quantity. 
And we have certainly a right ſo to do. For if the notion is in- 
telligible, and implies no contradiction as was argued before, it may 
ſurely be inſinuated by a Character appropriate to it. This is not 


aſſigning the quantity, which would be contrary to the bee 
but is only appointing a mark to repreſent it. Then multiplying 


- 


the Fluxions by the vaniſhing quantity s, we ſhall have the feve- 


ral quantities *, yo, 20, vo, &c: which are vaniſhing. likewiſe, 


and proportional to the Fluxions reſpectively. Theſe therefore may 
now repreſent the contemporary Moments of , y, S, v, &c. And 


in general, whatever other flowing quantities, as well as Lines and 
| 1 | Spaces, 


— - * 
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8 
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Spaces, are repreſented by x, y, S, v, &c. as o may ſtand for a 


vaniſhing quantity of the ſame kind, and as x, y, 2, v, &c. may 
ſtand for their Velocities of increaſe or decreaſe, . (or, if. you pleaſe, 
for Numbers proportional to thoſe Velocitics,) then may xo, yo, 
So, Vo, &c. always denote their reſpective fynchronal Moments, 
or momentary acceſſions, and may be admitted into Computations 
accordingly. And this we come now to apply. 

Is. We muſt now have recourſe to a very notable, uſeful, and 
extenſive property, belonging to all Equations that involve flowing 
Quantities, Which property 1s, ; that in the progreſs of flowing, 
the Fluents will continually acquire new values, by the acceſſion of 
contemporary parts of thoſe Fluents, and yet the Equation will be 
equally true in all theſe cafes. This is a neccſlary reſult from the Na- 
ture and Definition of variable Quantities. Contequently theſe Fluents 
may be any how increaſed or diminiſh'd by their contemporary 
Increments or Decrements ; which Fiuents, ſo increaſed or dimi- 
niſhed, may be ſubſtituted for the others in the Equation. As if 
an Equation ſhould involve the Fluents x and y, together with any 
given quantities, and X and Y are ſuppoſed to be any of their con- 
temporary Augments reſpectively. Then in the given Equation we 
may ſubſtitute x + X for x, and y + Y for y, and yet the Equa- 
tion will be good, or the equality of the Terms will be preſerved. 
So if X and Y were contemporary Decrements, inſtead of x and 
y we might ſubſtitute x— X and y — Y reſpectively. And as this 
muſt hold good of all contemporary Increments or Decrements what- 
cver, whether finitely great or infinitely little, it will be true hke- 
wiſe of contemporary Moments. That is, inſtead of x and y in 
any Equation, we may ſubſtitute x + xo and y + jo, and yet we 
mall ſtill have a good Equation. The tendency of this will appear 
from what immediately follows. 8 | . 
106. The Author's ſingle Example is a kind of Induction, and the 
proof of this may ſerve for all cafes, Let the Equation x* — ax? 
＋ axy - =0© be given as before, including the variable quan- 
tities x and y, inſtead of which we may ſubſtitute theſe quan- 
tities increas'd by their contemporary Moments, or * + xo and 


3 +90 reſpectively. Then we ſhall have the Equation x -+ e 
4 X K ＋ A ＋ aN N xy +30 —y-+ 10] Do. Theſe 


Terms being expanded, and reduced to three orders or columns, 


according as the vaniſhing quantity » is of none, one, or of more 
tlimenſions, will ſtand as in the Margin. 
72 


and INFINITE SERIES: x 
17, 18. Here the Terms of the firſt 4 yin 11 


order, or column, remove or deſtroy one ar — 24e — 442 4 
another, as being abſolutely equal to no-— -axy+ aw Pa Ho. 


thing by the given Equation. They be- Fo 13 wo 1 | | 


ing therefore expunged, the remaining * 
Terms may all be divided by the com- ‚ | 


mon Multiplier o, whatever it is. This being done, all the Terms 
of the third order will {till be affected by o, of one or more dimen- 
fions, and may therefore be expunged, as infinitely leſs than the 


others. Laſtly, there will only remain thoſe of the ſecond order or 
column, that is zxxx — 2axx + axy +ayx — . =0, which 
will be the Fluxional Equation required. Q. E. D. 


The ſame Concluſions may be thus derived, in ſomething a dif- 
ferent manner, Let Xand * be any. ſynchronal Augments of the 
variable quantities x and y, as before, the relation of which quan- 
tities is exhibited by any Equation. - Then may x X and y 


be. ſubſtituted for x and y in that Equation. Suppoſe for inſtance 


that x* — ax* +axy — 3 = ©; then by ſubſtitution we ſhall | 


Have x+ XI —axx-+X|* +axx+ Xx) +Y —y+Y}|* 
So; or in terminis expanſis x xX + 3xX* + X3 — ax* — 


2axX — aX* ＋ axy + axY-+ NY + @XY—/y* — 33*Y— 3yY- 
— Y:=— 0. But the Terms & — 4 ＋ axy — 93 == oo will va- 
niſh out of the Equation, and leave 4x*X + 3xX* + X3 — 2axX © 


— 0X2 + axY + aXy + XY — 3) Y — 2yY* — Ys =o, for 
the relation of the contemporary Augments, let their magnitude be 


what it will. Or reſolving this Equation into an Analogy, the ratio 
EY | n | 3 YL 2X3 ＋ 4x7 ＋ N — 22 — XK + av 
of theſe Augments may be this, — =————— ＋ * Bod (ipe 0s 


Now to find the. ultimate ratio of theſe Augmenis, or their ratio 


when they become Moments, ſuppoſe X and Y to diminiſh till they 
become vanithing quantities, and then they may be expunged out 


of this, value of. the ratio. Or in thoſe: circumſtances it will. be 
„ Which is now the:ratio of the Moments, And 


Y-. 38 — 2ax + ay 
this is the ſame ratio as that of the Fluxions, or it will be 


5 3&2 — 2% + ay 


o 
= 


o 2 — a X 


. 


In this way of arguing there is no aſſumption made, but what is 


juſtifiable by the received Methods both of the ancient and modern 
Geometricians. We only deſcend from a general Propoſition, which 
is-undeniable, to a particular caſe which is certainly ineluded in it. 

| That 


„ or 35% —axy == Jx*X — 2axx + ayx, as was 


: 

: 

l 
; 
4 
| 
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That is, having the relation of the variable Quantities, we thence 
directly deduce the relation or ratio of their contemporary Aug- 
ments; and having this, we directly deduce the relation or ratio of 
thoſe contemporary Augments when they are naſcent or evaneſcent, 
juſt beginning or juſt ceaſing to be; in a word, when they are Mo- 
ments, or vaniſhing Quantities. To evade this reaſoning, it ought 
to be proved, that no Quantities can be conceived leſs than aſſign- 
able Quantities ; that the Mind has not the privilege of conceiving 
Quantity as perpetually diminiſhing ine fine ; that the Conception of 
2 vaniſhing Quantity, a Moment, an Infiniteſimal, &c. includes a 
contradiction : In ſhort, that Quantity is not (even mentally) divifi- 

ble ad infinitum; for to that the Controverſy muſt be reduced at 
lait. But I believe it will be a very difficult matter to extort this 
Principle from the Mathematicians of our days, who have been fo 
long in quiet poſſeſſion of it, who are indubitably convinced of the 
evidence and certainty of it, who continually and ſucceſsfully ap- 
ply it, and who are ready to acknowledge the extreme fertility and 
uſefulneſs of it, upon ſo many important occaſions. 

19. Nothing remains, I think, but to account for theſe two cir- 
cumſtances, belonging to the Method of Fluxions, which our Au- 
-thor briefly mentions here. Firft that the given Equation, whoſe 
Fluxional Equation is to be found, may involve any number of 
flowing. quantities. This has been ſufficiently gon already, and 
we have ſeen ſeveral Examples of it. Secondly, that in taking 
Fluxions we need not always confine ourſelves to the progreſſion of 
the Indices, but may aſſume infinite other Arithmetical Progreſſions, 
as conveniency may require. This will deſerve a little farther illu- 
ſtration, tho? it is no other than what muſt neceſſarily reſult from 
the different forms, which any given Equation may aſſume, in an 
infinite variety. Thus the Equation x5 — ax* + axy — 55 == o, 
being multiply'd by the general quantity xy", will become & se 
— GX" Fy" ＋ axis ny o, which is virtually the ſame 
Equation as it was before, tho' it may aſſume infinite forms, accor- 
ding as we pleaſe to interpret m and 7. And if we take the 
Fluxions of this Equation, in the uſual way, we ſhall have 


LN ob nxttagynt - T Zan Hy nag 4 
m + Ia "tr 4. n + Ia N — ne t — 1 r 
==0. Now if we divide this again by xy", we ſhall have 1 + 3A 
+ AN - ＋ 2 — na i + 11+ 10Xy ＋ 1+ 10x) — 
mary —7 + 3 ==.0, which is the ſame general Equation as 
was derived before. And the like may be underſtood of all other 
Examples. | „ 
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SEO T. II. Concerning Huxions of ſuperior, orders, and 
» 1 "the method of deriving their Equations. | 


N this Treatiſe our Author conſiders only firſt Fluxions, and has 

not thought fit to extend his Method to ſaperior orders, as not di- 
rely. falling within his / preſent purpoſe. For tho he here purſues 
Speculations which require the uſe of ſecond Fluxions, or higher 
orders, yet he has very artfully. contrived to reduce them to firſh 
Fluxions, and to avoid the neceſſity of introducing Fluxions of ſu- 
Derior orders. In his other excellent Works of this kind, which 
— been publiſh'd by himſelf, he makes expreſs mention of them, 
he diſcovers their nature and properties, and gives Rules for deriving 
their Equations. Therefore that this Work may be the more ſer- 
viceable to Learners, and may fulfil the deſign of being an Inſtitu- 
tion, I ſhall here make ſome inquiry into the nature of ſuperior 
Fluxions, and give ſome Rules for finding their Equations And 
afterwards, in its proper place, I ſhall endeavour to ſhew ſomething 


of their application and uſe. 


» 74 


ſider d, or their comparative Velocities of increaſe and decreaſe, ate 
themſelves, and of their own nature, variable and flowing quantities 
alſo, and as ſuch are themſelves capable of perpetual increaſe and de- 
creaſe, or of perpetual acceleration and retardation; they may be 
treated as other flowing quantities, and the relation of their Fluxions 
may be inquired and diſcover d. In order to which we will adopt 
our Author's Notation already publiſh'd, in which we are to con- 
ceive, that as x, y, E, &c. have their Fluxions &, 5, x, &c. ſo theſe 
likewiſe have their Fluxions x, 5, ⁊, &c. which are the ſecond Fluxions 
of , y, &, &c. And theſe again, being ſtill variable quantities, have 
their Fluxions denoted by x, y, E, &c. which are the third Fluxions 
of , y, , &c. And theſe again, being ſtill flowing quantities, 


have their Fluxions x, 5, 2, &c. which are the fourth Fluxions of 
x, Y, 2, &c. And ſo we may proceed to ſuperior orders, as far as 
there ſhall be occaſion. Then, when any Equation is propoſed, con- 
ſiſting of variable quantities, as the relation of its Fluxions may be 
found by what has been taught before; ſo by repeating only the ſame 
operation, and conſidering the Fluxions as flowing Quantities, the 

| * ; relation 


Now as the Fluxions of quantities which have been hitherto con- 
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relation of the ſecond Fluxions may be found. And the like for all 
higher orders of Fluxions: OS 

Thus if we have the Equation 9. — ax==0, in which are the 
two Fluents y and æ, we ſhall have the firſt Fluxional Equation 2jy 
— ax Do. And here, as we have the three Fluents y, y, and x, 
if we take the Fluxions again, we ſhall have the ſecond. Fluxional 
Equation 2yy + 2 —ax==0. And here, as there are four Fluents 
3, 5, J and x, if we take the Fluxions again, we ſhall have the 


third Fluxional Equation 255 + 25 + 49 — ax = o, or 255 + 


65 — ar o. And here, as there are five Fluents y, J. 5. 55 and æ, 
if we take the Fluxions again, we ſhall have the fourth Fluxional 
Equation 2yy + 2yy + 63) + 6) — ax== 0, or 2yy + 899 + 63* 
- o. And here, as there are fix Fluents y, j, y, 7, 7, and * 
if we take the Fluxions again, we ſhall have 2yy = 275 * 855 * 
8 + 12% - o, or 2 + 10% + 20 - s, for the 
eh Fluxional Equation. And ſo on to the ſixth, ſeventh, &c.. - 
Now the Demonſtration of this will proceed much after the man- 
ner as our Author's Demonſtration of firſt F luxions, and is indeed 
virtually included in it. For in the given Equation y* —ax'== o, 
if we ſuppoſe y and x to become at the fame time y + yo and x x0, 
(that is, if we ſuppoſe yo and xo to denote the ſynchronal Moments 
of the Fluents y and x,) then by ſubſtitution we ſhall have y e 
— 2X x ＋ x8 o, or in terminis expanſis, yu ＋ 2yy0 7 == ax 
— 2x0 ==0.' Where expunging y*— a o, and 577, and divi- 
ding the reſt by o, it will be 2) — ax = for the firſt fluxional 
Equation. Now in this Equation, if we ſuppoſe the ſynchronal 
Moments of the Fluents y, y, and x, to be yo, yo, and xo reſpectively; 
for thoſe Fluents we may ſubſtitute y + 0,' 5 L, and & + xo in 
the laſt Equation, and it will become 2y-+ 2) % + $0 — @xx=þ x0 
o, or expanding, 2) + 25% ＋ 2% + 2% — a — 4x0 == 0. 
Here becauſe 2 — ax = 0. by the given Equation, and becauſe 
200 vaniſhes; divide the reſt by o, and we ſhall have 2) + 2yy 
— ax ==0 for the ſecond fluxional Equation. Again in this Equa- 
tion, if we ſuppoſe the Synchronal Moments of the Fluents y, 5, 
7,. and x, to be yo, yo, yo, and xo reſpectively; for thoſe Fluents 
: we 


and IN TIN ITE Strings: 2239 
we may. ſubſtitute y + jo, j 4+ yo, 34-30, and & L x0 in the laſt 


Equation, and it will become 2 x5 +91 +29 +2o x J + yo —» 


* L o, or expanding and collecting, 25* + 6jy0 + 2570. 
+ 255 A 20 + 2550 — 2X 4 == 0. But here becauſe 27 
＋ 2yy — ax o by the laſt Equation; dividing the reſt by o, and 
expunging all the Terms in which o will {till be found, we ſhall 


have 67% + 2% — ax == © for the third fluxional Equation. And 
in like manner for all other orders of Fluxions, .and for all other 
Examples. Q. E. D. oe #9 "1 

To illuſtrate the method of finding ſuperior Fluxions by another 
Example, let us take our Author's Equation x* — ax* ＋ axy — 
==0, in which he has found the ſimpleſt relation of the Fluxions 
to be 3xx* 2a ＋ axy + axy — 3 =0. Here we have the 
flowing quantities x, y, x, y; and by the ſame Rules the Fluxion of 
this Equation, when contracted, will be 3xx* + 6%*X — 2axx — 
a ＋ axy + 24%y + axy 39 — bj*y =. And in this Equa- 
tion we have the flowing quantities &, y, x, y, X, y, ſo that taking 
the Fluxions again by the fame Rules, we ſhall have the Equation, 


34% ＋ 3ax9 + axy — 30) — 18% — 655 = 0. And as in this 
Equation there are found the flowing quantities x, y, &, , &, J, 
X, Y, we might proceed in like manner to find the relations of the 
fourth Fluxions belonging to this Equation, and all the following 
orders of Fluxions. | . 
And here it may not be amiſs to obſerve, that as the propoſed 
Equation expreſſes the conſtant relation of the variable quantities x 
and y; and as the firſt fluxional Equation expreſſes the conſtant re- 
lation of the variable (but finite and affignable) quantities x and , 
which denote the comparative Velocity of increaſe or decreaſe of x 
and y in the propoſed Equation : So the ſecond fluxional Equation 
will expreſs the conſtant relation of the variable (but finite and aſſig- 
nable) quantities x and y, which denote the comparative Velocity of 
the increaſe or decreaſe of x and y in the foregoing Equation. And in 
the third fluxional Equation we have the conſtant relation of the variable 


x and v. which will denote the 


but finite and aſſignable) quantities 
2 com- 


r 
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comparative Velocity of the increaſe or decreaſe. of x and 5 in the 
foregoing Equation. And ſo on for ever. Here the Velocity of a 
Velocity, however uncouth it may ſound, will be no abſurd Idea 
when rightly conceived, but on the contrary will be a very rational 
and intelſigible Notion. If there be ſuch a thing as Motion any how 


* continually accelerated, that continual Acceleration will be the Ve- 


locity of a Velocity; and as that variation may be continually va- 
ried, that is, accelerated or retarded, there will be in nature, or at 
leaſt in the Underſtanding, the Velocity of a Velocity of a Velocity. 
Or in other words, the'Notion of ſecond, third, and higher F luxions, 
muſt be admitted as ſound and genuine. But to proceed : 

We may much abbreviate the Equations now derived, by the 
known Laws of Analyticks. From the given Equation & — ax* + 
axy - =0© there is found a new Equation, wherein, becauſe of 
two new Symbols x and introduced, we are at liberty to aſſume 
another Equation, beſides this now found, in order to a juſt De- 
termination. For ſimplicity- ſake we may make 4 Unity, or any 
other conſtant quantity; that is, we may ſuppoſe x to flow equably, 
and therefore its Velocity is uniform. Make therefore x , and 
the firſt fluxional Equation will become 3x* — 2ax + ay ＋ axy,— 


Y o. 80 in the Equation zxx⸗ + br a2 = 20X* + 
axy + 24 + axy — 39 — 6j*) =0 there are four new Sym- 


bols introduced, &, y, x, and 5, and therefore we may aſſume two 
other congruous Equations, which together with the two now found, 
will amount to a compleat Determination. Thus if for the fake of 
ſimplicity we make one to be x == 1, the other will neceſſarily be 


os; and theſe being ſubſtituted, will reduce the fecond fluxiona] 


Equation to this, 6x — 24 + 24% + axy— 350 — - by*y =o. And 
thus in ay” next Equation, wherein there are ſix new Symbols 


K, 5, &, 9. &, „h; beſides the three Equations now found, we may 
take =, and thence * b, x = ©, which will reduce it 


to 6 ＋ 3ay + axy _ 3 = — 189 — 6 = ©. And the like of 
Equations of ſucceeding orders. 

But all theſe Reductions and Abbreviations will be beſt alle as 
the Equations are derived. Thus the propoſed Equation being æ- 
4 + axy — o, taking the Fluxions, and at the ſame time 


making = 1, (and conſequently x, x, &c. — we ſhall have 
3x* — 2 + @y + axy — . ==0, And taking the Fluxions 
| again, 
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again, it will be 6x — 2a + 24 + axy — 339% — 6j*y == ©. 


And taking the Fluxions again, it will be 6 4 3ay + axy 3 
— 187% — 5 =o. And taking the Fluxions again, it will be 


44) + axy — 3% — 24% — 1839*y — 36% So. And ſo on, as 
far as there 1s occaſion, f 

But now for the clearer apprehenſion of theſe ſeveral orders of 
Fluxions, I ſhall endeavour to illuſtrate them by a Geometrical 
Figure, adapted to a ſimple and a particular caſe. Let us aſſume 
the Equation y* ax, or y = 4x7, which will therefore belong to 
the Parabola ABC, whoſe Parameter is AP a, Abſciſs AD == x, 
and Ordinate BD =y ; where AP is a Tangent at the Vertex A. 
Then taking the Fluxions, we ſhall have y = an . And ſup- 
poſing the Parabola to be deſcribed by the equable motion of the 
Ordinate upon the Abſciſs, that equable Velocity may be expounded 


by the given Line or Parameter à, that is, we may put x a. Then 


— 1 as aT a . . , 
it will be y = (CA] —; = — = Ho „ which will give us 
this Conſtruction. Make x (AD): y (BD) :: 42 (4AP) : DG = 
2. J, and the Line DG will therefore | 


repreſent the Fluxion of y or BD. And if 
this be done every where upon AE, (or if 
the Ordinate DG be ſuppos d to move upon 
AE with a parallel motion,) a Curve GH 
will be conſtructed or deſcribed, whoſe Ordi- 


Pa 
8 
N 
7 Q 
P C 
nates will every where expound the Fluxions ; ; 38 Ss "XY 
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of the correſponding Ordinates of the Pa- 
rabola ABC. This Curve will be one of 
the Hyperbola's between the Aſymptotes 


AE and AP; for its Equation is 5 == ns | 
i - : : 2x® A 15 E 


or y 3 > 


| , . . A ay ; | "SIN 
Again, from the Equation j== , or 2xy = ay, by taking 
the Fluxions again, and putting * s as before, we ſhall have 
a # 25 " ay: 2. 1) 36 5 
20) + 2X)==ay, or —y == 7 ; where the negative ſign ſhews only, 
that y is to be conſider'd rather as a retardation than an acceleration, 
or an acceleration the contrary way. Now this will give us the 


following 


262 The Method of FL UXIONS, 


following Conſtruction. Make x (AD): y (DG) :: 2 (4AP) :: 
DI — y, and the Line DI will therefore repreſent the Fluxion of 
DG, or of 5, and therefore the ſecond Fluxion of BD, or of y. 
And if this be done every where upon AE, a Curve IK will be 
conſtructed, whoſe Ordinates will always expound the ſecond Fluxions 


of the correſponding Ordinates of the Parabola ABC. This Curve 


likewiſe will be one of the Hyperbola' „ for its Equation is —y == 


ay 41 as 
— — — 


. F or Jy = 1643 


Wan from the Equation —;=2?, or — 255 = 0; 


by "—_ the Fluxions we ſhall have — 2ay — 2xy = == ay, or 


— _ ; which will give us this Conſtruction. Make x (AD): 


» (DI) :: 4a GAP)! DL = =5, and the Line DL will therefore 


repreſent the Fluxion of DI, or of y, the ſecond Fluxion of DG, 
or of y, and the third Fluxion of BD, or of y. And if this be 
done every where upon AF, a Curve LM will be. conſtructed, whoſe 


Ordinates will always expound the third Fluxions of the correſpon- 


ding Ordinates of the A A . FN Curvo n be. an W 
_ 


"© „ 20 


And ſo we . 1 to cu ei, 2 Fo of - 
which (in the preſent Example) would expound or repreſent the 
fourth, fifth, and other orders of Fluxions. 

We might likewiſe proceed in a retrograde order, to find the 
Curves whoſe Ordinates ſhall repreſent the F luents of any of theſe 


* 


Fluxions, When given. As if we had J===z a , or if 


the Curve GH were given; by taking the F luents, (as will be 


taught in the next Problem,) it would be y-== (a*x* = <= . 


xz 


2, which wakes us this Conſtruction, Make 2 (AP); 


2xy 


x (AD) :: DG): —_— and the Line DB will repreſent 


the Fluent of DG, or 5 fl Mag if this be done every where upon 
the Line AE, a Curve AB will be conſtructed, whoſe Ordinates 
will always expound the Fluents of the correſponding Ordinates of 
the Curve GH. This Curve will be the common Parabola, whoſe 

I Parameter 
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Parameter is the Line AP== 7. For its Equation is y == a*x*, 
or yy = ax. 

So if we had the Parabola ABC, we might conceive its Ordinates 
to repreſent Fluxions, of which the correſponding Ordinates D 
of ſome other Curve, fuppoſe QR, would repſelemt the Fluents, 


To find which Curve, put 5 for the Fluent of Bo 5 for the Fluent 


Wt 

of y, &c. (That i is, let, &c. , y, 1 7. 75 y, 55 &c. be a Series of 
Nene proceeding both ways indefinitely, of which every ſucceed- 
ing Term repreſents the Fluxion of the preceding, and vice versd ; 
according to a Notation of our er 8, N elſewhere.) Then 


becauſe 1 it is y== (a u x = 2— * T » taking the Fluents it 


will be 9 = (2 === =) 2; which will give us this Con- 
; * 3 4 5 i 234 

ſtruction. Make 24 (AP): x (AD) :: y (BD): 2 — ; 5" 
and the Line DQ will reprefent the Fluent of DB, or of y. And 
if the ſame be done at every point of the Line AE, a Curve QR 
will be form'd, the Ordinates of which will always expound the 
Fluents of the correſponding Ordinates of the Parabola ABC. This 
Curve alſo will be a Parabola, but of a higher order, the * 


of which 1 , or 2 7 = . 


x 
of 


Again, becauſe . = 8 — — „ — ; taking the Flu- 
za 


347 1 * a 


ents it will be ä 2 — 2 „ Which will give us this 
3% 26 n 
7 


Conſtruction. Make 42 Wo : x (AD) :: p (Da): 2 = 


a 
DS, and the Line DS will repreſent the Fluent of Pa. or of y. 

And if the fame be done at every point of the Line AE, a Curve 
ST will thereby. be form'd, the Ordinates of which will expound 
the Fluents of the correſponding Ordinates of the * QR. This 


HH 


Curve will be a Parabola, nes WE Ct 18 yuan = = 


15a 


J. 


6x3 © 
— . And fo we might go on as far as we pleaſe. 


Laſtly, 


” 
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' Laſtly, if we (conceive DB, the common Ordinate of all theſe 
Curves, to be any where thus conſtructed upon AD, that is, to be 
thus divided in the points 8, Q, B, G, I, L, &c. from whence to 
AP. are drawn Ss, Q, Bb, Cg, Ii, LI, &c. parallel to AE; and 
if this Ordinate be farther. conceived to move either backwards or 
forwards upon AE, with an equable Velocity, (repreſented by 
APD Sa == ) and as it deſcribes theſe Curves, to carry the afore- 
ſaid Parallels along with it in its motion: Then the erg ., 
1, J, &c. will likewiſe move in ſuch a manner, in the Line AP, as 
that the Velocity of each point will be repreſented by the diſtance 
of the next from the point A. Thus the Velocity of 5 will be re- 
preſented by Ag, the Velocity of by Ab, of & by Ag, of g by Az, 


of i by Al, &c. Or in other words, Ag will be the Fluxion of As; 


Ab will be the Fluxion of Ag, or the ſecond Fluxion of As; Ag 
will be the Fluxion of Ah, or the ſecond Fluxion of Ag, or the third 
Fluxion of As; Az will be the Fluxion of Ag, or the ſecond Fluxion 
of Ab, or the third Fluxion of Ag, or the fourth Fluxion of As; 


and ſo on, Now in this inftance the ſeveral orders of Fluxions, or 


Velocities, are not only expounded by their Proxies and Repreſen- 
tatives, but alſo are themſelves actually exhibited, as far as may be 
done by Geometrical Figures. And the like obtains wherever elfe 
we make a beginning; which ſufficiently ſnews the relative nature 


of all theſe orders of Fluxions and Fluents, and that they differ from 


each other by mere relation only, and in the manner of conceiving. 
And in general, what has been obſerved from this Example, may 
be eaſily accommodated to any other caſes whatſoever, = 

Or theſe different orders of Fluents and Flaxions may be thus ex- 
plain'd abſtractedly and Analytically, without the aſſiſtance of Curve- 
lines, by the following general Example. Let any conſtant and 
known quantity be denoted by a, and let 4“ be any given Power 
or Root of the ſame. And let x” be the like Power or Root of 


the variable and indefinite quantity x. Make : : 4 , or 


5 = a. Here y alſo will be an indefinite quantity, 


which will become known as ſoon as the value of x is aſſign'd. 
Then taking the Fluxions, it will be / == mar s ; and ſup- 
poſing x to flow or increaſe uniformly, and making its conſtant 
Velocity or Fluxion x == @, it will be y ==ma*—"x"=, Here if 


for ace we write its value y, it will bey = , that is, *: 


ma :: : 5. So that y will be alſo a known and aſſignable Quan- 
| | tity, 
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tity, whenever x (and therefore y) is aſſign d. Then taking the 
Fluxions again, we ſhall have y == m x m— 14*""Xx"—* ==m X 
mM — 143"x%— or for ma*—"x"— writing its value y, it will be 


mM — lay : 


„= that is, „: I — Ia :: 5 : y. So that y will be- 


come a known quantity, when x (and therefore y and ) is aſſign'd. 


Then taking the Fluxions again, we ſhall have y = MXM=— 1X 


„that is, x; = , 


m — 2a 


m — 24 "*x"—3, Of y== 


where alſo y will be known, when x is given. And taking the 


Fluxions again, we ſhall have y == m x n I x M—2 X -g 


== —, that is, x : n — 3a :: 7 : So that y will alſo be 
known, whenever x is given. And from this Induction we may 
conclude in general, that if the order of Fluxions be denoted by any 
integer number 7, or if z be put for the number of points over the 
; n u 

Letter y, it will always be x: n — u :: 7: 5; or from the 
Fluxion of any order being given, the Fluxion of the next imme- 
diate order may be hence found. 1 


_—_ 
Or we may thus invert the proportion - na: & :: : 9, 


and then from the Fluxion given, we ſhall find its next immedi- 


— 


ate Fluent. As if 1 2, tis n — 24: x 1 5. If „1, 


tis 1 — 14 : K :: y: ). If n=0, tis na: & 3 „„ And 


obſerving the ſame analogy, if 2 — 1, tis ＋ 1@ : x :: y: 
/ 


I | 
; where y is put for the Fluent of y, or for y with a negative point. 
And here becauſe y=a*—"x", it will be m+ 1a : x :: : 


7 / pm mx TP * x 1 

, or y === =: which alſo may thus appear. Be- 

in 1 m 1 | ' 

I—m. 1 2 5 
cauſe ya (6 xm © = ==) — , taking the Fluents, (ſee the 
next Problem, ) it will be y . Again, if we make n=—2, 
m TIE | | 

„ 55 ll 4 r E | F 

tis M 24a : : : Or ===: a: $ or 
| s 9 95 4 n- 2 | ml xm FZ 


M m becauſe 


. 


1 


o 

x 

bl 
14 
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1 1 . . m4: | 

becauſe yam M =>, 
mia ©. m + 1a TY 


taking the Fluents it will be 


MI xo . | L 
b 3 1 — | 35 23 

„ V. nm 1 de... 3 
K 22 08 3 == 2 om . And fo for 


m +: a n 1 X 7m Z x mz N 

all other ſuperior orders of N e | 

And this may ſuffice in general, to ſhew the comparative nature 
and properties of theſe ſeveral orders of Fluxions and Fluents, and 
to teach the operations by which they are produced, or to find their 
reſpective fluxional Equations. As to the uſes they may be apply'd 
to, when found, that will come more properly to be confider'd in 
another place. 


SET. III. De Geometrical and Mechanical Elements 
of Fluxions.. 


HE foregoing: Principles of the Doctrine of Fluxions being 

| chiefly abſtracted and Analytical, I ſhall here endeavour, . at- 
ter a general manner, to ſhew ſomething analogous to. them in Geo- 
metry and Mechanicks ; by which they may become, not only the 
object of the Underſtanding, and of the Imagination, (which will only 
prove their poſſible exiſtence,) but even of Senſe too, by making 
them actually to exiſt in a viſtble and ſenſible form. For it is now 
become neceſſary to exhibit them all manner of ways, in order to 


give a ſatisfactory proof, that they have indeed any real exiſtence at 


1 | | 

And firſt, by way of prepara- -rf = 
tion, it will be convenient to con- | 
ſider uniform and equable motions, _.. 


as alſo ſuch as are alike inequable. 
Let the right Line AB be deſcribed” 
by the equable. motion of a point, 
which is now at E, and will pre- 
ſently be at G. Alſo let the Line 
CD, parallel w the former, be de- | + 
ſcribed by the equable motion of a point, which is in H and K, at 
the ſame times as the former is in E and G. Then will EG and 
HK be contemporaneous Lines, and therefore will be proportional » 
| the 


— 
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the Velocity of each moving point reſpectively. Draw the indefi- 
nite Lines EH and GK, meeting in L; then becauſe of like Tri- 
angles ELG and HLK, the Velocities of the points E and H, which 
were before as EG and HK, will be now as EL and HL. Let 
the deſcribing points G and K be conceived to move back again, 
with the ſame Velocities, towards A and C, and before they ap- 
proach to E and H let them be found in g and &, at any ſmall 
diſtance from E and H, and draw gæ, which will paſs through L; 
then ſtill their Velocities will be in the ratio of Eg and Hæ, be thoſe 
Lines ever ſo little, that is, in the ratio of EL and HL. Let 
the moving points g and & continue to move till they coincide with 
E and H; in which caſe the decreaſing Lines Eg and H+ will pats 
through all poſſible magnitudes that are leſs and leſs, and will finally 
become vaniſhing Lines. For they mult intirely vaniſh at the ſame 
moment, when the points g and & ſhall coincide with E and H. 
In all which ſtates and circumſtances they will ſtill retain the ratio 
of EL to HL, with which at laſt they will finally vaniſh, Let 
_ thoſe points ſtill continue to move, after they have coincided with 
E and H, and let them be found again at the ſame time in and 
x, at any diſtance beyond E and H. Still the Velocities, which are 
now as Ey and Hx, and may be eſteemed negative, will be as EL 
and HL, whether thoſe Lines E and H are of any finite magni- 
tude, or are only naſcent Lines; that is, if the Line qxL, by its 
angular motion, be but juſt beginning to emerge and divaricate from 
_ EHL. And thus it will be when both theſe motions are equable 
motions, as alſo when they are alike inequable; in both which 
caſes the common interſection of all the Lines EHL, GKL, g#L, &c. 
will be the fixt point L. But when either or both theſe motions 
are ſuppos'd to be inequable motions, or to be any how continually 
accelerated or retarded, theſe Symptoms will be ſomething different ; 
for then the point L, which will ſtill be the common interſection 
of thoſe Lines when they firſt begin to coincide, or to divaricate, 
will no longer be a fixt but a moveable point, and an account muſt 
be had of its motion. For this purpoſe we may have recourſe to 
the following Lemma. | | 
Let AB be an indefinite and fixt right Line, along which another 
indefinite but moveable right Line DE may be conceived to move or 
roll in ſuch a manner, as to have both a progreſſive motion, as alſo an 
angular motion about a moveable Center C. That is, the common 
interſection C of the two Lines AB and DE may be ſuppoſed to 
move with any progreſſive motion from A towards B, while at the 
M m 2 ſame 


EH and GK till 
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lame time the moveable Line DE revolves about A 
the ſame point C, with any angular motion. Then 4 D 
as the Angle ACD continually decreaſes, and at 
laſt vaniſhes when the two Lines ACB and DCE 
coincide; yet even then the point of interſection 
C, (as it may be ſtill call'd,) will not be loſt and 
annihilated, but will appear again, as ſoon as the 
Lines begin to divaricate, or to ſeparate from each * 
other. That is, if C be the point of interſection 
before the coincidence, and c the point of interſec- | 
tion after the coincidence, when the Line ce ſhall Cc 
again emerge out of AB; there will be ſome inter- 
mediate point L, in which C and c were united in 
the ſame point, at the moment of coincidence, This \ 
point, for diſtin&tion-ſake, may be call'd the Node, E e 
or the point of no divarication. Now to apply this | 
to inequable Motions : | B 
Let the Line AB be deſcribed by the continually accelerated mo- 
tion of a point, which is now in E, and will be preſently found in 
G. Alfo let the Line CD, parallel to the former, be deſcribed by 


= * G ; L 
the equable mo- , mw 1 C 8 


tion of a point. | 

which is found \ |; To | 
in H and K, at T7” 8 5 ; * 
the ſame times as 
the other point 
is in E and G. 
Then will EG and 
HK be contem- 
poraneous Lines; 
and producing 


they meet in J., 

thoſe contempo- | 
raneous Lines will be as EI and HI reſpectively. Let the deſcribing | 
points G and K be conceived to move back again towards A and ol 
each with the fame degrees of Velocity, in every point of their mo- 


tion, as they had before acquired ; and let them arrive at the ſame 


time at g and 45 at ſome ſmall diſtance from E and H, and draw 
gk: meeting EH in 1. Then Eg and H4, being contemporary Lines 
alſo, and very little by ſuppoſition, they will be nearly as the Ve- 

3 locities 


and GK] will always be 
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locities at g and &, that is, at E and H; which contemporary 
Lines will be now as Ez and Hz. Let the points g and & continue 
their motion till they coincide with E and , or let the Line GKI 
or gli continue its progreſſive and angular motion in this manner, 
till it coincides with EHL, and let L be the Node, or point of no 
divarication, as in the foregoing Lemma. Then will the laſt ratio 
of the vaniſhing Lines Eg and H#, which is the ratio of the Velo- 
"cities at E and H, be as EL and HL reſpectively. 


Hence we have this Corollary. If the point E (in the foregoing 


figure,) be ſuppos'd to move from A towards B, with a Velocity 
any how accelerated, and at the ſame time the point H moves from 
C towards D with an equable Velocity, (or inequable, if you pleaſe ;) 
thoſe Velocities in E and H will be reſpectively as the Lines EL and 
HL, which point L is to be found, by ſuppoſing the contemporary 
Lines EG and HK continually to diminiſh, and finally to vaniſh. 
Or by ſuppoſing the moveable indefinite Line GKI to move with a 
progreſſive and angular motion, in ſuch manner, as that EG and 
HK ſhall always be contemporary Lines, till at laſt GKI ſhall co- 
incide with the Line EHL, at which time it will determine the Node 
L, or the point of no divarication. So that if the Lines AE and 
CH repreſent two Fluents, any how related, their Velocities of de- 
ſcription at E and H, or their reſpective Fluxions, will be in the 
ratio of EL and HL. 
And hence it will folk gg. E | 8 
low alſo, that the Lo- 
cus of the moveable 
point or Node L, that 

is, of all the points of C 
no divarication, will be 
ſome Curve-line L/, to 


which the Lines EHL 


Tangents in L and /. 
And the nature of this 
Curve I may be deter- 
mined by the given re- 

lation of the Fluents or Lines AE and CH; and vice verd. Or 

however the relation of its intercepted Tangents EL and HL may 
be determined in all caſes; that is, the ratio of the Fluxions of the 
given Fluents. 


For 


22 0 gow 


and x, belonging to the Fluents AE y and CF == x. 
R | 


270 The Method of FLUXIONS, 
For illuſtration-ſake, let us apply this to an Example. Make the 


Fluents AE== y and CH x, and let the relation of theſe be always 


expreſs'd by this Equation y x". Make the contemporary Lines 
EG=Y and HK—X; and becauſe AE and CH are contempo- 
rary by ſuppoſition, we ſhall have the whole Lines AG and CK 


contemporary alſo, and thence the Equation y +Y== x +X|*. This 


by our Author's Binomial Theorem will produce y + Y == x" + 


MX +7 x——x*X+, &c. which (becauſe y =") will be- 


come Y = n X + 7 x N- &, &c, or in an Analogy, X: 


„ : TEX X, &c. which will be the general re- 
lation of the contemporary Lines or Increments EG and HK. Now 
let us ſuppoſe the indefinite Line GKI, which limits theſe contem- 
porary Lines, to return back by a progreſſive and angular motion, 
ſo as always to intercept contemporary Lines EG and HK, and 


finally to coincide with EHL, and by that means to determine the 


Node L; that is, we may ſuppoſe EG == Y and HK = X, to di- 
miniſh in infinitum, and to become vaniſhing Lines, in which caſe 
we ſhall have X: Y:: 1 : * But then it will be likewiſe X: 
:: HK; EG: HL: EL: : &: ), or 1: ¶ : x :), or -. 
And hence we may have an expedient for exhibiting Fluxions 
and Fluents Geometrically and Mechanically, in all circumſtances, 
ſo as to make them the objects of Senſe and ocular Demonſtration. 
Thus in the laſt figure, let the two parallel lines AB and CD be de- 
ſcribed by the motion of two points E and H, of which E moves 
any how inequably, and (if you pleaſe) H may be ſuppos'd to move 
equably and uniformly ; and let the points H and K correſpond to 
E and G. Alfo let the relation of the Fluents AE = y and 
CH == x be defined by any Equation whatever. Suppoſe now the 
deſcribing points E and H to carry along with them the indefinite 
Line EHL, in all their motion, by which means the point or Node 
L will deſcribe ſome Curve L!, to which EL will always be a Tan- 
gent in L, Or ſuppoſe EHL to be the Edge of a Ruler, of an in- 
definite length, which moves with a progreſſive and angular mo- 
tion thus combined together ; the moveable point or Node L in this 
Line, which will have the leaſt angular motion, and which is always 
the point of no divarication, will deſcribe the Curve, and the Line 
or Edge itſelf will be a Tangent to it in L. Then will the ſeg- 
ments EL and HL be proportional to the Velocity of the points 
E and H reſpeQively ; or will exhibit the ratio of the Fluxions y 


Or 
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Or if we ſuppoſe the Curve L/ to be given, or already conſtructed, 


we may conceive the indefinite Line EHIL to revolve or roll about 
it, and by continually applying itſelf to it, as a Tangent, to move 
from the ſituation EHIL to GK/I. Then will AE and CH be the 
Fluents, the ſenſible velocities of the deſcribing points E and H will 


be their Fluxions, and the intercepted Tangents EL. and HL will 


be the rectilinear meaſures of thoſe Fluxions or Velocities. Or it 
may be repreſented thus: If E/ be any rigid obſtacle in form of a 


Curve, about which a flexible Line, or Thread, is conceived to be 


wound, part of which is ſtretch'd out into a right Line LE, which 
will therefore touch the Curve in L; if the Thread be conceived to 
be farther wound about the Curve, till it comes into the ſituation 
LIKG ; by this motion it will exhibit, even to the Eye, the ſame 
increaſing Fluents as before, their Velocities of increaſe, or their 
Fluxions, as alſo the Tangents or rectilinear repreſentatives of thoſe 


Fluxions. And the ſame may be done by unwinding the Thread, 


in the manner of an Evolute. Or inſtead of the Thread we may 
make uſe of a Ruler, by applying its Edge continually to the 
curved Obſtacle LJ,. and making it any how revolve about the move- 
able point of Contact L or J. In all which manners the Fluents, 


Fluxions, and their rectilinear meaſures, will be ſenſibly and mecha- 


nically exhibited, . and therefore they muſt be allowed to have a place 
inrerum naturd, And if they are in nature, even tho' they were but 
barely poſſible and conceiveable, much more if they are ſenſible 
and viſible, it is the province of the Mathematicks, by ſome me- 


thod or other, to inveſtigate and determine their properties and pro- 


portions, | 
Or as by one Thread EHL, perpetually winding about the curved 


obſtacle L, of a due figure, we ſhall fee the Fluents AE and CH 


continually to increaſe or decreaſe, at any rate aſſign'd, by the mo- 


tion of the Thread EHL either backwards or forwards; and as we 


ſhall thereby ſee the comparative Velocities of the points E and H, 
that 1s, the Fluxions of the Fluents AE and CH, and alfo the Lines 
EL and HL, whoſe variable ratio is always the rectilinear meaſure of 


thoſe Fluxions: So by the help of another Thread GK/L, wind- 
ing about the obſtacle in its part IL, and then ſtretching out into a 


right Line or Tangent /KG, and made to move backwards or for- 
wards, as before; if the firſt Thread be at reſt in any given ſitua- 
tion EHL, we may fee the ſecond Thread deſcribe the contempo- 


porary Lines or Increments EG and HK, by which the Fluents 


AE and CH. are continually, increaſed ; and if GK is made to ap- 


proach p 
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proach towards EHL, we may ſee thoſe contemporary Lines conti- 


nually to diminiſh, and their ratio continually approaching towards 
the ratio of EL to HL; and continuing the motion, we may pre- 
ſently ſee thoſe two Lines actually to coincide, or to unite as one 
Line, and then we may ſee the contemporary Lines actually to va- 
niſh at the fame time, and their ultimate ratio actually to become 
that of EL to HL. And if the motion be ſtill continued, we ſhall 
ſee the Line GK/ to emerge again out of EHL, .and begin to de- 


ſcribe other contemporary Lines, whoſe naſcent proportion will be 


that of EL to HL. And ſo we may go on till the Fluents are ex- 
hauſted. All theſe particulars may be thus eafily made the objects 
of fight, or of Ocular Demonſtration. | 

This may ſtill be added, that as we have here exhibited and re- 
preſented firſt Fluxions geometrically and mechanically, we may do 
the ſame thing, mutatis mutandis, by any higher orders of Fluxions. 
Thus if we conceive a ſecond figure, in which the Fluential Lines ſhall 
increaſe after the rate of the ratio of the intercepted Tangents (or the 
Fluxions) of the firſt figure ; then its intercepted Tangents will ex- 
pound the ratio of the ſecond Fluxions of the Fluents in the firſt 
figure. Alſo if we conceive a third figure, in which the Fluential 


Lines ſhall increaſe after the rate of. the intercepted Tangents of 


the ſecond figure; then its intercepted 'Tangents will expound the 
third Fluxions of the Fluents in the firſt figure. And ſo on as far 
as we pleaſe. This is a neceſſary conſequence from the relative na- 
ture of theſe ſeveral orders of Fluxions, which has been ſhewn be- 


| fore. x 


And farther to ſhew the univerſality of this Speculation, and how 


well it is accommodated to explain and repreſent all the circumſtan- 


ces of Fluxions and Fluents; we may here take notice, that it may 
be alſo adapted to thoſe cafes, in which there are more than two 
Fluents, which have a mutual relation to each other, expreſs'd by 
one or more Equations. For we need but introduce a third parallel 
Line, and ſuppoſe it to be deſcribed by a third point any how moy- 
ing, and that any two of theſe deſcribing points carry an indefinite 
Line along with them, which by revolving as a Tangent, deſcribes 
the Curve whoſe Tangents every where determine the Fluxions. As 
alſo that any other two of thoſe three points are connected by an- 
other indefinite Line, which by revolving in like manner deſcribes 
another ſuch Curve. And fo there may be four or more parallet 
Lines. All but one of theſe Curves may be aſſumed at pleaſure, 
when they are not given by the ſtate of the Queſtion, Or Analy- 

17 £ | tically, 
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tically, ſo many Equations may be aſſumed, except one, (if not 
given by the Problem,) as is the number of the Fluents concern'd. 
But laſtly, I believe it may not be difficult to give a pretty good 
notion of Fluents and Fluxions, even to ſuch Perſons as are not 
much verſed in Mathematical Speculations, it they are willing to be 


inform'd, and have but a tolerable readineſs of apprehenſion. This 


I ſhall here attempt to perform, in a familiar way, by the inſtance 
of a Fowler, who 1s aiming to ſhoot two Birds at once, as is re- 
preſented in the Frontiſpiece. Let us ſuppoſe the right Line AB 
to be parallel to the Horizon, or level with the Ground, in which 
a Bird is now flying at G, which was lately at F, and a little be- 
fore at E. And let this Bird be conceived to fly, not with an equable 
or uniform ſwiftneſs, but with a ſwiftneſs that always increaſes, (or 
with a Velocity that 1s continually accelerated,) according to ſome 
known rate. Let there alſo be another right Line CD, parallel to 
the former, at the ſame or any other convenient diſtance from the 
Ground, in which another Bird is now flying at K, which was lately 
at I, and a little before at H ; juſt at the ſame points of time as the 
firſt Bird was at G, F, E, reſpectively. But to fix our Ideas, and 
to make our Conceptions the more ſimple and eaſy, let us imagine 
this ſecond Bird to fly equably, or always to deſcribe equal parts of 
the Line CD in equal times. 'Then may the equable Velocity of 
this Bird be uſed as a known meaſure, or ſtandard, to which we 
may always compare the inequable Velocity of the firſt Bird. Let 
us now ſuppoſe the right Line EH to be drawn, and continued to 
the point L, ſo that the proportion (or ratio) of the two Lines EL 
and HL may be the fame as that of the Velocities of the two 
Birds, when they were at E and H reſpectively. And let us far- 
ther ſuppoſe, that the Eye of a Fowler was at the fame time at the 
point L, and that he directed his Gun, or Fowling-piece, according 


to the right Line LHE, in hopes to ſhoot both the Birds at once. 


But not thinking himſelf then to be ſufficiently near, he forbears 
to diſcharge his Piece, but {till pointing it at the two Birds, he 
continually advances towards them according to the direction of his 
Piece, till his Eye is preſently at M, and the Birds at the fame time in F 
and I, in the ſame right Line FIM. And not being yet near enough, 
we may ſuppoſe him to advance farther in the ſame manner, his 
Piece being always directed or level'd at the two Birds, while he 
+ himſelf walks forward according to the direction of his Piece, till 
his Eye is now at N, and the Birds in the fame right Line with 
his Eye, at K and G. The Path of his Eye, deſcribed by this 

N n double 


— . — — — 
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double motion, (or compounded of a progreſſive and angular mo- 
tion,) will be ſome Curve-line LMN, in the ſame Plain as the reſt 
of the figure, which will have this property, that the proportion of 
the diſtances of his Eye from each Bird, will. be the ſame every 
where as that of their reſpective Velocities. That is, when his Eye 
was at L, and the Birds at E and H, their Velocities were then as. 
EL and HL, by the Conſtruction. And when his Eye was at M, 
and the Birds at F and I, their Velocities were in the ſame propor- 
tion as the Lines FM and IM, by the nature of the Curve LMN. 
And when his Eye is at N, and the Birds at G and K, their Velo- 
Cities are in the proportion of GN to KN, by the nature of the 
ſame Curve. And ſo univerſally, of all other fituations. So that 
the Ratio of thoſe two Lines will always be the ſenſible meaſure of 
the ratio of thoſe two. ſenſible Velocities. Now if theſe Velocities, 
or the ſwiftneſſes of the flight of the two Birds in this inſtance, are 
call'd Fluxions; then the Lines deſcribed by the Birds in the ſame 
time, may be call'd their contemporaneous Fluents; and all inſtances 
whatever of Fluents and Fluxions, may be reduced to this Example, 

and may be illuſtrated by it. | 
And thus I would endeavour to give ſome notion of Fluents and 
Fluxions, to Perſons not much converſant in the Mathematicks ; 
but ſuch as had acquired ſome ſkill in theſe Sciences, I would thus: 
proceed farther to inſtruct, and to apply what has been now deliver'd. 
The contemporaneous Fluents being EF Sy, and HI —= x, and 
their rate of flowing or increaſing being ſuppos'd to be given or 
known ; their relation may always be expreſs'd by an Equation, 
which will be compos'd of the variable quantities x and y, together 
with any known quantities. And that Equation will have this pro- 
perty, becauſe of thoſe variable quantities, that as FG and IK, EG 
and HK, and infinite others, are alſo contemporaneous Fluents; it 
will indifferently exhibit the relation of thoſe Lines alſo, as well as 
of EF and HI; or they may be ſubſtituted in the Equation, inſtead 
of x and y. And hence we may derive a Method for determining 
the Velocities themſelves, or for finding Lines proportional to them. 
For making FG =Y, and IK ; in the given Equation I may 
| ſubſtitute y + Y inſtead of y, and x + X inſtead of x, by which 
1 ſhall obtain an Equation, which in all circumſtances will exhibit 
the relation of thoſeQuantities or Increments. Now it may be plainly 
perceived, that if the Line MIF is conceived continually to approach. 
nearer and nearer to the Line NKG, (as juſt now, in the inſtance 
of the Fowler,) till it finally coincides with it; the Lines FG =Y, 
| | and. 
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and IK = XN, will continually decreaſe, and by decreaſing will ap- 
proach nearer and nearer to the Ratio of the Velocities at G and K, 
and will finally vaniſh at the ſame time, and in the proportion of 
thoſe Velocities, that is, in the Ratio of GN to KN. Conſequently 
in the Equation now form'd, if we ſuppoſe Y and X to decreaſe 
continually, and at laſt to vaniſh, that we may obtain their ultimate 
Ratio ; we ſhall thereby obtain the Ratio of GN to KN. But when 
Y and X vaniſh, or when the point F coincides with G, and I with 
H, then it will be EG Sy, and HK ; fo that we ſhall have 
9 : x :: GM : KN. And hence we ſhall obtain a Fluxional Equa- 
tion, which will always exhibit the relation of the Fluxions, or Ve- 
locities, belonging to the given Algebraical or Fluential Equation. 
Thus, for Example, if EF==y, and HI x, and the indefinite 
Lines y and are ſuppoſed to increaſe at ſuch a rate, as that their 
relation may always be expreſs'd by this Equation x3 — ax* + axy 
—y =— 0; then making FG = , and IK &, by ſubſtituting 
y for y, and x + X for x, and reducing the Equation that will 
ariſe, (ſee before, pag. 255.) we ſhall have 3x*X + 3xX* + X. — 
a2 X — aX* + axY + aXy + aXY — 3 — 3j) —Y*=o, 
which may be thus expreſs'd in an Analogy, Y : X :: 3x* — 2ax 
+ 2) + JXX + X* 2X: 3 —ax —@aX + 3yY +Y*. This 
| Analogy, when Y and X are vaniſhing quantities, or their ultimate 
Ratio, will become V: X:: 3x* — 2ax ay : 3y* —ax, And 
becauſe it is then V: X:: GN: KN :: : x, it will bey: & :: 
Zæ — 24X ＋ ay: Y —ax, Which gives the proportion of th 
Fluxions. And the like in all other caſes. Q. E. I. | 
We might alſo lay a foundation for theſe Speculations in the fol- 


lowing manner. Let | 
| E -< 


 ABCDEF, Se. be te _3£-< 
Periphery of a Polygon, / 
or any part of it, and 5 
let the Sides AB, BC, | 
CD, DE, &c. be of any 
magnitude whatever. 
In the ſame Plane, and 
at any diſtance, draw 
the two parallel Lines 
£7, and bf, to which 
continue the right Lines 
AB#&8, BCcy, CD45), 
DEee, &c. meeting the parallels as in the figure, Now if we ſup- 
n 2 5 poſe 
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poſe two moving points, or bodies, to be at g and &, and to move 
in the fame time to 5 and c, with any equable Velocities ; thoſe 
Velocities will be to each other as 8) and Sc, that is, becauſe of the 
parallels, as 8B and 5B, Let them ſet out again from y and c, 
and arrive at the ſame time at q and d, with any equable Velocities ; 
thoſe Velocities will be as 5% and cd, that is, as „C and cC. Let 
them depart again from ꝙ and d, and arrive in the fame time at 5 
and e, with any equable Velocities ; thoſe Velocities will be as 9 
and de, that is, as D and 4D. And it will be the fame thing every 
where, how many ſoever, and how ſmall ſoever, the Sides of the 
Polygon may be. Let their number be increaſed, and their magni- 
tude be diminiſh'd in inſinitum, and then the Periphery of the Poly- 
on will continually approach towards a Curve-line, to which the 
Lines AB-B8, BCcy, CDds, &c. will become Tangents ; as alſo the 
Motions may be conceived to degenerate into ſuch as are accelerated 
or retarded continually. Then in any two points, ſuppoſe & and d, 
where the deſcribing points are found at the ſame time, their Velo- 
Cities (or Fluxions) will be as the Segments of the reſpective Tan- 
gents D and D; and the Lines 4 and 4d, intercepted by any 
two Tangents D and gB, will be the contemporaneous Lines, or 
Fluents. Now from the nature of the Curve being given, or from 
the property of its Tangents, the contemporaneous Lines may be 
found, or the relation of the Fluents. And vice versd, from the 
Rate of flowing being given, the correſponding Curve may be found, 
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ANNOTATIONS on Prob. 2. 
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The Relation of the Fluxions being given, to 
find the Relation of the Fluents. 


——— 


SET. I. A particular Solution ; with a preparation for 
the general Solution, by which it is diſtributed into 


three Caſes. 


13 . are now come to the Solution of the Author's ſe- 
N 6 cond fundamental Problem, borrow'd from the Science 

8 A 8 of Rational Mechanicks: Which is, from the Velo- 
cities of the Motion at all times given, to find the 
quantities of the Spaces deſcribed ; or to find the Fluents from the 
given Fluxions. In diſcuſſing which important Problem, there will 
be occaſion to expatiate ſomething more at large. And firſt it may 
not be amiſs to take notice, that in the Science of Computation all 
the Operations are of two kinds, either Compoſitive or Reſolutative. 
The Compoſitive or Synthetic Operations proceed neceſſarily and di- 
rectly, in computing their ſeveral quæſta, and not tentatively or by 
way of tryal. Such are Addition, Multiplication, Raiſing of Powers, 
and taking of Fluxions. But the Reſolutative or Analytical Opera- 
tions, as Subtraction, Diviſion, Extraction of Roots, and finding of 
Fluents, are forced to proceed indirectly and tentatively, by long 
deductions, to arrive at their ſeveral gue/ita; and ſuppoſe or require 
the contrary Synthetic Operations, to prove and confirm every ſtep 
of the Proceſs. The Compoſitive Operations, always when the 


data are finite and terminated, and often when they are interminate 
I or 


278 The Method of FLuxloxs, 


or inſinite, will produce finite concluſions; whereas very often in 
the Reſolutative Operations, tho' the data are in finite Terms, yet 
the quæſita cannot be obtain d without an infinite Series of Terms. 
Of this we ſhall ſee frequent Inſtances in the ſubſequent Operation, 
of returning to the Fluents from the Fluxions given. 

The Author's particular Solution of this Problem extends to ſuch 
caſes only, wherein the Fluxional Equation propoſed either has been, 
or at leaſt might have been, derived- from- ſome finite Algebraical 
Equation, which is now required. Here all the neceſſary Terms 
being preſent, and no more than what are neceſſary, it will not be 
difficult, by a Proceſs juſt contrary to the former, to return back 
again to the original Equation. But it will moſt commonly happen, 
either if we aſſume a Fluxional Equation at pleaſure, or if we arrive 
at one as the reſult of ſome Calculation, that ſuch an Equation is 
to be reſolved, as could not be derived from any previous finite Al- 
gebraical Equation, but will have Terms either redundant or defi- 
cient; and conſequently the Algebraic Equation required, or its 
Root, muſt be had by Approximation only, or by an infinite Series, 
In all which caſes we muſt have recourſe to the general Solution of 
this Problem, which we ſhall find afterwards. 

The Precepts for this particular Solution are theſe. (I.) All ſuch 
Terms of the given Equation as are multiply'd (ſuppoſe) by x, muſt 
be diſpoſed according to the Powers of x, or muſt be made a Num- 
ber belonging to the Arithmetical Scale whoſe Root is x. (2.) Then 
they muſt be divided by x, and multiply'd by x; or x muſt be 
changed into x, by expunging the point. (3.) And laſtly, the 
Terms muſt be ſeverally divided by the Progreſſion of the Indices 
of the Powers of x, or by ſome other Arithmetical Progreſſion, as 
need ſhall require. And the fame things muſt be repeated for every 
one of the flowing quantities in the given Equation. 

Thus in the Equation 3xx* — 2axx ＋ axy — 37 + aj o, 
the Terms zx — 2axx + axy by expunging the points become 
2x* — 2a + axy, which divided by the Progreſſion of the Indi- 
ces 3, 2, 1, reſpectively, will give x* — ax* + axy. Alſo the Terms 
— 1 » + ayx by expunging the points become — 3y* + + ay, 
which divided by the Progreſſion of the Indices 3, 2, 1, reſpectively, 
will give —J3 „ + ayx. The aggregate of theſe, neglecting the 
redundant Term ayx, is x3 — ax* + axy — 5 o, the Equation 
required. Where it muſt be noted, that every Term, which occurs 
more than once, muſt be accounted a redundant Term. 


i 
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So if the propoſed Equation were mM + 3 yxx3 2 n + 2ayxx* —＋— 


mM + TAY*XX — im — 7+ 3νννν + 1+ 1ax*yy + nx*y — na 


— ©, whatever values the general Numbers m and u may acquire; 
if thoſe Terms in which x is found are reduced to the Scale whoſe 


Root is x, they will ſtand thus: m ＋ Zy — m + Zahl + 
mM ＋ 1ay*Xx — my+x ; or expunging the points they will become 
mM ＋ yl — mM + 249%* + n ＋ lau — my*x. Theſe being di- 
vided reſpectively by the Arithmetical Progreſſion m2 + 3, m ＋ 2, 
m ＋ 1, mn, will give the Terms yx+ — ayx* + ay*x* — y+x. Alſo 
the Terms in which y is found ; being reduced to the Scale whoſe 
Root is y, will ſtand thus: — 7 + 3x93 « + N + Ia y + A; 
1 5 oy | — ax 
or expunging the points they will become —7 3x4 « + n+ 1ax*y* 
+ nx+y. - Theſe being divided reſpectively by the Arithmetical Pro- 
— a:ͤ | 
greſſion 2 + 3, 2+ 2, 1 +1, 7, will give the Terms — y + 
ax*y* + x+y — ax3y, But theſe Terms, being the fame as the former, 
mult all be conſider'd as redundant, and therefore are to be rejected. 
So that yx+— ayx* + ay*x* — y*#==0, or dividing by yx, the 
Equation x — ax* + ayx — co will ariſe as before. 
Thus if we had this Fluxional Equation mayxx—" — m ＋ 2x 
— XJ" + 1+ 1% o, to find the Fluential Equation to which 
it belongs; the Terms mayxx—=* — m -+ 2xx, by expunging the 
points, and dividing by the Terms of the Progreſſion m, I, Ma, 
will give the Terms ay - *. Alſo the Terms — nx*3y”* + n+ 1ay, 
by expunging the points, and dividing by 2, 2+ 1, will give the 
Terms —x* + ay. Now as theſe are the ſame as the former, they 
are to be eſteem'd as redundant, and the Equation required will be 
ay —x* =0. And when the given Fluxional Equation is a gene- 
ral one, and adapted to all the forms of the Fluential Equation, as 
is the caſe of the two laſt Examples; then all the Terms ariſing 
from the ſecond Operation will be always redundant, fo that it will 
be ſufficient to make only one Operation. 

Thus if the given Equation were 4yy* + 23%J9”7 + 2.” — J22* 
—+ 65% — 2c = ©, in which there are found three flowing quan- 
tities ; the only Term in which x is found is 2yxx, in which ex- 
punging the point, and then dividing by the Index 2, it will be- 
come yx. Then the Terms in which y is found are 4 + 29, 
which expunging the points become % « « +23, and dividing 


by 


CH 
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by the Progreſſion 2, 1, o, — 1, give the Terms 25 — 83, Laſtly 
the Terms in which & is found are — 322* + 6yzz — 20% 8, which 
expunging. the points become — 383 + 6y2* — 2cyz, and dividing 
by the Prögreſſion 3, 2, 1, give the Terms — 23 + 3y2* — 2cys, 
Now if we collect theſe Terms, and omit the redundant Term — 23, 
we ſhall have yx* + 295 — 23 ＋ 38 — 2c o for the Equa- 
tion required, | 

3, 4. But theſe deductions are not to be too much rely'd upon, 
till they are verify'd by a proof; and we have here a ſure method 
of proof, whether we have proceeded rightly or not, in returning 


from the relation of the Fluxions to the relation of the Fluents. For 


every reſolutative Operation ſhould be proved by its contrary com- 
poſitive Operation. So if the Fluxional Equation xx — xy — xy + 
ay =o were given, to return to the Equation involving the Fluents ; 
by the foregoing Rule we ſhall firſt have the Terms xx — xy, which 
by expunging the points will become x* — xy, and dividing by the 
Progreſſion 2, 1, will give the Terms 4x*— xy. Alſo the Terms, or 
rather Term, —xy + ay, by expunging the points will become — xy. 
＋ ay, which are only to be divided by Unity. So that leaving out the 
redundant Term — xy, we ſhall have the Fluential Equation 4x*—xy 
+ ay=—0. Now if we take the Fluxions of this Equation, we 
ſhall find by the foregoing Problem xx — xy — xy + ay =o, which 
being the ſame as the Equation given, we are to conclude our work is 
true. But if either of the Fluxional Equations xx4— xy + ay =o, 
Or XX — Xy + ay == © had been propoſed, tho' by purſuing the 
foregoing method we ſhould arrive at the Equation 4x* — xy ＋ ay 


So, for the relation of the Fluents ; yet as this concluſion would 


not ſtand the teſt of this proof, we muſt reject it as erroneous, and 
have recourſe to the following general Method ; which will give the 
value of y in either of thoſe Equations by an infinite Series, and 
therefore for uſe and practice will be the moſt commodious So- 
lution. 

5. As Velocities can be compared only with Velocities, and all 
other quantities with others of the fame Species only ; therefore in 
every Term of an Equation, the Fluxions muſt always aſcend to the 
ſame number of Dimenſions, that the homogeneity may not be de- 
ſtroy'd. Whenever it happens otherwiſe, tis becauſe ſome Fluxion, 
taken for Unity, is there underſtood, and therefore muſt be ſupply'd 
when occaſion requires. The Equation xg + xyx — a2*x* == oo, by 
making 3 = 1, may become x -+ xyx — ax* =O, and likewiſe 
dice ders. And as this Equation virtually involves three variable 

: | quantities, 
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quantities, it will require another Equation, either Fluential or 
Fluxional, for a compleat determination, as has been already ob- 
ſerved, So as the Equation yx == xyy, by putting x == 1 becomes 
y ; in like manner this Equation requires and ſuppoſes the 
other. 3 

6, 7, 8, 9, 10, 11. Here we are taught ſome uſeful Reductions, in 
order to prepare the Equation for Solution. As when the Equation 
contains only two flowing Quantities with their Fluxions, the ratio 
of the Fluxions may always be reduced to ſimple Algebraic Terms. 
The Antecedent of the Ratio, or its Fluent, will be the quantity to 
be extracted; and the Conſequent, for the greater ſimplicity, may 
be made Unity. Thus the Equation 2x + 2xx —yx—j==0 1s 


reduced to this, 2 = 2 + 2x — y, or making x== 1, tis y==2 
-+- 2x — . So the Equation ja — ) — xa + xXx — x) == 0, ma- 
king x==1, Will become 75 ( = 14 — =) 1+ 


uh = + = + == Kc. by Diviſion. But we may apply the par- 
ticular Solution to this Example, by which we ſhall have £x* — xy 


— AX + ay ==0, and thence FJ = — - Thus the Equation 


Jy = xy xx, making x == 1, becomes / == ＋ xx, and ex- 
tracting the ſquare-root, tis y =4 + V4 + xx = 4 + the Series 
2 ＋ N — +2x5%— gx* A*, &c. that is, either y == 1 + 
* — x4 + 2x5 — gx* + 14x**, &c. Of jy == — x* ＋ x+* — 2x5 
+ 5x* — 14x**, &c. Again, the Equation s + axx*y + a*x*9 — 
** — 2X*43 == ©, putting x == 1, becomes y3 + axy + a*y — x3 
— 24* =0. Now an affected Cubic Equation of this form has 


been reſolved before, (pag. 12.) by which we ſhall have ) = a— 4x + 


xx 131x3 do 
54 51222 © 1638443 ? &ec | 


12. For the fake of perſpicuity, and to fix the Imagination, our 
Author here introduces a diſtinction of Fluents and Fluxions into 
Relate and Correlate. The Correlate is that flowing Quantity which 
he ſuppoſes to flow equably, which is given, or may be aſſumed, 
at any point of time, as the known meaſure or ſtandard, to which 


the Relate Quantity may be always compared. It may therefore 


very properly denote Time; and its Velocity or Fluxion, being an 
uniform and conſtant quantity, may be made the Fluxional Unit, 
or the known meaſure of the Fluxion (or of the rate of flowing) of 


che Relate Quantity. The Relate Quantity, (or Quantities if ſeve- 
| Oo. | ral 
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ral are concern'd,) is that which is ſappos'd to flow inequably, with 
any degrees of acceleration or retardation; and ts inequability may 
be meaſured, or reduced as it were to equability, by conſtantly com- 
paring it with its correſponding Correlate or equable Quantity. This 
therefore is the Quantity to be found by the Problem, or whoſe 
Root is to be extracted from the given Equation. And it may be 
conceived as a Space deſcribed: by the inequable Velocity of a Body 
or Point in motion, while the equable Quantity, or the Correlate, 
repreſents or meaſures the time of deſcription. This may be illu- 
ſtrated by our common Mathematical Tables, of Logarithms, Sines, 
Tangents, Secants, &c, In the Table of Logarithms, for inſtance, 
the Numbers are the Correlate Quantity, as proceeding equably, or 
by equal differences, while their Logarithms, as a Relate Quantity, 


proceed inequably and by unequal differences. And this reſemblance 


would more nearly obtain, if we ſhould ſuppoſe infinite other Num- 
bers and their Logarithms to be interpolated, (if that infinite Num- 
ber be every where the ſame,) ſo as that in a manner they may be- 
come continuous. So the Arches or Angles may be confiderd as 
the Correlate Quantity, becauſe they proceed by equal differences, 
while the Sines, Tangents, Secants, &c, are as ſo many Relate Quan- 
tities, whoſe rate of increaſe is exhibited by the Tables. 25 

13, 14, 15, 16, 17. This Diſtribution of Equations into Orders, 
or Claſſes, according to the number of the flowing Quantities and 
their Fluxions, tho' it be not of abſolute neceflity for the Solution, 
may yet ſerve to make it more expedite and methodical, and may 
ſupply us with convenient places to reſt at. 


| Seer. II. Solution of the firſt Caſe of Equations. 

18, 19, 20, 21, 22, 23. HE firſt Caſe of Equations is, when 
the Quantity 2, or what ſupplies 

its place, can always be found in Terms compoſed of the Powers 


of x, and known Quantities or Numbers. Theſe Terms are to be 
multiply'd by x, and to be divided by the Index of x in each Term 


y/ 


which will then exhibit the Value of y. Thus in the Equationy* = xy 
+ A, it has been found that > = 1 +X* — * ＋ 2x%— 5 + 
14x", &c. Therefore = S 5 2X) — 5 + 14%"*;. 


&c. and conſequently y== x A* - + 2007 — g LA, 
&c, as may eaſily be proved by the direct Method. 


But 
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But this, and the like Equations, may be reſolved more readily 


by a Method form'd in imitation of ſome of the foregoing Analyſes, 
after this manner. In the given Equation make x = 1; then it 
will be = + x*, which is thus reſolved : 


JT =—Xx* + & — 2x5 ＋ gx*, &c. 
—J*J ----- -— X+* + 2x5 — 5x*, &c. 


Make — x; the firſt Term of y; then will — x+ be the firſt Term 
of — j, which is to be put with a contrary Sign for the ſecond 
Term of . Then by ſquaring, ＋ 25+ will be the ſecond Term 
of —y*, and — 2x; will be the third Term of y. Therefore 
— F will be the third Term of — y*, and + 5x* will be the 
fourth Term of y; and ſo on. Therefore taking the Fluents, y == 
— u + N — 3x" + 5x9, &c. which will be one Root of the 
Equation. And if we ſubtract this from x, we ſhall have y = x + 
3X3 —3X* + 53x" — 4x9, &c. for the other Root. 


1 2 — — 1 eas LE tact 1 1 = — — 
So if 4 - xx + Nr &c. that is, if — a 
#: Load 13147 3 3 x 131x4+ 
+ 644 51242 &c. then g e 3 1922 ' 204843? &c. 
pe: es 1 : | : | 
If S — = += —x + x, &c. of 3 a -._ * . 
„ 8 7 ** 4 
5 3. 4 — 4 
ax — X* ＋ , &c. then - * + x! + 20 — 44 + 4x7, 
| E 263% 35 3 4 7274 : 
&c. If > = = + + V by + cy, OF = == 2 ME 
— I FF en, 1 W 
— 1 45 43 f 2 —— 2 
]]] ꝰ He, then x = — JE + I) AV Ce If „ 
24, then y A. f 2 = X 
3ab 4 
then 52s 1 55 
. a * » » qo 
-- Laſtly, if = , Ar = == 4 == ax® ; dividing by the In- 


dex o, it will be y = - > or y is infinite. That this Expreſſion, 
or value of y, muſt be infinite, is very plain. For as o is a vaniſh- 
ing quantity, or leſs than any aſſignable quantity, its Reciprocal - 

O 
or - muſt be bigger than any aſſignable quantity, that is, in- 


finite. 
O O 2 Now 


| 
| 
| 
| 
: 
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Now that this quantity ought to be infinite, may be thus proved. 
In the Equation = = , let AB repreſent the conſtant quantity 9, 


and in CE let a point move equably from C towards E, and de- 
ſcribe the Line CDE, of which let any indefinite part CD be x, 
and its equable Velocity in D, (and every where elſe,) is repreſented 


8 | s I | <A | 2 


— 


by 4. Alſo let a point move from a diſtant point e along the Line 
ede, with an inequable Velocity, and let the Line deſcribed in the 


ſame time, or the indefinite part of it cd, be call'd y, and let the 


Velocity in 4 be call'd 5. The Equation = = - mult always obs 
tain, whatever the eontemporaneous values of x. and y may be; or 
in .the-whole Motion the conſtant Line AB (4) muſt be to the variable 
Line CD: (x), as the Velocity in 4 (/) is to the Velocity in D (x): 
But. at the. beginning of the. Motion, or when CD (x) was indefi- 
nitely little, as the ratio of AB to CD was then greater than any 


aſſignable ratio, ſo alſo was the ratio - of the Velocities, or the 


Velocity y was infinitely greater than the Velocity x. But an infi- 
nite Velocity muſt deſcribe an. infinite Space in a finite time, or the 
point c is at an infinite diſtance from the point 4, that is, y is an 
infinite quantity. | 

24, 25. But to avoid ſuch infinite Exprefſions, from whence we 
can conclude nothing; we are at liberty to change the initial points 
of the Fluents, by which their Rate of flowing, (the only thing to 
be here regarded,). will not at all be affected. Thus in the foregoing 
Figure, we ſuppoſed the points D and d to be ſuch, as limited the 
contemporaneous Fluents, or in which the two deſcribing points 
were found at the fame. time. Let F and / be any other two ſuch 
points, and then the finite Line CF ==6 will be contemporaneous 
to, or will correſpond with, the infinite Line HF gc; and FD, 
which may be made the new e, will correſpond to fd, which will 


be the new y. So that in the given Equation 2 = =, inſtead of 
N. 
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» we may write 6 + x, and we ſhall have L = —, and then by 


9 „ . . 2 „ 1 . x Ax 2 ax3 
Multiplication and Diviſion 'it is — == ( 5 _ 7 N 
ax3 ax 7 | ax ad ax ax4 


26. So ff 2 = - ＋ 3 — xXx, becauſe of the Term - , Which 
would give an infinite value for y, we may write I +. "inſtead of 


1 and we ſhall then have N + 2 — 2% — xx, or 2 = 


rat — , Or by Diviſion . Ar 4 * 
2&1 + 2x; 6c. and therefore y = 4x — 2050 ＋ F REES 
zx, &c. 


Or the Equation + 7 = - + 2 — 2x — &*; that is j.-+ xy 


== 4 — 3x* — x3, may be thus reſolved :. 


— 4X + 4x* — K + 2x, = 

= = = = + 4X — 4X* + * — 2x*, &c. 
J = 4 — 4X + K — 2x3 + 2x+*, &c. 
Y Ax — 2X* + * — 7x* + &, &c. 


* I gx — 
+ ay 


Make 4 the firſt Term of 5. then 4x will be the. firſt Term of 


xy, and conſequently — 4x will be the ſecond Term of 5. Then 
— 4x; will be the ſecond Term of y, and therefore + 4x* — oy 
or x*, will be the third Term of and ſo en. 


27. 80 if - = x* + on — x*, becauſe of the Term x= 
change x = Ag I — x,. then = 2 = — + — - xk. But 


by the foregoing Methods of Reduction tis — = =1+-x+-x* 


+ 2 &c. and II - = - 5X — 2 — ers, &c. and 
— — 1 5 e e "Why" + === 1 + =& + ** —— *, &c. 


IFX3z 


Tann collecting theſe OY to their Signs, 'tis 2 == 1 + 


2x + 2x* + 2x3, &c. that is 2 x + 2x 2x3 ＋ Ag, &c. 


and therefore y = x & + 1x3 —+ 43Zx#, &c. 


28. So if the given Equation were = — EF 


(3 — Z2X ＋ 572 — — 


(2x 


— change the beginning of x, that is, inſtead of x. write 


6 <<” X © 


C=—=X,. 


. ING 
1 2 — 
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. 3. fx F i 7 - ; - * x 5 
x, then = = —=— = N — K, of = == 0x — 
x x3 83 * | 


cgi, and therefore y=— fc + x7, 
SEC T. III. Solution of the ſecond Caſe of Equations. 
ho 3 1 de 22 0 — 7 * p * 


29, 30. DL Quations belonging to this ſecond caſe are thoſe, 
3 Wherein the two Fluents and their Fluxions, ſuppoſe 
x and y, x and y, or any Powers of them, are promiſcuouſly in- 
volved. . As our Author's Analyſes are very intelligible, and ſeem to 
want but little explication, I ſhall endeavour, to reſolve his Examples 
in ſomething an eaſier and ſimpler manner, than is done here; by 
applying to them his own artifice of the Parallelogram, when need- 
fil, or the properties of a combined Arithmetical Progreſſion in plano, 
as explain'd before: As alfo the Methods before made uſe of, in the 
Solution of affected Equations. 2 | 
31. The Equation qa - xxy — aax = 0 by a due Reduction 
becomes = == + = , In which, becauſe of the Term - there 
is occaſion for a Tranſmutation, or to change the beginning of the 
Correlate Quantity x, . Aſſuming therefore the conſtant quantity 5, 


we may put =. — _ 27 —— N whence by Diviſion will be had 


W if! e l al 


= IE +F—7F >» Kc. which Equation is then 
prepared for the Author's Method of Solution. | 
But without this previous Reduction to an infinite Series, and the 
Reſolution. of an infinite Equation conſequent thereon, we may 
perform the Solution thus, in a general manner. The given Equa- 
tion is nov * = + ps or putting x == 1, It is aby ＋ axy 
== by + yx H, which may be thus reſolved : | 


ab— 42 22 {3 4a ab [3 Ez iG 7 


. = Ie - 7 * * 5 | 
„% e 6K 
* 4 3 42 * ; 2 pa an 222 4894 ab | . 
* „ 5 I 263 *, &c. 
2 8 3 : T : 
— by _  < —2—— ax — EG —+— bab® * ; &c, 
__ P 2 ; of : : 2 — 2 3 & 
r n n e. 
8 a : 5 —2 222 8 30 43 + 22 — ab? — 6 3 4 
. 2 at AR be ao. as R &c. 
5 —a 22 L- 2 — 45 [3 ＋2απ² - 47 —b 3 
, — 3 5 4 
FI 7 x =o 26b* * Ord, 3 * 2 2447 all. Kc. 
2 Dilpoling 
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Diſpoſing the Terms as you ſee is done here, make a? the: firſt 
Term of aby, then - will be the firſt n of J, and thence 2x 


will be the firſt Term of v. 80 that ; * will be the firſt Term of 
axy, and _ - x will be the firſt Term * — by. Theſe two' to- 
gether, or — AFL x, with a contrary Sign, muſt be put 
down for the ſecond Term of aby. Therefore the ſecond. Term of 


y will be x, and the like Oo 50 EP will be r.. Then the 
ſecond Term of TY will be: 2 apes 7 the 1 Term of 
— by will be D-, and the art Te of — xy \ will be — As. 


b 
'Theſe three — 8 make; Sad 


— 1 which: with a contrary 
Sign muſt be made the third Term of a. Therefore the third 


Term of y will be = — © , and the third Term of. * will be 
24 2a* + b* — ab 


n — *. And ſo on. Here in a particular caſe if we make 


2 =a, we ſhall have the. ſimple Series. J= * * 3 805 245. 


Or if we would have a deſcending Series for the 5 Root * of _ 


Equation, r eee ann as - er 138 if "_ ON b 
16 900176, BD e 5 n. 40 


ah 


— 090 . 2 + 2 L 5 * ax" —— 27 4 Zab ＋ b 0* x X ax, &c.. 


1 


— mow — — —— a? — — * — 5 2 —z : ; ik 
2 pl dS == 141 Ax N 10% at Ching * bx” &c 

E +, 48 1 a eee, Ke. 
FRAN an 2s BAH r abe, &c. 


ZS „ e e + 555 . &c. 
5 eee 7 tobe 20e, &c. | 
Tl 6 tn Terms: as ; you 4 hd ne 2 -the firſt Term af the 
Series — y; then will— 2 be the firſt Term of 95 and 4 — will 
be the firſt Term of y. Then will + a*bx=* be the firſt Term, of 
— by, and a*x—* will be the firſt Term of a Which together 


make a+ 6 x aN ==; this therefore with a contrary Sign muſt be 
the ſecond Term of — xy. Then the ſecond Term of y will 


be -K, and the ſecond Term of y will be — e. 


Therefore the ſecond Fer of — by. will be e, 
and. 


— 


0 > — 


—— NE pee. oo wem er EE EC IE ENII 
PP CUES r ˙ WX] erent; on, I ? “ 


. 
rr 


. 


r — ˖˙˙;ö——ů ——— —Gͤunñ— ns 
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ant the ſecond Term of axy will be — a+ bx 24, and the 
firſt Term of aby will be a*bx=*; which three together make 
— 24* + 2ab + Ke This with a contrary Sign muſt be the third 


Term of — xy, which will give — 22. + 24 + 6* x a*x=5 for the 
third Term of y; and ſo on. Here if we make Y a, then y== 


1 243 5424 get 
— — 4% OF ICS 5 . 


And theſe are all the Series, by which the value of y can be ex- 
hibited in this Equation, as may be proved by the Parallelogram. 


For that Method may be extended to theſe Fluxional Equations, as 


well as to Algebraical or Fluential Equations. To reduce theſe 
Equations within the Limits of that Rule, we are to conſider, that 
as Ax" may repreſent the initial Term of the Root 5, in both theſe 
kinds of Equations, or becauſe it may be y = Ax“, &c. ſo in 


Fluxional Equations (making x==1, we ſhall have alſo y =mAx"—, 


&c. or writing y for Ax”, &c, tis y == myx—*, &c. S0 that in 
every Term of the given Equation, in which y occurs, or the Fluxion 
of the Relate Quantity, we may conceive it to take away one Di- 
menſion from the Correlate Quantity, ſuppoſe x, and to add it to 
the Relate Quantity, ſuppoſe y; according to which Reduction we 
may inſert the Terms in the Parallelogram. And we are to make 
a like Reduction for all the Powers of the Fluxion of the Relate 
Quantity. This will bring all Fluxional Equations to the Caſe of 
Algebraic Equations, the Reſolution of which has been ſo amply 
treated of before. : 2 „„ a = 

Thus in the preſent Equation aby + axy == by + yx + aa, the 
Terms muſt be inſerted in the Parallelogram, as if * were ſub- 
ſtituted inſtead of /; ſo that the Indices will ſtand as in the Margin, 
and the Ruler will give only two Caſes of exter- ——— 


nal Terms. Or rather, if we would reduce this Coll 

Equation to the form of a double Arithmetical 0 m 

Scale, as explain'd before, we ſhould have it in this „ 

form. Here in the firſt Column are contain'd thoſe 

Terms which have y of one Dimenſion, or what — „ *. 

is equivalent to it. In the ſecond Column is — 22, ha 1 So. 
; * 


or y of no Dimenſions. Alſo in the firſt Line is 
, or ſuch Terms in which x is of one Dimenſion. In the 
ſecond Line are the Terms — by | 
— TO. : + axy 

fions of x, becauſe + axy is regarded as if it were ay. Laſtly, 
in the third line is aby, or the Term in which x is of one negative 
Dimenſion, 


1— a*, which have no Dimen- 
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Dimenſion, becauſe = a is conſider'd as if it were + abx= 7. And 
theſe Terms being thus diſpos'd, it is plain there can be but two Caſes 
of external Terms, which we have already diſcuſs d. 

2 


32. If the propoſed Equation be == 35 —2%x + - Wait. 


xx: >. 


making & = 1, tis — ) + Jy — 2x +xy”* — 29x*=0; the 


Solution of which we ſhall attempt without any preparation, or 
without any new interpretation of the Quantities. Firſt, the Terms 
are to be diſpos'd according to a double Arithmetical Scale, the Roots 
of which are y and x, and then they will ſtand as in the Margin. The 
Method of doing this with certainty „ 4 


in all caſes is as follows. I obſerve in * L 25 =, 

the Equation there are three powers of „% , „ „ (e. 
2 1 0 1 . —7 — a 

v, which are y*, ye, and y=*; there ms ET 3 


fore 1 place theſe in order at the top 


of the Table. I obſerve likewiſe that there are four Powers of *, 
which are x*, X, =, and x=*, which I place in order in a Column 


at the right hand; or it will be enough to conceive this to be done. 
Then I inſert every Term of the Equation in its proper place, ac- 
cording to its Dimenſions of y and x in that Term; filling up the 
vacancies with Aſteriſms, to denote the abſence of the Terms be- 
longing to them. The Term — 5 inſert as if it were — vi, 
as is explain'd before. Then we may perceive, that if we apply the 
Ruler to the exterior Terms, we ſhall have three caſes that may pro- 
duce Series; for the fourth caſe, which is that of dire& aſcent or 
deſcent, is always to be omitted, as never affording any Series. To 
begin with the deſcending Series, which will ariſe from the two 
external Terms — 2x and E xy=*, The Terms are to be diſpos'd, 
and the Analyſis to be perform'd, as here follows: | 


_—_ 7) = 2X — + — 4 — Nr, &c. 
+35 r, &. 
ff... 2” «„ ＋ 1, &c. 
M I === = n= ===—=— = mes Ke. 


= x + 7*"* + 77x" + 435305, &c. 


Make xy. = 2x, &c. then y—t— 2, &c. and by Diviſion 
J==75, &c. Therefore 3y = 3, &c. and conſequently xy == + 
, &. or jy” =, — * &c. and by Diviſion y ==", + 
zu, &c. Therefore 3y == $x=*, &c. and conſequently & = 
= ## — , &c. So that . . - , &c. and by Divi- 
fon y = «# + qx—*&c , Then 35 = #»# + 22x", &c. and 

EP —y 
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—j = » + $x—*, &c. and — ax == — , &c. Theſe three 
together make + TZ, and therefore &) == + « « — 33x", 
&c. ſo that y = * * * + Tü, &c. And ſo on. 


Another deſcending Series will ariſe from the two external Terms 
+ 3y and — 2x, which may be thus extracted: a7 


5 = 2X — ＋ Z — 4, &c. 
E [--- - +43 + F — 2, &c. 
— e mate * + 757x—7, &c. 
— > LEE — x +. 5x, &c. 


Make 3y == 2x, &c. then y = 2x, &c. and Diviſion) — 
=, &c. and xy" 2, &c. eh — = © 4 &c. „ 
fore 3y = , &c. and y== x, &c. and (by Diviſion) 
& = , &c. and — ) = 0, &c. and — 2 = — 
2 , &c. Therefore 3y = + « + 2, &c. and = « + 
21, &c. &. nn | e e = 

The aſcending Series in this Equation will ariſe from the two ex- 
ternal Terms — 2 and xy”*; or multiplying the whole Equa- 
tion by , (that one of the external Terms may be clear'd from 
y,) we ſhall have yy — 35 + 2xy — x + 2% = o, of which 
the Reſolution 1s thus : i | 


5 2 | Ee by: £ ny 
2 l = X* A* — e *, &c. 


7 
+ yy —— - ww + 3x* * — Xx, &c. 
42 2 boos > + A „. 
—37* 3 == == = — 3x3 &c. 
WE, 3 8 1 
1 a 5 rn e es ENI Kc. 
8 


Make 2) == x, &c. then 9. _ &c. and y = Ar, &c. 
Here becauſe of the fractional Indices, and that the firſt Term of 
+ 2xy, or + —*, may be afterw¾ards admitted, we muſt take o 


for the ſecond Term of 2y*x=*, and therefore for the ſecond 12 
; I Fe O 
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of y. Then yy== 4x3, &c. and conſequently 2y*x=* == = - 4x, 
&c. and y* = + « — ,, &c. and by extracting the ſquare- root, 
2 , &c. Then yy == » + o, &c. and a = goals 
&c. and therefore 29y*X* ='# + » — , &c. and y # * 


— 7, &c. &c. ok 3 


33, 34. The Author's Proceſs of Reſolution, in this and the fol- | 


lowing Examples, is very natural, ſimple, and intelligible ; it pro- 
ceeds-/erratim & terminatim, by paſſing from Series to Series, and 


by gathering Term after Term, in a kind of circulating manner, of 


which Method we have had frequent "inſtances before. By this 
means he collects into a Series what he calls the Sum, which Sum 


is the value of 4 or of the Ratio of the Fluxions of the Relate 


and Correlate in the given Equation; and then by the former Pro- 
blem he obtains the value of y. When I firſt obſerved this Method 
of Solution, in this Treatiſe of our Author's, I confeſs I was not a 
little pleaſed ; it being nearly the ſame, and differing only in a few 
circumſtances that are not material, from the Method I had hap- 
pen'd to fall into. ſeveral years before, for the Solution of Algebraical 
and Fluxional Equations, This Method I have generally purſued in 
the courſe of this work, and ſhall continue to explain it farther by 
the following Examples. | | 
The Equation of this Example 1— 3x + y—+ x* + xy — 
== being reduced to the form of a double Arithmetical Scale, 
will ſtand as here in the Margin; and the "nt 
Ruler will diſcover two caſes to be try'd, of =” 
which one may give us an aſcending, and the * 
other a deſcending Series for the Root y. And =: 
firſt for the aſcending Series. 


—+— oo * | : | 
=== — X-þ X* — 3X3 ＋ * — , &c. 
V — ** + * — * + IX, &c. 


Y = I — 2X + x* — 5X3 + N — N, &c. 
= X. gx? = gt Tre — r, &c. 


0 == I i 3x + x2 has z * zx. PLES Er-, &c. 
—y 


The Terms being diſpoſed as you fee, make 5 , &c. then 
yx, &c. Therefore — y =— x, &c. the Sign of which Term 
being changed, it will be y = + + x — 3x, &c. == « — 2x, &c. 

5 e and 


5 


— 


2 — 82 — ͤ Ü—ÜüꝑE —— ———Uä 
5 5 : , e 


_ — — IO Iv Ions ——_ , 
2 8 * : a 

a n 1, Crt Ft: Hop ernny th oniet en err in Ys on ens ns, Pre —— ñ a ⏑jU1¶ä¾kͤ - - . * 
: - PPP 


2 = - — - © 
er kT ND er rem aaa, = rn RS SI COS earn — - 3 ——— — — — 
— a - — — = — —— — - — ——— 
* a= —ͤ—ũ—Iͤ — — r - _ 
— — on Þ 


. —— — _ 
0 
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and therefore y == « — x*, &c. Then — y = + x*, &c. and 
— xy = —x*, &c, theſe deſtroying each other, tis y == + « +x*, 
&c. and therefore y==# + + , &. Then — ) . « — 5x7, 
&c. and — = + ＋ X*, &c. it will be J=0sz „ * — x=, &c. 
and therefore y== + . « — 5x*, &c. &c. 

The Analyſis in the ſecond caſe will be thus: 


5 — X + 5 — 6x” .* + 12x”, &c. 
— y{ ---- + x — 4 + 6x7 — "#54 i-Cs 


dre norton ->—I „ + 6x” — 12%", &c. 


J=—x + 4 — G + 6 # — 12X—4, &c. 


Make — xy == x*, &c. then y==— x, &c. Therefore —7 


x, &c. and changing the Sign, tis — xy = . —'x — 3, &c. 


= = 4x, &c. and therefore 'y = + 4, &c. Then — Y 
— 4, &c. and jy =— 1, &c. and changing the Signs, tis — xy 
=* ＋ 5 + 1, &c. . + 6, &c. and y = — 6x”, 
&c. &c. | , | 7 ? | x : 

35 36. If the given Equation were = == I + 2 + 2 i = 


+ 2 , &c. its Reſolution may be thus perform d: 


Fi == IH 5 +5 as 2a4 . 
1 2 24 x 3 x2 * 3 x4 & 
7 ——— 7, be 46; ; 2a 2a4 ? ; , 
. | | x3 x3. x4 
„ ach an Dreages rene frat 
4 — -” <> ww —ꝑ— — ww 2 7 ad? . 
PEAS. x4 
| 44 , > = @ ao ew > © a — 3 3 &c. 
9 
x IP. x+ x? 
J=% +, + 5. + 75+ 754 > &c. 
Make j== 1, &c. then y == x, &c. 'Therefore — = == — = 
* | | | ee 7 FW = -—- a 
i * | 4 5 
&c. and y « + 7, &c. and therefore y = ＋ 25 &c. Then 
** 24 | 1 2 1 f 7 
LL =sz— =, &c. and — 2 = — >, &. and therefore 
a 2a a a 
: 2 | 3 i | | 
j=+ n+ , &c. andy — » Kc. And ſo on. 


Now 
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Now in this Example, becauſe the Series 2 + Z + =2 + 
, &c. is equal to ,, it will be = + I, or ay — xy 
=—n= + 4—x, that is, yx ＋ ax — xXx — @y + 9 ag which 
Equation, by the particular Solution before deliver'd, will give the 


relation of the Fluents yx — ay + ax — * O. Hence y = 
| 4 


and by Diviſion y=x += + = + = , &c. as found 


above. 


37. The Equation SP x 5 
of this Example being * va 2 5 52 + * + 34,&c. | 


tabulated, or reduced ;: 
to a double Arithmeti- =** 
cal Scale, will ſtand as . 
here in the Margin. x= 
Where it may be ob- 7. 
ſerved, that becauſe of _ 

the Series proceeding both 


caſe of exterior Terms, of which the Solution here follows: 


* 13 11 


— 3x + 3% — xy* — 053 — 95, &c. 
— 6x* ＋ 6x*%y * * * 

— 8x3 + 8x3y 
— 10x4 + 10x4y : 
— 12x5 + 12x9y 


FFF 


ways ad infinitum, there can be but one 


! 


— 8% — 10x%— 12x*— 14x*, &c. 


3 ] = — 3Jx — 0x k 
— 2X%—I123x%—294x*—595x*, &c. 
— Jxy | ---- -- - = - = + 2x3*+ 6x*+- EX Ax“, &c. 
—.6.¹W. „ == == -+ 9x*%+ 12x%+ x*, &c. 
„„ === nn ft be se, Ke. 
— 8A . + 12x%+' 16, &c. 
＋ „„ + Le. Gre, Ke. 
ieee eee cn 
— 7 FFF ð!5cö as oc ec. = + x“, &c. 
. 

- zKk . —2K*3— 73 * 2 — U * — —— &, &c. 


Make ) = — 3x, &c. then y - *, &c. Then jy ==# — 
6x*, &c. and y = « — 2x*, &c. Then — 3xy == + 2x3, &c. and 
therefore j == « « — 2x3 — 8x3, &c. =# « — s, &c. and y 
= + #* — 7 1, &c. And ſo of the reſt. 25 nth Yori, 

The Author here takes notice, that as the value of y is negative, 
and therefore contrary to that of x, it ſhews that as x increaſes, y 
maſt decreaſe, and on the contrary. For a negative Velocity is a 
Velocity backwarks, or whoſe direction is contrary to that which 


Was 


4 
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was ſuppos'd to be an affirmative Velocity. This Remark muſt take 
place hereafter, as often as there is occaſion for it, 
38. In this Example the Author puts x to repreſent the Relate 
1 Quantity, or the Root to be extracted, and y to repreſent the Cor- 
it relate. But to prevent the confuſion of Ideas, we ſhall here change 
| | x into y, and y into x, fo that y ſhall denote the Relate, and x the 
it Correlate Quantity, as uſual. Let the given Equation therefore be 


j 2 Ix — 4K ＋ 2xy* — 2% + 7* + 2x*, whoſe Root y is to 


| 
} 
| 
i 
4 
| 
| 


; N * . = [1 . | bd ; 
| 1 be extracted. Theſe Terms being diſpoſed in a Table, will ſtand 
| | thus: And the Reſolution will be as follows, taking — ) and ＋ 5x 
it for the two external Terms. | | 1 | 
1 | | 
it 2 88 4 
it „ 5 a ela- 3 
i " „„ TH ** —2xi-pqxi—ioxt oc. 
| 0 133 p — 2K* 3 3 2* 3— * 2x4, fc. 
| - 3 DIE... e 
| . . Y=3x*' #* zx » + g — fr, fe, 
& « „ * LaxyiFix — 
FE „ *% #* * * 
2 * * * * | 
TY” 6A &@"7 6 * | 
id | 4 
x 5 *—5 * * [ 


' Make y == £x, &c. then y A, &c. Now becauſe it is jy == 
o, &c. it will be alſo y == o, &c. And whereas it is 35 x, 
| &c. it will be — 2xy* = — x*, &c. and therefore y = + « + x* 


— 4, &c. za, &c. then . « — x, &c. Now be- 
cauſe it is y== # + o, &c. it will be alſo y* = « + o, &c. and 
— 2XY* = # +0, &c. and conſequently j = « + « + , &c. and 
therefore y == + * #« + 2x*, &c. And fo on, WR 

There are two other caſes of external Terms, which will ſupply 
us with two other Series for the Root y, but they will run too much 
into Surds. This may be ſufficient to ſhew the univerſality of the 
Method, and how we are to proceed in like cafes. _ 

39. The Author ſhews here, that the ſame Fluxional Equation 
may often afford a great variety of Series for the Root, according as 
we ſhall introduce any conſtant quantity at pleaſure. Thus the 
Equation of Art. 34. or jy ==1— 3x +y -+ x* + xy, may be re- 
ſolved after the following general manner : 


_ PP 2 22 — —— — SR * - 
& — < - — by - = ri -_ — 
1 ö * N N 15 mn 25 b — — — 
” 


P V c 
2 — EE 


Rey omen en ³— - hos ARGS — -_ 


I 


ods og ee er er 
* 


4 
: 
7 
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od 1 — 3x + x2 = a+ x = K* + 3x3-— gx3, Cc. 
[Ha be Ag. Sc. | ha Ta 
"i 5 22 — * 4 . Ec. 


— xy — Xx — & * — ax d, Ec. 
— 4x + x3 


Here inſtead of making y == 1, &c. we may make y== 0, &c. 
and therefore y== a, &c. becauſe then y =o, &c. then — y = 
— 2, &c. and conſequently / + @ + 1, &c. and therefore 9 
== « + ax + x, &c. Then —y==#% —ax — x, &c. and — xy 
== ax, &c. and therefore y = + » + 2ax ＋ x — 3x, &c. = 
* + 24x — 2x, &c. and then y = + ＋ ax* —x*, &c. There- 
fore —y == a + x*, &c. and — xy== 4 — ax* — , 
&c, and conſequently y = + ＋ 2ax* + K, &c. and y = 
* # * + ax; + gx, &c. &c. Here if we make a o, we ſhall 
have the ſame value of y as was extracted before. And by what- 
ever Number à is interpreted, ſo many different Series we ſhall 
obtain for y. Ws 

40. The Author here enumerates three caſes, when an arbitrary 
Number ſhould be aſſumed, if it can be done, for the firſt Term of 
the Root, Firſt, when in the given Equation the Root is affected 
with a Fractional Dimenſion, or when ſome Root of it is to be ex- 
tracted ; for then it is convenient to have Unity for the firſt Term, 
or ſome other Number whoſe Root may be extracted without a Surd, 


if ſuch Number does not offer itſelf of its own accord. As in the 


fourth Example tis x =54y*, &c. and therefore we may eaſily have 


* = 4y, &c. Secondly, it muſt be done, when by reaſon of the 
{quare-root of a negative Quantity, we ſhould otherwiſe fall upon 
impoſſible Numbers. Laſtly, we muſt aſſume ſuch a Number, when 
otherwiſe there would be no initial Quantity, from whence to begin 
the computation of the Root ; that is, when the Relate Quantity, 
or its Fluxion, affects all the Terms of the Equation. 

41, 42, 43. The Author's Compendiums of Extraction are very 
curious, and ſhew the univerſality of his Method. As his ſeveral 
Proceſſes want no explanation, I ſhall proceed to reſolve his Exam- 


ples by the foregoing general Method. As if the given Equation 
were J=- *, Of j - -&, the Reſolution might 
be thus : TY . oi td 

e | 5 


tj 

* 
13 
'F: 
} 

5 
1 
2 
1 


* * e 
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F oe xt — {aft bee 
| = On hm Zz a 
t rx — 2 K + £877%x3, &c. 


3 . 


* 1 2 XxX? gxt 

J=0+ -—— Eve, „ 
3 x+ 
6 


Make y , &c. then aſſuming any conſtant quantity a, it may 
be y = a, &c. Then by Diviſion — ) = — 4, &c. and 
therefore / ＋ =, &c. and conſequently y == « + ix, &c. 
Then by Diviſion — . = + -+ 23x, &c. and therefore y = 
„ zx, &c. and conſequently y = « z , &c. Then 
again by Diviſton — y—* = 4 « — sx, &c. and therefore y = 
* * *+ $4"3x*—x?, &c. and conſequently y = # + * 54"5xX? — x, 
&c. And fo of the reſt. Here if we make à = 1, we {hall 
have y IN — * + x3 — K., &c. 

Or the ſame Equation may be thus reſolved : 


— yy = -M + 2K 3 + 14K + 210x523, &c. 
+y — 2 — — 2& —3 — 14x35 — 216K, &c. 
= + 27) + 18x= + 280 , &c. . 


Make —j—==— x*, &c. or y==x"*, &c. Then y = — 2x53, 
&c. and therefore — =. + 2x3, &c. and conſequently by Diviſion 
J=# +2 x7, &c. Then ==. —14x-*, &c. and therefore — 1 
S * ＋ IAN, &c. and by Diviſion y == + * + 18x=2, 6c. Then 


S 2163, &c. and therefore — y—* = + « « + 216x—3, 


&c. and by Diviſion y == « + « + 280x—"7, &c. And ſo on. 
Another aſcending Series may be had from this Equation, vi. 


2 4 10x38 8 . 
„ Var + 52 5 , &c. by multipying it by y. and 


then making 1 the firlt Term of yy. 
44. The Equation y = 3 + 2y — * h may be thus reſolved :; 


7 = 3 — 3x -+ 6x, &c. R 
„ ＋ 3x*, Ke. * | „ +2543 
＋ r 2 + 9x — 9x*, &c, = — 9. y . — O. 


J==3x == 4X*+ 2x*, &c. 


Make 
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Make y == 3,&c. then y = 3x, &c. Therefore — 2y ==— 6x, &c. 
and x—7y* =9x, &c. and conſequently y == « — 3x, &c. Therefore 
== $x*, &c. Then — 2 = + + 3x*, &c. and x"y* = 
7 — go, &c. Therefore y = + « + 6x*, &c. andy = + # + 2x*, 

c. Ac, 


Or the Reſolution may be perform'd after theſe two following 


manners: 


3 3 e. 5 HEN 


+y Sno © —— $X"5,000, ru OT Os 
x I = +3x = x , &c. —35— —xX—*+3x—*,&C. 
-f AN 2 &c. = 2x ++ — , Kc. 


Make —2J==7, &c. or y =—2, &c. then y = o, &c. and 
xy ==+ 3x", &c. Therefore — 2y == — 4, &c. or y 
== #* , &c. and y == « — , &c. and by ſquaring & 9 


= + — , &c. and therefore — 2y =#* « + 2x, &c. and 


== + - , &c. And ſo on. 


Again, divide the whole Equation by y, and make x=*7y = 2, &c. 


then y==2x, &c. And becauſe y== 2, &c. and y—= = z, &c. 
'tis 99” , &c. and — 33577 = — 2, &c. therefore ya" 
= * + 4, &c. and y = = + 2, &c. Then becauſe 7 = 
„ + ©, &c. and — 3 == = + 4x, &c. tis * . - 3x07, 
&c. and y e — , &c. &c. 


45, 46. If the propoſed Equation be) - EX — x=?, its 


Solution may be thus: 


0 5 — . 0 | +x* * | —y * 


Make y == — Xx, &c. then y = , &c. Conſequently 5 == 


* O, &c. and therefore y== o, &c. that is, y == x—*. | 
Again, make y *, &c, then y =— , &c. and conſe- 
quently y. ＋ o, &c. that is, y ==", 

That this ſhould be ſo, may appear by the direct Method. For 
if y = , 'tisy = - XN; alſo yy = x. Then adding theſe 
two Equations together, tis yx + y == xx" — , of y =—=— y 
+ x — x—*, Thus may we form as many Fluxional Equations 


Q q as 


| 
1 
* 3 
LY 
+ 
» 
4 
7 
1 
. 
Fi 
P 
tz 
4 
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as we pleaſe, of which the Fluents may be expreſs' d in finite Terms; 
but to return to theſe again may ſometimes require particular Expe- 
dients. Thus if we aſſume the Equation y == 2x — 4x* + 4x3, 


taking the Fluxions, and putting x == 1, we ſhall have jy =2 — 


3x + $x*, as alſo _ = 1— 3x + der-. Subtract this laſt from 
the foregoing Equation, and we ſhall have) — = = I — 2x-+ x“, 
the Solution of which here follows. 

47. Let the propos d Equation be j == -+ 1— 2x ＋ A-, of 
which the Solution may be thus : | 


» =1 —2x Ix y SAX —2x + 1 _ ES 
(+ AI +gx* — " byjx +72 42 ＋ 22 


. 
— — — —fx —gx* Lex M — * * * —x 
2X 7 — 2 * EY x® 2 +1 = o 
y =2ex4-2/x*=þ-2gx3 y =20x3Þ2/x* 20 395 5 
. „ = 383 4 ＋ 2X * | TDi , 


By tabulating the Terms of this Equation, as uſual, it may be 
obſerved, that one of the external Terms — y + zu is a double 
Term, to which the other external Term 1 belongs in common. 


Therefore to ſeparate theſe, aſſume y == 2ex, &c. then — 2 


| 2% 
==—e, &c. and conſequently y = 1-+e, &c. and therefore y 
=—&X ex, &c. That is, becauſe 2ex==.x + ex, or 2e—=1-+e, 
'tis e==1, or y== 2x, &c. So if we make y==# -+ 2fx*, &c. 


then — = == « — fx, &c. therefore ) = # ++ f3*— 2x, &c. and 
Y= + + i/x* — x*, &c. that is, 27 .= ., — 1, or f=— 43. 80 


that y = # — 4x*, &c. So if we make y = + + 2g, &c. then 


— = =» *« — g, &c. and therefore y== N ＋ A, &c. 


. 206 
andy ==# « + g + 5x3, &c. or 2g g + x, or g re, fo 
that y ==+ # 4x*, &c. So if we make y = 2h, &c. then 
U 


— > = * « be, &c. and therefore j . ＋ s, &c. 


and y . « + , &c. But becauſe here 25. 40, this Equa- 
tion would be abſurd except h = o. And fo all the ſubſequent Terms 
will vaniſh in infinitum, and this will be the exact value of y. And 
the ſame may be done from the other caſe of external Terms, as 
will appear from the Paradigm. | 

48. Nothing can be added to illuſtrate this Inveſtigation, unleſs 


ve would demonſtrate it ſynthetically, Becauſe y = ex*, as is here 


found, 
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; * — * 3 - 
found, therefore y == Er, or jy = 3%* . Here inſtead of ext 
. — 


ſubſtitute y, and we ſhall have y = - as given at firſt, 
49, 50. The given Equation y e + * ＋ 3 ＋ 2X — 4 
may be thus reſolved after a general manner. 


„ J=2x +3 —4 + x* — x73 + $x-+ , &c. 
＋ I + 4X" ax? axcq3 + TAN - 

xy === — I — 4X —QXxq + x73 —£xcq+ , &Cc. 
+AXTI — Lax—+ 

J= X* + 4X + a — K o+ £52 — g. „ &c. 
x - + Za mm Faxcq5q, 


Make y = 2x, &c. then y == x*, &c. Therefore — x=*y == — 1, 
&c. conſequently IA 3, &c. == + 4, &c. and therefore 

= * + 4x, &, Then — x"*%y = — 4x”, &c. and conſe- 
quently y =#+ « + o, &c. and therefore aſſuming any conſtant 
quantity a, it may be y =# « + @, &c. Then — 2 =+ * 
— , &c. and therefore == + #* « + ax—* -+- , &c. and 
J= # #% - !? — , &c. And ſo on. Here if we make 


4 o, tis N + 4X « — 2 + — — =, , &c. 

51, 52. The Equation of this Example is j== 3xy* 4+ y, which 
we ſhall reſolve by our uſual Method, without any other prepara- 
tion than dividing the whole by , that one of the Terms may be 
clear'd from the Relate Quantity; which will reduce it yy — * 
= 3x, of which the Reſolution may be thus: 


„ 2 : : 
Jy 7 = 3x + * + rr! + TX! ＋ gars, &c. 
1 1 1 


= FK + 55x" zT, &c. 


Make * == 3x, &c. or taking the Fluents, 3 == 3x2, &c. 
or y = x, &c, or y &, &c. And becauſe — y7 =— 4x2, 
&c. it will be . == « + Zx*, &c. and therefore 31 2 + 


1x3, &c. and y = ＋ xs, &c. and by cubing y = = + r*, 


&c. Then becauſe — 5 = , — ers, &c. tis JT = „ers, 
&c, and therefore 3 = „ — &c. and * = * * + , 
&c. and by cubing J==* att, &c. And ſo on. 


Qq 2 53- 


—́—y— — 2 2 Rn ee ELD .... 


P — it AE Es a —— — HP: 7 GAAP ** - 


300 The Method of FLVxITONs, 


53. Laſtly, in the Equation = 2yz + x:yz, or yy—z = 2x + 
*, aſſuming c for a conſtant quantity, whoſe Fluxion therefore 
is O, and taking the Fluents, it will be 2y* = 2c + 2x + 2x5, or 


Y=c +x +4x*, Then by ſquaring, y c + 20x + * + 


2x3 + 4x* + $x*. Here the Root y may receive as many diffe- 
rent values, while x remains the ſame, as c can be interpreted diffe- 
rent ways. Make c o, then y =x* + 4x* + 4x3. | 

The Author is pleas'd here to make an Excuſe for his being fo 
minute and particular, in diſcuſſing matters which, as he fays, will 
but ſeldom come into practice ; but I think any Apology of this 
kind is needleſs, and we cannot be too minute, when the perfec- 
tion of a Method is concern d. We are rather much obliged to him 
for giving us his whole Method, for applying it to all. the caſes that 
may happen, and for obviating every difficulty that may ariſe, The 
uſe of theſe Extractions is certainly very extenſive ; for there are no 
Problems in the inverſe Method of Fluxions, and eſpecially. ſuch 
as are to be anſwer'd by infinite Series, but what may be reduced to 
ſuch Fluxional Equations, and may therefore receive their Solutions 
from hence. But this will appear more fully hereafter. 


Sgr. IV. Solution of the third Caſe of Equations, with 
ſome neceſſary Demonſtrations. 


54. OR the more methodical Solution of what our Author 
calls a moſt troubleſome and diſſicult Problem, (and ſurely 

the Inverſe Method of Fluxions, in its full extent, deſerves to. be 
call'd fuch a Problem,) he has before diſtributed it into three Caſes. 
The firſt Caſe, in which two Fluxions and only one flowing Quan- 
tity occur in the given Equation, he has diſpatch'd without much 
difficulty, by the aſſiſtance of his Method of infinite Series. The 
ſecond Caſe, in which two flowing Quantities and their Fluxions 
are any how involved in the given Equation, even with the ſame 
afliſtance is ftill an operoſe Problem, but yet is diſcuſs'd in all its 
varieties, by a ſufficient number of appoſite Examples. The third 
Caſe, in which occur more than two Fluxions with their Fluents, 
is here very artfully managed, and all the difficulties of it are re- 
duced to the other two Caſes. For if the Equation involves (for 
inſtance) three Fluxions, with ſome or all of their Fluents, another 
Equation ought to be given by the Queſtion, in order to a full De- 
| termination, 
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termination, as has been already argued in another place; or if not, 


the Queſtion is left indetermined, and then another Equation may 
be aſſumed ad libitum, ſuch as will afford a proper Solution to the 
Queſtion. And the reſt of the work will only require the two 
former Caſes, with ſome common Algebraic Reductions, as we ſhall 
ſee in the Author's Example. | 


55. Now to conſider the Author's Example, belonging to this: 
third Caſe of finding Fluents from their Fluxions given, or when 


there are more than two variable Quantities, and their Fluxions, ei- 
ther expreſs'd or underſtood in the given Equation. This Example 
is 2X —2-+JxX D o, in which becauſe there are three Fluxions x, 

, and x, (and therefore virtually three Fluents x, y, and 2,) and 
but one Equation given; I may aſſume (for inſtance) x==y, whence 


* , and by ſubſtitution 2y — 2 + yy s, and therefore 2y — 


S + Hh =0, Now as here are only two Equations x — y == © 
and 2y - S 2) o, the Quantities x, y, and & are ſtill variable 

uantities, and ſuſceptible of infinite values, as they ought to be. 
Indeed a third Equation may be had, as 2x —2 + A o; but 
as this is only derived from the other two, it brings no new limi- 
tation with it, but leaves the quantities ſtill flowing and indetermi- 
nate quantities. Thus if I ſhould aſſume 2y = a+ z for the ſe- 
cond Equation, then 2) , and by ſubſtitution 2K - 23-+jx==0, 


Or j == — =X + xxx + xx*x, &c. and therefore y + 4x* 


+ x3, &c. which two Equations are a compleat Determination. 
Again, if we aſſume with the Author x ==y*, and thence x = 2yy, 
we ſhall have by ſubſtitution 4% — 2 + yy* =0o, and thence 2y* 
— 2 + O o, which two Equations are a ſufficient Determina- 
tion. We may indeed have a third, 2x—2 +ix*==0; but as 
this is included in the other two, and introduces no new limitation, 
the quantities will ſtill remain fluent. And thus an infinite variety 
of ſecond Equations may be aſſumed, tho' it is always convenient, 


that the aſſumed Equation ſhould be as ſimple as may be. Yet ſome 


caution muſt be uſed in the choice, that it may not introduce ſuch 


a limitation, as ſhall be inconſiſtent with the Solution. 'Thus if I 


ſhould aſſume 2x S == for the ſecond Equation, I ſhould have 


2X —=Z==0 to be ſubſtituted, which would make yr = o, and 


therefore would afford no Solution of the Equation. | 
'Tis eaſy to extend this reaſoning to Equations, that involve four 
or more Fluxions, and: their flowing Quantities ; but it would be 
needleſs here to multiply Examples. And thus our Author has com- 
pleatly folved this Caſe alſo, which at firſt view might appear for- 


midable 
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midable enough, by reducing all its difficulties to the two former 
Caſes. | | 

56, 57. The Author's way of demonſtrating the Inverſe Method 
of Flux1ons is ſhort, but ſatisfactory enough. We have argued elſe- 
where, that from the Fluents given to find the Fluxions, is a direct 
and ſynthetical Operation; and on the contrary, from the Fluxions 
given to find the Fluents, is indirect and analytical. And in the 
order of nature Syntheſis ſhould always precede Analyſis, or Com- 
poſition ſhould age; Reſolution. But the Terms Syntheſis and 


Analyſis are often uſed in a vague ſenſe, and taken only relatively, 
as in this place. For the direct Method of Fluxions being already 
demonſtrated ſynthetically, the Author declines (for the reaſons he 
gives) to demonſtrate the Inverſe Method ſynthetically alſo, that is, 
primarily, and independently of the direct Method. He contents 
himſelf to prove it analytically, that is, by ſuppoſing the direct Me- 
thod, as ſufficiently demonſtrated already, and ſhewing the neceſſary 
connexion between this and the inverſe Method. And this will al- 
ways be a full proof of the truth of the concluſions, as Multiplica- 
tion is a good proof of Diviſion. Thus in the firſt Example we 
found, that if the given Equation is y ＋ xy — % = 3x —x* — I, 
we ſhall have the Root y = x— x* + * — F + Ten — g, 
&c. To prove the truth of which concluſion, we may hence find, 
by the direct Method, y == 1 — 2x + x* — 4x3 + N — g, &c. 
and then ſubſtitute theſe two Series in the given Equation, as follows: 


y-==== * K. ＋ 200 = f. ＋ zer — pip, c. 
Hh RY ES. e * + IX — 3X* + F5x5, &c. 
—J- —1I+ 2x —x* + 34) fer, Kc. 

=___— ] -- 3* — x* o = * * 


Now by collecting theſe Series, we ſhall find the reſult to pro- 
duce the given Equation, and therefore the preceding Operation will 
be ſufficiently proved. | 

58. In this and the ſubſequent paragraphs, our Author comes to 
open and explain ſome of the chief Myſteries of Fluxions and Fluents, 
and to give us a Key for the clearer apprehenſion of their nature 
and properties. Therefore for the Learners better inſtruction, I ſhall 
not think much to inquire ſomething more circumſtantially into this 
matter, In order to which let us conceive any number of right 
Lines, AE, ae, as, &c. indefinitely extended both ways, along which 
a Body, or a deſcribing Point, may be ſuppoſed to move in each 

Line, 
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Line, from the left-hand towards the right, according to any Law 
or Rate of Acceleration or Retardation whatever. Now the Motion 
of every one of theſe Points, at all times, is to be eſtimated by its 
diſtance from ſome fixt point in the ſame Line; and any ſuch Points 
may be choſen for this purpoſe, in each Line, ſuppoſe B, b, g, in 
which all the Bodies have been, are, or will be, in the ſame Mo- 
ment of Time, from whence to compute their contemporaneous 
Augments, Ditterences, or flowing Quantities. Theſe Fluents may 
be conceived as negative before the Body arrives at that point, as 
nothing when in it, and as affirmative when they are got beyond it. 
In the firſt Line AE, whoſe Fluent we denominate by x, we may 
ſuppoſe the Body to move uniformly, or with any equable Velocity; 
then may the Fluent x, or the Line which is continually deſcribed, 


JC — 2 
ieee 2 
n 3 er | 


repreſent Time, or ſtand for the Correlate Quantity, to which the 


ſeveral Relate Quantities are to be conſtantly refer'd and compared. 
For in the ſecond: Line ae, whoſe Fluent we call y, if we ſuppoſe 
the Body to move with a Motion continually accelerated or retarded, 
according to any conſtant Rate or Law, (which Law is expreſs'd by 
any Equation compos'd of x and y and known quantities ;) then 
will there always be contemporaneous parts or augments, deſcribed 
in the two Lines, which parts will make the whole Fluents to be 
contemporaneous alſo, and accommodate themſelves to the Equation 
in all its Circumſtances. So that whatever value is aſſumed for the 
Correlate x, the correſponding or contemporaneous value of the Re- 
late y may be known from the Equation, and vice vers. Or from 
the Time being given, here repreſented by x, the Space repreſented 
by y may always be known. The Origin (as we may call it) of the 
Fluent x is mark'd by the point B, and the Origin of the Fluent y 
by the point 5, If the Bodies at the fame time are found in A and 
a, then will the contemporaneous Fluents be — BA and — 4. If 
at the ſame time, as was ſuppoſed, they are found in their reſpec- 
tive Origins B and 5, then will each Fluent be nothing. If at the 
fame time they are found in C and c, then will their Fluents be 


| ++ BC and c. And the like of all other points, in which the 
"201 moving 
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moving. Bodies either have been, or ſhall be found, at the fame 
time. 

As to the Origins of theſe Fluents, or the points from whence we 
begin to compute them, (for tho' they muſt be conceived to be variable 
and indetermined in reſpect of one of their Limits, where the de- 
ſeribing points are at preſent, yet they are fixt and determined as to 
their other Limit, which is their Origin,) tho' before we appointed 
the Origin of each Fluent to be in Band 5, yet it is not of abſolute 
neceſſity that they ſhould begin together, or at the ſame Moment of 
Time. All that is neceſſary is this, that the Motions may continue 
as before, or. that they may obſerve the ſame rate of flowing, and 
have the ſame contemporaneous Increments or Decrements, which 
will not be at all affected by changing the beginnings of the Fluents. 
The Origins of the Fluents are intirely arbitrary things, and we 
may remove them to what other points we pleaſe. If we remove 
them from B and 5 to A and c, for inſtance, the contemporaneous 
Lines will {till be AB and ab, BC and bc, &c. tho they will change 
their names. Inſtead of — AB we ſhall have o, inſtead of B or o 
we ſhall have + AB, inſtead of + BC we ſhall have + AC; &. 
So inſtead of — ab we ſhall have —ac + bc, inſtead of 5% or o we 
ſhall have — bc, inſtead of + d we ſhall have + bc + cd, &c. That 
is, in the Equation which determines the general Law of flowing 
or increaſing, we may always increaſe or diminiſh x, or y, or both, 
by any given quantity, as occaſion may require, and yet the Equa- 
tion that ariſes will {till expreſs the rate of flowing; which is all that 
is neceſſary here. Of the uſe and conveniency of which Reduction 
we have ſeen ſeveral inſtances before. ai oro 

If there be a third Line ee, deſcribed in like manner, whoſe 
Fluent may be 2, having its parts correſponding with the others, as 

«8, 87, 7%, &c. there muſt be another Equation, either given or 
aſſumed, to aſcertain the rate of flowing, or the relation of S to the 
Correlate x. Or it will be the fame thing, if in the two Equations 
the Fluents x, y, E, are any how promiſcuouſly involved. For theſe 
two Equations will limit and determine the Law of flowing in each 
Line. And we may likewiſe remove the Origin of the Fluent 2 
to what point we pleaſe of the Line as. And ſo if there were more 
Lines, or more Fluents. | 

59. To exemplify what has been ſaid by an eaſy inſtance. Thus 
inſtead of the Equation y == xxy, we may aſſume y==xy + xy, 
where the Origin of x is changed, or x is diminiſh'd by Unity; for 
1-+x is ſubſtituted inſtead of x. The lawfulneſs of which Re- 
duction 
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duction may be thus proved from the Principles of 1 Make 


x ==I +2, whence x ==2z, which ſhews, that x and z flow or increaſe 
alike, Subſtitute theſe inſtead of x and x in the Equation y==xy, and 
it will become 5 = zy + zzy. This differs in nothing elſe from 


the aſſumed Equation y == xy -+ xxy, only that the Symbol x is 
changed into the Symbol S, which can make no real change in the 


argumentation, So that we may as well retain the ſame Symbols 


as were given at firſt, and, becauſe S == x — 1, we may as well 
ſuppoſe x to be diminiſh'd by Unity. WO ens 5 

60, 61. The Equation expreſſing the Relation of the Fluents will 
at all times give any of their contemporaneous parts; for aſſuming 
different values of the Correlate Quantity, we ſhall thence have the 
correſponding different values of the Relate, and then by ſubtraction 


we ſhall obtain the contemporary differences of each. Thus if the 


given Equation were y== , where x is ſuppos d to be a quan- 
tity equably increaſing or decreaſing; make x o, 1; 2, 3, 4, 5» 
&cc. ſucceſſively, then y = infinite, 2, 22, 34, 44, 55, &c. reſpec- 
tively. - And taking their differences, while & flows from © to 7, 
from 1 to 2, from 2 to 3, &c. y will flow from infinite to 2, from 
2 to 22, from 24 to 34, &c. that is, their contemporaneous parts 


- 


will be 1, 1, 1, 1, &c. and infinite, 2, 5, £5, &c. reſpectively. 


Likewiſe, if we go backwards, or if we make x negative, we ſhall 


have x =0, —1, — 2, &c. which will make y == infinite, — 2, 


2 22, &c. ſo that the contemporaneous differences will be as be- 
fore. He ͤ | | ey 
Perhaps it may make a ſtronger impreſſion upon the Imagina- 


tion, to repreſent this by a Figure. To the rectangular Aſymptotes 


GOH and KOL let ABC and DEF 
be oppoſite Hyperbola's ; biſect the An- 
gle GOK by the indefinite right Line 
vOR, perpendicular to which draw the 
Diameter BOE, meeting the Hyperbola's 


in B and E, from whence draw BQP 
and EST, as alſo CLR and DKU pa- 
rallel to GOH. Now if OL is made 
to repreſent the indefinite and equable 


quantity x in the Equation y == x ++ 5» . 


then CR may repreſent y. For CL = — = = (ſuppoſing B 
= OQ =1,) and LR = OL = x; therefore CR = LR ++ CL, 


1 or 


R on or eg 


— 
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or K ＋ 2. Now the Origin of OL, or x, being in O; if 
x o, then CR, or y, will coincide with the Aſymptote OG, and 
therefore will be infinite. If x== 1—=OQ, then y BPD 2. 
If x =2 = OL, then y=CR == 22. And ſo of the reſt. Alſo 
proceeding the contrary way, if x = ©, then y may be ſuppoſed 
to coincide with the Aſymptote OH, and therefore will be negative 
and infinite. If x = OS =— 1, then = ET — 2. If x 
== OK = — 2, then y =Dv = — 22, &c. And thus we may 

urſue, at leaſt by Imagination, the correſpondent values of the flow- 
ing quantities x and y, as alſo their contemporary differences, through 
all their poſſible varieties; according to their relation to each other, 


as exhibited by the Equation y =x + = 1 


The Tranſition from hence to Fluxions is ſo very eaſy, that it 
may be worth while to proceed a little farther. As the Equation 


expreſſing the relation of the Fluents will give (as now obſerved) 


any of their contemporary parts or differences; fo if theſe differences 
are taken very ſmall, they will be nearly as the Velocities of the 
moving Bodies, or points, by which they are deſcribed. For Mo- 

tions continually accelerated or retarded, when perform'd in very 
ſmall ſpaces, become nearly equable Motions. But if thoſe diffe- 
rences are conceived to be diminiſhed in infinitum, ſo as from finite 
differences to become Moments, or vaniſhing Quantities, the Mo- 
tions in them will be perfectly equable, and therefore the Velocities 
of their Deſcription, or the Fluxions of the Fluents, will be accu- 
rately as thoſe Moments, Suppoſe then x, y, 2, &c. to repreſent 
Fluents in any Equation, or Equations, and their Fluxions, or Ve- 
locities of increaſe or decreaſe, to be repreſented by x, y, 2, &c. 
and their reſpective contemporary Moments to be op, og, or, &c. 
where p, 9, , &c. will be the Exponents of the Proportions of 
the Moments, and o denotes a vaniſhing quantity, as the nature of 
Moments requires. Then x, 5, 2, &c. will be as op, og, or, &c. 
that is, as p, 9, r, &c. So that x, y, 2, &c. may be uſed inſtead 
of p, 9, r, &c. in the deſignation of the Moments. That is, the ſyn- 
chronous Moments of x, y, 2, &c. may be repreſented by ox, oy, 
oz, &, Therefore in any Equation the Fluent x- may be ſuppoſed 
to be increaſed by its Moment ox, and the Fluent y by its Moment 
oy, &c. or x + 0x, y + oy, &c. may be ſubſtituted in the Equation 
inſtead of x, y, &c. and yet the Equation will ſtill be true, becauſe 


the Moments are ſuppoſed to be ſynchronous. From which Ope- 
ration 
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ration an Equation will be form'd, which, by due Reduction, muſt 
neceſſarily exhibit the relation of the Fluxions. 

Thus, for example, if the Equation y==x + 2 be given, by 
Subſtitution we ſhall have y + oy = x ++ ox ++ 2 + 03, which, be- 


cauſe y x + 2, will become oy = ox ＋ or, or y ==x + , which 


is the relation of the Fluxions. Here again, if we aſſume z== 2 
or 2x == 1, by increaſing the Fluents by their contemporary Me- 


ments, we ſhall have 2 +02 x x + ox == 1, or 2x + OY ＋ 0x2 


＋ 002X == 1, Here becauſe zx == 1, tis o + 9X3 + 92x == 0, 

or 2x + & + 03X = o. But becauſe ozx is a vaniſhing Term in 
o o . . 6 CL 2 x 

reſpect of the others, tis 2x + x2 = 0, or $5 == — — 3 = ; 


Now as the Fluxion of 2 comes out negative, tis an indication that 


as x increaſes 2 will decreaſe, and the contrary. Therefore in the 


Equation y = +2, if 2 r, or if the relation of the Fluents 


be y =x ＋ = , then the relation of the Fluxions will be y = 

And as before, from the Equation y == x + = we derived the 
contemporaneous parts, or differences of the Fluents ; ſo from the 
Fluxional Equation 5 ==# — 5 now found, we may obſerve the 


rate of flowing, or the proportion of the Fluxions at different values 
of the Fluents, 

For becauſe it is &: ) :: 1: 1 — :: *: * — 1; when 
* o, or when the Fluent is but beginning to flow, (conſequently 
when y is infinite,) it will be x-: :: 0: — 1. That is, the Ve- 
locity wherewith x is deſcribed is infinitely little in compariſon of the 
velocity wherewith y is deſcribed; and moreover it is inſinuated, (becauſe 
of — 1,) that while x increaſes by any finite quantity, tho never fo 
little, y will decreaſe by an infinite quantity at the ſame time. This 
will appear from the inſpection of the foregoing Figure. When 
»I, (and conſequently y 2,) then x: :: 1: o. That is, 
x will then flow infinitely faſter than y. The reaſon of which is, 
that y is then at its Limit, or the leaſt that it can poſſibly be, and 


— 


therefore in that place it is ſtationary for a moment, or its Fluxion 


is nothing in compariſon of that of x. So in the foregoing Figure, 
BP is the leaſt of all ſuch Lines as are repreſented by CR. When 
x == 2, (and therefore y == 27, it will be x5 8 
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the Velocity of x is there greater than that of y, in the ratio of 4 
to 3. When x==3, then x: :: 9: 8. And ſo on. So that 
the Velocities or Fluxions conſtantly tend towards equality, which 


they. do not attain till - (or CL) finally vaniſhing, x and y become 


equal, And the like may be obſerved of the negative values of 
x and 9. 


SEO. V. The Reſolution of Equations, whether Algebrai- 
cal or Fluxional, by the aſſiſtance of ſuperior orders 
of Fluxions. | 


LL the foregoing Extractions (according to a hint of our Au- 
thor's,) may be perform'd ſomething more expeditiouſly, and 
without the help of ſubſidiary Operations, if we have recourſe to 
ſaperior orders of Fluxions. To ſhew this firſt by an eaſy Inſtance. 
Let it be required to extract the Cube-root of the Binomial 
a* + x3, or to find the Root y of this Equation y* == @* + x3; 
or rather, for ſimplicity-ſake, let it be 3 —= a3 + Z. Then y== a, 
&c. or the initial Term of y will be a. Taking the Fluxions of 
this Equation, we ſhall have 3 =2= 1, or y =4y—*, But 
as it is ya, &c. by ſubſtitution it will be y == #a—*, &c. and 
taking, the Fluents, tis y== « + zan, &c, Here a vacancy is 
left for the firſt Term of y, which we already know to be a. For 
another Operation take the Fluxions of the Equation = +y=> ; 
whence y = — e; == — 45-5, Then becauſe y == a, &c. 
'tis y = — $45, &c. and taking the Fluents, 'tis 7 == « — 
3a 2, &c. and taking the Fluents again, tis y == # ba-, 
&c. Here two vacancies are to be left for the two firſt Terms of 
, which are already known, For the next Operation take the 


Fluxions of the Equation y =— . that is, y = + 5. = 


r becauſe y== a, &c. tis y== 27, &c. Then taking 
the Fluents, tis y == «+ x74 , &c. j == = , &c. and 
= = r 23, &c. Again, for another Operation take the 


Fluxions of the Equation y = £2y=*; whence 5 = — 22y=9 | 


== — 329". Or becauſe y == 4, &c. tis y = — =, &c. 


Then taking the Fluents, 2 * wn , & c. * — 
EY 1 74-1182, 
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412 2“, &c. y > * * # — Tre 25, &c. and Y = #* — 


| , &c. And fo we may go on as far as we pleaſe. We 


1: 1 2 — E 
have therefore found at laſt, that y = a + z 5 RI 


1024 54S . . Rory x3 x6 

243 . 0 for 2 writing xs, 'tis /a* + x3 == a + 4 
59 10.x72 & ; 

IT” pra; 2434 ? wy | 


Or univerſally, if we would reſolve 2 + x |* into an equivalent 


infinite Series, make y 4 x | ®, and we ſhall have a® for the 
firſt Term of the Series y, or it will be y = a", &c. Then be- 


cauſe * = a + x, taking the Fluxions we ſhall have 5 = 


— 


1 


* ny But becauſe it is y = an, &c. it will be 
mal, &c. and now taking the Fluents, tis y == max, 
&c. Again, becauſe it is y == my", taking the Fluxions it will 


— ——ů—ů — 


be y=m— 1yy m *in — I) ; and becauſe y = an, &c. 


tis mn - la, &c. And taking the Fluents, tis F = # 


mM x mn — la &, &c. and therefore y = « mn x — ax, &c. 


2 


Again, becauſe it is y De in * — iy * taking the Fluxions it 
will be y == m — I X n — 277 r m X n — 1 xm — 2) * 


wo 


and becauſe y == a", &c. tis y =m x m— I x m— 24", &c. 
And taking the Fluents, tis y == « m x M— I Xx M— 24"3x, &c, 


—1 5 2 —1 
* un — * Mo 2 , &c. and Y = *%* * #* 7} X _— 


21 — 2 


X a*—3x%, &c. And fo we might proceed as*far as we pleaſe, 


if the Law of Continuation had not already been ſufficiently ma- 
nifeſt. So that we ſhall have here a + x [| ® = an + max + 


— — 11 2 


— 1 Su : 
mx — Ox + MX X 


- 3 
m=2,n-4x4, &c. | 


This is a famous Theorem of our Author's, tho' diſcover'd by 
him after a very different manner of Inveſtigation, or rather by 
Induction. It is commonly known by the name of his Binomial 


Theorem, becauſe by its affiſtance any Binomial, as a+ x, may 


be raiſed to any Power at pleaſure, or any Root of 1t may be ex- 
tracted. And it is obvious, that when m2 is interpreted by any in- 
| | teger 
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teger affirmative Number, the Series will break off, and become 
finite, at a number of Terms denominated by . But in all other 
caſes it will be an infinite Series, which will converge when x is 
leſs than #. ; | | 
Indeed it can hardly be faid, that this, or any other that is de- 
rived from the Method of Fluxions, is a ſtri& Inveſtigation of this 
Theorem. Becauſe that Method itſelf is originally derived from the 
Method of raiſing Powers, at leaſt integral Powers, and previouſly 
ſuppoſes the knowledge of the Uncie, or the numeral Coefficients. 
However it may anſwer the intention, of being a proper Example 
of this Method of Extraction, which is all that is neceſſary here. 
There is another Theorem for this purpoſe, which I found many 
years ago, and then communicated it to my ingenious Friend Mr. 
A. de Moivure, who liked it ſo well as to inſert it in a Mathematical 
Treatiſe he was then publiſhing. I ſhall here give the Reader its 
Inveſtigation, in the ſame manner it was found. 
Let us ſuppoſe a+x|" =— an + p, and that a+x==2, and 
therefore & =x = 1. Now becauſe 2"== 4 + , it will be 
== M2" =; where for 2* writing its value a” ＋ p, we 
ſhall have þ = — + 2. Now if we make þ = — +9, it 


max 


will be p = — — ＋ 7. And comparing theſe two values 


mM 
ma x 


of p, we ſhall have 9 = © 2 where if for p we write its 


N N | 
. *11. . ma Xx ma x Lan + 8 
value as above, it will be g = —— * 3 ＋ „ on 
mY 
a Xx mg 
MN - IX if 2 3 make = m x 


1 | 
n I a x34 ; 
— X — +7; therefore 


2% 
* 
42 


« a XF * ni 
num IX A - Mn IX Ar. From which 


two values of q we ſhall have r= MxM 1 x * 2. And 


for 9 ſubſtituting its value, it will be 7 = & m + 1 x — + 


a m I m2 4a mr 
Or r 2 * 1 * K3 * 2 


m 1 as mr 
X — 


m I m+2 0 
Make = n 2 XI. X — 


＋ 5; then, &c. So that we 
- ſhall 
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— — ; wy m 1 a x+ ' 
ſhall have a+ x |" = a* + mx ——= + Mx 7 n mx 
m1 m 2 as 
4 Fa . &c. 


Now this Series will ſtop of its own accord, at a finite number 
of Terms, when m2 is any integer and negative Number; that is, 
. when the Reciprocal of any Power of a Binomial is to be found. 


But in all other caſes we ſhall have an infinite converging Series for 


the Power or Root required, which will always converge when 4 
and x have the ſame Sign; becauſe the Root of the Scale, or the 


converging quantity, is = „ which is always leſs than Unity. 
By comparing theſe two Series together, or by collecting from 


| N N | 
each the common quantity 8 1 —, we ſhall have the two 
EOS: ma x | | 

7 : _Y. Ms * 2 | 
equivalent Series = + — +5 * e . = == 

m1 x „I m2 x fi 

DO Na „„ i whence we 
Rel 3 55 3 * . &c. from nce v 
might derive an infinite number of Numeral Converging Series, not 
inelegant, which would be proper to explain and illuſtrate the na- 
ture of Convergency in general, as has been attempted in the for- 
mer part of this work. For if we aſſume ſuch a value of m as 
will make either of the Series become finite, the other Series will 


exhibit the quantity that ariſes by an Approximation ad infinitum, 


And then à and x may be afterwards determined at pleaſure. 

As another Example of this Method, we ſhall ſhew (according 
to promiſe) how to derive Mr. de Mozvre's elegant Theorem; for 
raiſing an Infinitinomial to any indeterminate Power, or for extract- 
ing any Root of the ſame. 'The way how it was derived from the 
abſtract conſideration of the nature and geneſis of Powers, (which 
indeed is the only legitimate method of Inveſtigation in the preſent 
caſe,) and the Law of Continuation, have been long ago commyni- 
cated and demonſtrated by the Author, in the Philoſophical Tranſ- 
actions, Ne 230. Yet for the dignity of the Problem, and the bet- 
ter to illuſtrate the preſent Method of Extraction of Roots, I ſhall 

deduce it here as follows. \ ot 1 

Let us aſſume the Equation 4 ＋ 62 + £c2* + d23 + e, &c. | * 

== y, where the value of y is to be found by an infinite Series, of 


which the firſt Term is already known to be 4, or it is y = vn, 


&c. Make v= 4 + z + c2* + dz; + ez*, &c. and putting 
S$ 1, and taking the Fluxions, we ſhall have v= 6 + 2c2 + 
— 3423, 


b 


— 


. Uri ² Q 


* 
2. 


— 
2 N * 
1 % 1 * * — 
K. M 22 e 1 =, 
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342* ＋ 4223, &c, Then becauſe y =w", it is jy = mu" where 


if we make v == 4, &c. and d =, &c. we ſhall have ) — 
ma"—b, &c. and taking the Fluents, it will be y = ma"—bz, 
&c. | | 
For another Operation, becauſe 5 == mvv*, it is y = moun-1 
un l-. And becauſe v 20 + 6ds + 12ez*, &c. for 
v, v, and v ſubſtituting their values a, &c. &, &c. and 2c, &c. reſpec- 
tively, we ſhall have J = 2mcoa”= ＋ m x Mn — IAU, &c. and 
taking the Fluents 5 == + 2mca®—"2 + m x mn — 1, &c. and 
taking the Fluents again, y == + * Mca"—"2* + m -, 
For another Operation, becauſe y == e i + mxm — 19*0%=2, 


2 


tis y = uu. + JM xm IU*—20V N. IX n — 2V"=393, 
And becauſe v==6d-+ 24e2, &c. for v, v, b, d, ſubſtituting 4, 


&c. 5, &c. 2c, &c. 6d, &c. we ſhall have = Em: . bm x 
m— Wa + = i bie-, Kc. And taking the 


Fluents it will be y = Gmd. + 6m x m — ibca"=*2 + m N 


2] ns — 25. u sf, &c. „ * Jmdan—"2: + JM xm — Ibca*=223 
1 J | 
* x m — 263, &c. andy == * « mda"—"23 + 1m x 


8 mi m—_z 
— bea”—223 + Mm X 7 


bse , &c. And fo on in in- 
tum. We ſhall therefore have a+ bz +c2* +-d&* + 224 X 
„N. 

(y=)an+ma"—"b2-+-m x — a 2h x e, — = **, &c. 


+ mac +7 ebe 
j ＋ mand _ 

And if the whole be multiply'd by 2”, and continued to a due 
length, it will have the form of Mr. de Moivre's Theorem. 
The Roots of all Algebraical or Fluential Equations may be ex- 
tracted by this Method. For an Example let us take the Cubick 
Equation y* ＋ axy +@*y — & — 243 =0, fo often before reſolved, 
in which y = a, &c. Then taking the Fluxions, and making 
* == 1, we ſhall have 3) ＋ ay ++ axy + a*y — 3* =0. Here 
if for y we ſubſtitute a, &c. we ſhall have 4a*y + a* + axy — 3x*, 
ce. o, or q EEE == ==, Kc. , &c. And 
taking the Fluents, y == — 4x, &c. Then taking the Fluxions 

N "IE | again 
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again of the laſt Equation, we ſhall have 3) + y 2% + axy | 


+ 4a*y — 6x == 0. Where if we make 7 Pt, &c. and j==—Z, 
&c, we ſhall have y == e G. 5 = — pon , &c. and therefore 


j=» +=, ber. andy . + fh „&. Again, 5 + 1955 


+ 6 + 3a + axy + ee. Make y = a, be, g 
n > &c. = 


2 


— &c. and y = g. &c. then y tha SRI 


4 
393 4. 394 A977 r 
1 &c. and therefore 25607 . Kc. 1. — * Kc. 


and * * * = &c. Again, 350 PDT It 18y 1y + 369) 


3 4 + any + ty =0. Make y= 4, &. j=— * bre. y = | 


\ 24559 +1 8525 + 3639* + 42 


393 3 
* 8 — — ä 0 — — = 
E Ke. and y 1 Et &c. thi 998 = > TED 


ents 


* 152 — 1527x "WM 1527%% 27 3 has: "a 


2 N gall 2 ee , IA And ſo on as far as we pleaſe, | 
Therefore the Root i is J==a— od EE igen, &c. 717 
The Series for the Root, when found by this Method, muſt 4 
ways have its Powers aſcending; but if we 13 likewiſe to find 
a Series with deſcending Powers, it may be done by this eaſy arti- 
fice. As in the preſent Equation y* + axy + a*y K — 24) , 
we may conceive x to be a conſtant quantity, and à to be a flowing 
quantity ; or rather, to prevent a confufion of Ideas, we may change 
a into x, and x into a, and then the Equation will be y* + axy + 
x*y - 4 — 2x3 =0, In this we ſhall have ad, &c. an - | 
king the Fluxions, tis 3) + ay + axy + 2xy + x*j — 6x* = 


or j == = Fe But becauſe y , &c. tis y === , * 
= &c. and therefore y &, &c. Again taking the Fluxions 
'tis 35) + 67 ̃ + 2ay + axy + 2y + 495 + Xx*y lx o, or 
22 _ Se ET I I 2X = _ E | : &c. Or ma- 
king y == a, &c. 2 1 &c. tis 13; — ROK. „&c. 


2 f f 


Agin i it 1s _ + 185% —— 9 795 + axy + 6y + 6x + * 9 
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It =0 ry = eee, DEED, c. = (by making 
„ Kc. =— 5, &. 3 Kc.) 44.4 Er. 85 


1 34 
&c, = e „&c. Then taking the Flvens y = &# = , &, 
3 Ann _ „Ke. and) = * * * bra , » &c. And fo on. There- 


fore we ſhall have p== a — &x — = 1 ＋ , &c. Or now we 
may again change * into a, and 4 eb x ; then it will be y = x 


2 3 
— 4 — 2 85 Kc. for the Root of the given Equation, as 


was found before, pag. 216, &c. 
Alſo in the Solution of F Jaxional Equations, we may proceed in 
the ſame manner. As if the given Equation were a - ax ob xy 
d, (in which, if the Radius of a Circle be repreſented by a, and 
if y be any Arch of the ſame, the correſponding Tangent will be 
renteſbnitel by x let it be required to extract the Root y out of 
this Equation, or to expreſs it by a Series compoſed of the Powers 
of a and x. Make x — 1, then the Equation will be a*y — @* + 


* == ©; Here becauſe == = I, . taking the Fluents 
it will be y = « x, &c. Then taking the Fluxions of” — Equa- 


tion, we ſhall-have wy + 2X) + * 2 = 9 or fu | But 


Fa „ 3 
Becauſe we are to have 1 conſtant quantity for the firſt Term of 5. 
we may ſuppoſe y == _ 2 o, &c. Then taking the Fluents 
tis * 0, Se. and y o, &c. — king the Fluxions 


again, tis 55 + 29 + 4x) + e, o * DEI» 7 Hete 


if for 5 and * we write their values 1, &c. and o, &c. we ſhall have | 


Th ns x2 


N &c. whence y=s— =, &c. => Ce + the. 


a 3 
x3 


and JE = * 4 35 „Kc. 2 the Fluxions again, tis 


8 = 
a + x? 


fore = e bee. S e. 5 . 0, Een ae ger: 


ay + 95 25 65) ＋ x*y =O, or y cd, &c. There- 


— 2y 22 f 


O, Nc. Again, 49 ＋ 127 + 8% Cb, ry = 


Poe” Xl 
— 
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Fe: * | LIN : 2 | 
SA, &, Then y =» += * ., &c. 
as 2 8 =o on ob 2 &c. and y 
6 
8 x8 WEL : 3 | 
„ Again, * " = Wie + x5 So, whence Jer 
evoves o, &c. Again, wy + 30 + 12x + xy = 0, or = 
6 8 
8 * X 
e 244, &c. Then Saas * — SLE if „&c. 
5 | 7 x 5 
F oe FS; &c. jy = 4 # # — =, &c. S2 * + 
3ous 6x5 x6 


#4 3.99 09:0 2.2 7a 5 & c. 2 as? 
&c. andy =s a++%#%#*— 2. &c. 127 ſo on. 80 that we 
have here y = # x Tor. — ©, + 0x4 + „ Kc. thats y 
* s LY x7 | | 

* — — + . & c. 
This Example is only to ſhew the 8 of this Aud 


and how we are to proceed in other like caſes ; for as to the Equa- 
tion itſelf, it might have been reſolved much more fimagly and ex- 


peditiouſly, in the Ned, +, Wen 27 == —= 5 by 


Diviſion it will be D 1 2 — 25 10495 5 Z &c. And ta- 
x3. | * x7 | 


king the Fluents, y & — — 1 = .. 
In the fame Equation 22 — 1 + x*5 o, * it were requir'd 
to expreſs x by y, (the Tangent by the? Arch,) or.if x were made 
the Relate, and y the Correlate, we might W thus. Make 
5 , then 4. — a + * o, or x += 1, &c. 


2xx 


T9 * Þ ws. And taking the Fluxions, tis X== — = 


„&c. = =0 + - „ &c. whence x == o, &c. ö 


2 So that the Mis of this Series. will be alternately deficient, 
and n we need not compute them. Taking the Fluxions 


2x* 2 5 ; 

again, tis * * _ = = „ &c. Therefore x ==" + „&c. 
64 

* = * 2. &c. and x=* +» = „&c. Again, * <= Ny = 


81 2 


— —— IRGCEEER 


— — 2. — IIIEE 1 8 — 
P 27 ˙ m ²— «% — 


— —— — <A Eee ere — — — — — EIN TED 
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ey” BY | | 
and again, 'x == __ = + 1 Subſtituting 1, Ke, mo * 


&c. for & and x, and a o, &c. for æ and x, it will be Fins 


16 MY 16 . * 2 5 a 
, Kc. whence x=— * —= &c. K == # 2 „ &c. xX==#% # * 
5 


24 a4 ? 

873 8 2y 4 243 

— oy x — 24 4 . — 

3 &c. 8 „& c and x ene &c. 


* 5 wy RES. o 6 
| 20xx + 102 ＋ 2xx | 1 1 2 wt a3 
4 n, = —————, and again, Jon 22x .... 


. : 
2 6 
Here for x, 25 and x writing 1, &c. , &c. and = „c. fe- 


ſpedtvely, 'tis 125 nn 8 , &c. == « Then 9 * 
22, &c. . a GC. . n eee 
a & c. n Ser e and 
77 — G o 1 De, &c. That is, * + 2 2 
SY 


For Kar» Example, let us take the Equation a — 5 

2 == ©, (in which, if the Radius of a Circle be denoted by a, 
and if y be any Arch ot the ſame, then the correſponding right une 
will be denoted by x3) from which we are to extract the Root 9. 
Make *== 1, then it will be 4 — K = a2, or = 2 1 


== 1, &c. or j==1, &c. and therefore y = „*, &c. Taking 
the Fluxions we ſhall have 22% — 2 — 2x*jy==0, or a*y — 


* 
— 7. or y= = 2 o, &c. And taking the Fluxions 


ay — + 3x a. 
again, tis % J 30 o, or j=—IEY 2, &c. 
Therefore = + = — 1 * * &e. oa eve * * =» 


&c. Then 4 == 4 — 559 — 2 ==o, and again a*j — 997 — 
70 = xy o, or j == LEE = = L * &c. There. 


fore j. A, Ke , be. 5 = i &c. 7 = 


244 
8 l 4 * + =w 
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2x4 — 3x8 


*&@#%#% — >» &c. and y == , Se. Taking the 
6 22 5 6 

. 0 5 * . - . 0 * 7 

Fluxions again, tis a*y — 167 — gxy — x*y = ©, and again, a*y 


5 6 5 : 
7 7 2 + 11xy 25, 
— A — — 


2 FI. -- xy 0; or / == — = =) &c. == 


25X9 : 5 | 5 
—. „& c. Therefore y = + —-; 2x, &c. jy = * . &c. 


6 —_— 
J=» » » 52s, &c. 5 e, &c. S 
Dr, Kc. 9K uu + &. andy kxũ e 
=, &c. Or y = x + = + . + == , &c. 


If we were required to extract the Root x out of the fame Equa- 


tion, 297 — * — a*x* 0, (or to expreſs the Sine by the 
Arch,) put y == 1, then a — x* — a*x* = o, or x* == 1— 


und therefore x , &c. and x =+ y, & c. Taking the 


22 7 
Fluxions 'tis — 2& — 24. == o, or & =—=— = ==: ©, Kc. 
Therefore x == 4 o, &c. x == « ©, &c. Taking the Fluxions 


R $6 3 2 3 . r = 822 y 
again, tis x = — = ==— = ,&, Thencex==+# , &c. 


>. 53 | 43 : : I — 3 * 


as ? 
3 4 1 | 2 y o% 
and x == — == +7 , &. Therefore x == « 2 &c. x == 
* bh 73 „ | 71 
XR X — 0 ?, AP 8 — — 
7 5 &c. XN == #% * * re &c. Aan, Ke. and x 
6 2 "1 5, 
—— > > * 788 5 | nt gain, «k — 2 5 an X == — 2 
6 | 5 2 
- Gf 2 3 2 
2 — a6 5 &c. Therefore X = # — 7 7 & „% 04 246 2 


D 4. — 
&c. x — „ Kc. a 8% # # = = Kc. 2 22 


64 6 
* . 7 y6 
We QC. „ „ 6, &c. and X=nanutan 
I Th 7208 55 * * 
3 . þ 8 — — — 2 — 3 
— Se &c. And therefore x == y — 5 + 755 —— 


If it were required to extract the Root y out of this Equation, 


27 -A ⏑ + m*y* — 14% =0, (where x = 1,) we might. _ 


Ce 


2 


= —_ 

oe Ne po 
. 

1 —. .- 


ET —— 
= dt — — 


—— 


—— — 


— . ę(2ͤ—é— 


hung nt = 


— 
— 


— — — — = en 
— —— — — 


———— 


— 
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. porno nr fey 
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wad oy Ef | - 
——= = mm, &c. tis jn, &c. 


A — x* 


ceed thus. Becauſe y* = 
and y= mne, &c. Taking the Fluxions, we ſhall have 24 — 
2x)* — 2K 5 + 2m*Jy =0, or a — xy — X + m*y==0, or 
o, &. Therefore taking the Fluxions again, tis 


2 — ox * 


* 


9 oy ol ol 


425 nf — Jxy — * + oy == O, that is, ay + ma — I XY nm 


gxy — X =O, or y Z and making m, &c. 


a * 


— — — 
mM X 1 — m” 


tis y= , &c. and therefore y = , &c. j = 


m N 1 — 772 | mx — m* . | 
„** , &c, and y = « « ——=x?, &c. Taking the 
22 2 x 3a ; A | 


Fluxions again, tis a*y 8 —4. x y . 550 — x*y ==0; andagain, 


5 — 71 I 22 5 5 — * 88 
0 — — — Y — / — e 22 
4 o m* 3 X*Y = 0, Of = 2 TID = = 
r The r — — pp 
2 MXI— m*XQ — m* 5 NI — “ Nu; | 


MXT—m = „ 

* &c. and yu + * N 
&c. And ſo on. Therefore we ſhall have y = mx + m x 
| Bond & + M b en * ＋ x5 —+ mn XK 
2 X 34 ; 2X3 4X gat - 


J * K *- 


I—m* 9 — 25 — mm* 
porpand Manns mm Þ ihe 1 gn 2: 
3 4X5 OX 740 


This Series is equivalent to a Theorem of our Author's, which (in 
another place) he gives us for Angular Sections. For if x be the 


Sine of any given Arch, to Radius a; then will y be the Sine of an- 
other Arch, which is to the firſt Arch in the given Ratio of n to 


1. Here if m be any odd Number, the Series will become finite; 


and in other cafes it will be a converging Series. 


And theſe Examples may be ſufficient to explain this Method of 


Extraction of Roots; which, tho' it carries its own Demonſtration 


along with it, yet for greater evidence may be thus farther illuſtrated. 
In Equations whoſe Roots (for example) may be repreſented by the 
general Series y == A + Bx + Cx* + Dx3, &c. (which by due Re- 


duction may be all Equations whatever,) the firſt Term A of the 
Root will be a given quantity, or perhaps So, which is to be 
known from the circumſtances of the Queſtion, or from the given 
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Equation, by Methods that have been abundantly explain'd already. 
Then making x =, we ſhall have have y = B + 2Cx + Dx“, 
&c. where B likewiſe is a conſtant quantity, or perhaps == o, and 
repreſents the firſt Term of the Series . This therefore is to be 
derived from the firſt Fluxional Equation, either given or elſe to - 
be found; and then, becauſe it is y == B, &c, by taking the Fluents 
it will bey = « Bx, &c. whence the ſecond Ferm of the Root 
will be known. Then becauſe it is y == 2C + 6Dx, &c. or becauſe | 
the conſtant quantity 20 will repreſent the firſt Term of y; this is [: 
to be derived from the fecond Fluxional Equation, either given or 
to be found. And then, becauſe it is' y == 2C, &c, by taking the 
Fluents it will be y = 2Cx, &c. and again y == « # Cx*, &c. by 
which the third Term of the Root will be known. Then becauſe + 


it 1s y= 6D, &c, or becauſe the conſtant quantity 6D will repre- 


mn p CS Cas 2 


ſent the firſt Term of the Series 73 this is to be derived from the 


third Fluxional Equation, And then, becauſe it is y = 6D, &c. - 
by taking the Fluents it will be y =#+ 6Dx, &c. j = » 3Dx*, 
&c. and y = « « « Dx?, &c. by which the fourth Term of the 
Root will be known. And ſo for all the ſubſequent Terms. And 
hence it will not be difficult to obſerve the compoſition of the Co- 


— . IG On — n * 1 
r ER __ i * 


efficients in moſt caſes, and thereby diſcover the Law of Continua- - | 
tion, in ſuch Series as are notable and of general uſe. L 
If you ſhould defire to know how the foregoing Trigonometri- - 4 
cal Equations are derived from the Circle, it may be ſhewn thus: on | 
the Center A, with Radius AB == a, let the Quadrantal Arch BC be — [ 
deſcribed, and draw the Radius AC, Draw the Tangent BK, and | 
through any point of the Circum- | oY | p 
ference D,. draw the Secant ADK, © , 
meeting the Tangent in K. At any | e x 
other point d of the Circumference, . 4 | 6 
but as near to D as may be, draw XD FS ; 
the Secant Ad, meeting BK in; on | . | | ; 
Center A, with Radius AK,. deſcribe . | 
the Arch K/, meeting A in J. , | | 7 
Then ſuppoſing the point 4 con- | 
tinually to approach towards D, till * S | £ 
| e 


it finally coincides with it, the Tri- 


lineum K will. continually approach to a right-lined Triangle, 
and to ſimilitude with the Triangle ABK: So that when Dd is a 


— 
rr 


— —— no —_ 


— . —— . —p— 


— 


— 


— — : — en 
— — 


— —ͤ—ͤ—̃ — 
CICLEOSEECEYPERIE DTIC IONS 


— — — — 


320 Die Method of NL uxloxs, 


KA KE K AK 


Moment of the Circumference, it will be P. = . = A 


* = . Make AB a, the Tangent BK = x, and the Arch 
BD y; and inſtead of the Moments K and Da, ſubſtitute the 
proportional Fluxions x and y, and it will be 7F= — —ꝗ— „ or 42 
+ x*5 — a*x o. | h 

From D to AB and de let fall the Perpendiculars DE and Dg, 
which Dg meets de, parallel to DE, in g. Then the ultimate form 
of the Trilineum Dag will be that of a right-lined Triangle ſimi- 
lar to DAE. Whence Dd : dg :: AD: AE = V aug — DEg. 
Make AD a, BD = y, and DE =x; and for the Moments 
Dad, dg, ſubſtitute their proportional Fluxions y and x, and it will 
J wo0ot / : „:: : 4, or %. 
— *. — 2*x* = 0, 


Hence the Fluxion of an Arch, whoſe right Sine is x, being 


expreſs'd by J ; and likewiſe the Fluxion of an Arch, whoſe 


right Sine is y, being expreſs d by == if theſe Arches are to 
2 — | 
each other as 1 to m, their Fluxions will be in the ſame proportion, 
„ A ax 5 ay 3 8 mx 
and vice vers. Therefore === : D-: 1: , Of Ja 
. 222 2 
= ===, of —— == == or putting Kr, 'tis 429 — 


Ja — y* ? B* —=x a* 


ð jÿ — 104% + m*y* =0 ; the ſame Equation as before reſolved. 
We might derive other Fluxional Equations, of a like nature with 
theſe, which would be accommodated to Trigonometrical uſes. As 
if y were the Circular Arch, and x its verſed Sine, we ſhould have 
the Equation 2axy* — x*%y* — a*x* = o. Or if y were the Arch, 


and x the correſponding Secant, it would be x+y* — a*x*y9* — a 


co. Or inſtead of the natural, we might derive Equations for 
the artificial Sines, Tangents, Secants, &c. But I ſhall leave theſe 
Diſquiſitions, and many ſuch others that might be propoſed, to ex- 
erciſe the Induſtry and Sagacity of the Learner. 
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Sgr. VI. 4 Analytical Appendix, explaining ſomie 
Terms and Expreſſions in the foregoing work. 


T I Ecauſe mention has been frequently made of given Equations, 
| and others aſſumed ad libitum, and the like; I ſhall take oc- 
cation from hence, by way of Appendix, to attempt ſome kind of 
explanation of this Mathematical Language, or of the Terms given, 


afſign'd, aſſumed, and required Quantities or Equations, which may 


give light to ſome things that may otherwiſe ſeem obſcure, and 


may remove ſome doubts and ſeruples, which are apt to ariſe in 


the Mind of a Learner. Now the origin of ſuch kind of Expreſſions 
in all probability ſeems to be this. The whole affair of purſuing 
Mathematical Inquiries, or of reſolving Problems, is ſuppoſed (tho' 
tacitely) to be tranſacted between two Perſons, or Parties, the Pro- 


poſer and the Reſolver of the Problem, or (if you pleaſe) between the 


Maſter (or Inſtructor) and his Scholar. Hence this, and ſuch like 


Phraſes, datam rectam, vel datum angulum, in imperatd ratione fe- 


care. As Examples inſtruct better than Precepts, or perhaps when 
both are join'd together they inſtruct beſt, the Maſter is ſuppos'd to 
propoſe a Queſtion or Problem to his Scholar, and to chuſe ſuch 
Terms and Conditions as he thinks fit; and the Scholar is obliged 
to ſolve the Problem with thoſe limitations and reſtrictions, with 
thoſe Terms and Conditions, and no other. Indeed it is required 
on the part of the Maſter, that the Conditions he propoſes may be 
confiſtent with one another; for if they involve any inconſiſtency 
or contradiction, the Problem will be unfair, or will become ab- 


ſurd and impoſſible, as the Solution will afterwards diſcover. Now 


theſe Conditions, theſe Points, Lines, Angles, Numbers, Equations, 
&c. that at firſt enter the ſtate of the Queſtion, or are ſuppoſed to 
be choſen or given by the Maſter, are the data of the Problem, and 
the Anſwers he expects to receive are the quæſita. As it may ſometimes 


happen, that the data may be more than are neceſſary for determining 


the Que ſtion, and ſo perhaps may interfere with one another, and the 
Problem (as now propoſed) may become impoſlible ; fo they may be 
fewer than are neceſſary, and the Problem thence will be indetermin'd, 
and may require other Conditions to be given, in order to a compleat De- 
termination, or perfectly to fulfil the quæſſta. In this caſe the Scholar is 
to ſupply what is wanting, and at his diſcretion may aſſume ſuch and ſo 
many other Terms and Conditions, Equations and Limitations, as he 1 50 
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will be neceſſary to his purpoſe, and will beſt conduce to the fim- 
pleſt, the eaſieſt, and neateſt Solution that may be had, and yet in 
the moſt general manner. For it is convenient the Problem ſhould 
be propoſed as particular as. may be,. the better to fix the Imagina- 
tion; and yet the Solution ſhould be made as general as poſſible, 
that it may be the more inſtructive, and extend to all caſes of a 
like nature. 

Indeed the word datum is often uſed in a ſenſe which is ſome- 
thing different from this, but which ultimately centers in it. As. 
that is call'd a datum, when one quantity is not immediately given, 
but however is neceſſ.rily infer'd from another, which other perhaps 
is neceſſarily infer'd from a third, and fo on in: a continued Series,. 
till it is neceſſarily infer'd from a quantity, which is. known. or given 
in the ſenſe before explain'd. This is the Notion of Euclid's data, 
and other Analytical Argumentations of that kind. Again, that is 
often call'd a given quantity, which always remains conſtant and in- 


variable, while other quantities or circumſtances vary ; becauſe ſuch 


as theſe only can be the given quantities in a Problem, when taken 
in the foregoing ſenſe. 

To make all. this the more ſenſible and intelligible, I ſhall have 
recourſe to a few practical inſtances, by way of Dialogue, (which 
was the old didactic method,) between Maſter and Scholar; and 
this only in the common Algebra or Analyticks, in which I ſhall 
borrow my Examples from our Author's admirable Treatiſe of 
Univerſal Arithmetick. The chief artifice of this manner of Solu- 
tion will conſiſt in this, that as faſt as the Maſter propoſes. the Con- 
ditions of his Queſtion, the Scholar applies thoſe Conditions to 
uſe, argues from them Analytically, makes all the neceſſary deduc- 
tions, and derives ſuch conſequences from them, in the ſame order 
they are propoſed, as he apprehends will be moſt ſubſervient to the 
Solution. And he that can do this in all caſes, after the ſureſt, fim- 
pleſt, and readieſt manner, will be the beſt ex-fempore Mathemati- 
cian. But this method will be beſt explain'd from the following 
Examples. | | . 

I. M. A Gentleman being willing to diſtribute Alms == = $. Let 
the Sum he intended to diſtribute be repreſented by x. M. Among 


ſome poor people. S. Let the number of poor be y, then = would 


have been the ſhare of each. M. He wanted 3 ſhillings - - - S. Make 
3==0, for the ſake of univerſality, and let the pecuniary Unit be 
one Shilling; then the Sum to be diſtributed would have been x -+ a, 

| and. 
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and the ſhare of each would have been TZ. M. So that each 


7 
might receive 5 ſhillings. $. Make 5 , th _ == 6, whence 


X = y- a. M. Therefore he gave every one 4. ſhillings. S. Make 
4 c, then the Money diſtributed will be cy. M. And he has 10 


ſhillings remaining. 8. Make 10 = d, then cy + d was the Money 


he intended at firſt to diſtribute ; or cy +d == (x =) by — à, or 


p „ M. What was the number of poor people? S. The 


þ — 64 


number was y = = = 12 = 13. M. And how much Alms 


did he at firſt intend to diftribute? S. He had at firſt x = y - 2 
== 5x13 — 3==02 ſhillings, M. How do you prove your Solution? 


S. His Money was at firſt 62 ſhillings, and the number of poor 
page was 13. But if his Money had been 62 + 3 =65==13 x5 
illings, then each poor perſon might have received 5 ſhillings. But 
as he gives to each 4 ſhillings, that will be 13x 4 == 52 ſhillings 
_ diſtributed in all, which will leave him a Remainder of 62 — 52 
== 10 ſhillings. 
II. M. A young Merchant, at his firſt entrance npon buſineſs, began 
the World with a certain Sum of Money. S. Let that Sum be x, the 
cuniary Unit being one Pound. M. Out of which, to maintain 
himſelf the firſt year, he expended 100 pounds. S. Make the given 
number 100 = 4; then he had to trade with x — a. M. He 
traded with the reſt, and at the end of the year had improved it by a 
third part. S. For univerſality-ſake I will aſſume the general num- 
ber u, and will make == — 1, (or a 53) then the Improve- 
ment was 1— I XxX — 4 u — 4 — K* -+ 4, and the Trading- 
ſtock and Improvement together, at the end of the firſt year, was 
nx — na. M. He did the ſame thing the ſecond year. S. That is, 
his whole Stock being now 7x — na, deducting a, his Expences for 
this year, he would have mx — za — 4 for a Trading-ſtock, and 


n — I XX —N4 — 4, or m - — 7x à4 for this year's Im- 


provement, which together make 7x - — na for his Eſtate at 


the end of the ſecond year. M. As alſo the third year. S. His 
whole Stock being now 7x — 2*@a— na, taking out his Expences 
for the third year, his Trading-ſtock will be n*x — n*a— na — a, 
and the Improvement this year will be a — 1 x 2*x — h — na- a, 
or n — 2394 — Px + a, and the Stock and Improvement together, 
or his whole Eſtate at the end of the third year will be 73x — 164 


. 3 — 1 © . 
— 1a na, or in a better form nx + —-ne, In like manner 
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if he proceeded thus the fourth year, his Eſtate being now 1x —- 


ma- na, taking out this year's Expence, his Trading- ſtock 


will be 2x — 4 — 74 — a — 4, and this year's Improvement is 
1 — I X 1X — Hg — n — na — 4, Of m — 1 — 7X + @, 
which added to his Trading- ſtock will be n+x - — n 


— ua, or M + na, for his Eſtate at the end of the fourth 
year. And ſo, by Induction, his Eſtate will be found π§ + na 
at the end of the fifth year. And univerfally, if I aſſume the ge- 


neral Number , his Eſtate will be * + — at the end of 


any number of years denoted. by . M. But he made his Eftate- 
double to what it was at firſt, S. Make 2 = b, then WN + 
oo I * r | 


—ne=dx, ot x==—— na. M. At the end. of 7 years. 


F— 1] X 3 


S. Then n = 3, 4 = 100, b==2, n==+, and therefore x == 


43 — 33 64 — 27 


* Xx 400 == 2+ * 
— — — 
* —2 


400 == 1480. M. What was his Eftate at fi? S. It was 14.80. 
pounds. { | | | 
III. M. Yee Bodres A and B are at a given diſtance from each 


other. S. As their diſtance is ſaid to be given, though it is not {0 5 


actually, I may therefore aſſume it. Let the initial diſtance of the 
Bodies be 59 e, and let the Linear Unit be one Mile. M. And 
move equably towards one another. S. Let x repreſent the whole 
ſpace deſcribed by A before they meet; then will e —-x be the. 
whole ſpace deſcribed by B. M. With given Velbcities. S. I will 
aſſume the Velocity of A to be ſuch, that it will move 7 = c Miles 
in 2 = Hours, the Unit of Time being one Hour. Then be- 
cauſe it is c: :: x : „A will move his whole ſpace in the 


time . Alſo I will aſſume the Velocity of B to. be ſuch, that it. 
will move 8 = Miles. in 3 g Hours. Then becauſe it is 4: 


g :: e-: , B will move his whole ſpace e x in the time 
2— & 


g. M. But A moves 4 given. time ũ S. Let that time be 
1 Hour. M. Before B begins to move. S. Then A's time is 
equal to B's time added to. the. time 5, or = = 2 + 5. 

My. 
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M. Where will they meet, or what will be the ſpace that each will 


ds deſeribed? S. From this Equation we ſhall have x == 2 N 


— — 2 Ez 1 1 LS 
8x2 + 2 = x7a== 5x7 ==35 iles, which wi 


be! the whole ſpace deſcribed by A. Then e — * 2 59 — 35 = 
24 Miles, will be the whole — deſcribed by B 

IV. M. If 12 Oxen can be maintained by the Paſture of 3 Acres 
of Meadro-ground for 4 weeks, S. Make 12 4, 353 b, 4==c; 
then aſſuming the general Numbers e, % h, to be determin- d after- 
wards as occaſion ſhall require, we ſhall have by analogy | 


| n Paſture Time 
If 8274 074 ſc] 
Then S ae | | be | Lc 
. ae | 
PIO 45 | RE OO | *Þ 
And | © |< p require , f during 1 & 
Alto 8 77 WW” If} 
"'O | ace | | . 

Alſo — 77 J — e 1 E * 4 


M. And if, becauſ of the continual growth of the Graf after the 
four weeks, it be found that 21 Oxen can be maintaind by the 


paſture of 10 fuch Acres for ꝙ weeks, S. Make 21 2 d, e==10, 
f=49 ; then becauſe on this ſuppoſition, the Oxen 4 require the 


Ace 


paſture e during the time /; and in the former caſe the Oxen 2 


required the ſame Je during the ſame time :. Therefore the 
growth of the Graſs of the quantity of paſture e, | (commencing. 
after 4 or c weeks, and continuing to the end of the Time , or 

during the whole time / c,) is ſuch, as alone was ſufficient to- 


maintain the difference of the Oxen, or the number 4 — 77 „for 
the whole time . Then reciprocally that growl would be ſuffi- 


_ cient to maintain the number of Oxen df — —- for the time 1, 


or the number of Oxen A — for the Fas 5. And becauſe 


this growth will be proportional wk the time, and will maintain a 
Fl h number of Oxen in proportion as the time is greater; we 
ave. 


Time. 
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Time Oxen Time Oxen | 
af ace he. af . ace 
F-. 3 .* © 5— e F into Eng bh ? 


which will be the number of Oxen that may be maintain'd by the 
growth only of the paſture e, during the whole time h. But it 
was found before, that without this growth of the Graſs, the Oxen 


ace 0 


73 might be maintain 'd by the paſture e for the time 5. There- 
fore theſe two together, or — + = * —.— „ will be the num- 
ber of Oxen that may be maintain'd by the paſture e, and its growth 
together, during the time B. M. How many Oxen may be main- 
tain d by 24 Acres of ſuch paſture for 18 weeks? S. Suppoſe x to 
be that number of Oxen, and make 24 =g, and == 18. Then 
by analogy | | 


Oxen Paſture 
It : Tx | g 
Then) ex require during the time 5. 
A eX 
nd 7 E 
ex ace 5— e bdf ace acg — 
And conſequently 15 75 —— FAR 8 0 = Zh + 27 
4 agg ac h—c af ac » 2. IR I8 — 4 
SET IT TART; = 7 20 ;, = 5-5 


21 * 12 d ; | 
2 — into 2+ 36. 


10 

V. M. I T have an Annuity - - S. Let x be the preſent value 
of 1 pound to be received 1 year hence, then (by analogy) x* will 
be the preſent value of 1 pound to be received 2 years hence, &c. 
and in general, x” will be the preſent value of 1 pound to be re- 
ceived m years hence, Therefore, in the caſe of an Annuity, the 
Series x K* ＋ * + ., &c. to be continued to ſo many Terms 
as there are Units in , will be the preſent value of the whole 


Annuity of 1 pound, to be continued for years. But becauſe 
* Lt | 


SN + x* + x3 + x+, &c. continued to ſo many Terms 
1— & | : 
as there are Units in m, (as may appear by Diviſion ;) therefore 


i <= will repreſent the Amount of an Annuity of 1 pound, 


to be continued for mz years. M. Of Pounds. S. Make 


— 7, 
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Sa, then the Amount of this Annuity for 1 years will be 


m1 | 
- — — 4. M. To be continued for 5 years ſucceſſfvely. S. Then 
m= 5. M. Which Tfell for pounds in ready Money. S. Make 

dg 3 | 9 p 

c, then — 4 c, or * — 2 +I xx+ > ==0. 
In any particular caſe the value of x may be found by the Reſolu- 
tion of this affected Equation. M. What Intereſt am I allowd per 
centum per annum? S. Make 100 =; then becauſe x is the 
preſent value of 1 pound to be received 1 year hence, or (which 
1s the ſame thing) becauſe the preſent Money x, if put out to uſe, 
in 1 year will produce 1 pound; the Intereſt alone of 1 pound 
for 1 year will be 1 —- x, and therefore the Intereſt of 100 (or ) 
pounds for 1 year will be + — bx, which will be known when 
is known. 

And this might be ſufficient to ſhew the conveniency of this Me- 
thod ; but I ſhall farther illuſtrate it by one Geometrical Problem, 
which ſhall be our Author's Lvit. | | 

VI. M. In the right Line AB I give you the two points & and B. 
S. Then their diſtance AB n is given alſo. M. As likewiſe the 
two points C and D out of the Line AB. S. Then conſequently the: 
figure ACED is c . N 
given in mag- * Eos 
nitude and ſpe- 
cie; and pro- 
ducing CA and 
CB towards 4 
and d, I can 
take Ad AD, 
and B =BD. 
M. Alf I give 
you the intlefi- 
nite right Line 
EF in poſition, 
paſſing thro the Le: 
gi ven point D. S. Then the Angles ADE and BDF are given, to which 
(producing AB both ways, if need be, to e and f,) I can make the 
Angles Ade and BS equal reſpectively, and that will determine the 
points e and /, or the Lines Ae = a, and Bf==c. And becauſe 
de and M are thereby known, I can continue de to G, ſo that 4G 


% and make the given line eG= 6. Likewiſe I can draw _— 
| and. 


2 


— 
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and CK parallel to ed and ꝶ reſpectively, meeting AB in H and 
K; and becauſe the Triangle CH K will be given in magnitude and 
ſpecie, I will make CK = d, CH De, and HK . M. NO 
let the given Angles CAD and CBD be conceived to revolve about the 


given points or Poles A and B. S. Then the Lines AD and CAd 


will move into another ſituation AL and cAl, ſo as that the Angles 
DAL, dA}, and CAc will be equal. Alſo the Lines BD and CBS will 
obtain a new ſituation BL and cBa, ſo as that the Angles DBL, BA and 
CB will be equal. M. And let D, the Interſection of the Lines AD and 
BD, akvoays move in the right Line EF. S. Then the new point of In- 
terſection L is in EF; then the Triangles DAL and 4AJ, as alſo DBL 
and MA, are equal and ſimilar; then d/ = DL = q, and therefore 
GI = E. M. What will be the nature of the Curve deſcribed by the 
other point of InterſeFion C? S. From the new point of Interſection c 
to AB, I will draw the Lines ch and c4, parallel to CH and CK reſpec- 
tively. Then will the Triangle che be given in ſpecie, though not 


in magnitude, for it will be ſimilar to CHK. Alſo the Triangle 


Bc& will be ſimilar to B. And the indefinite Line BE x may 
be aſſumed for an Abſciſs, and c}== y may be the correſponding 
Ordinate to the Curve Ce. Then becauſe it is B% (x) : c (y) 
*: BF (c): A = . = G/. Subtra& this from Ge ==6, and there 
will remain / == þ — - Then becauſe of the ſimilar Triangles ch 
and CIK, it will be CK (4) : CH (e) :: c OO: cb =. And 
CK (d): HK J) :: c (y) : bk == Therefore Ab = AB 
BE — hb = 1 — * — 5 But 1 19-44 ( — * : ch & 1 
Ae (a) : le (6 — 2) Therefore m — x — Pac b — 7 = ＋, or 
fe + d de — bf x xy —"demy — bdx* + bdmx = 0, In which 
"Equation, becauſe the indeterminate quantities x and y ariſe only 
to two Dimenſions, it ſhews that the Curve deſcribed by the point 
C is a Conic Section. | | 

M. You have therefore ſolved the Problem in general, but you ſhould 
mw apply your Solution to the ſeveral ſpecies of Conic Sections in par- 
ticular. S. That may eafily be done in the following manner: 


Make — = 2þ, and then the foregoing Equation will be- 


come fcy* == 2foxy wm demy — bdx* + bam = 0, and by ex- 
77 F 5 25 tracting 


— 


and IN PIN ITR SERTES. 
5 a i d 
7 the Square - root it will be 9 == bz wb = IR 
22 — 2 —.— e e, it 1 I 
pr AN TTT. Now here it is plain, 
Þþ 


4 . . a 
that if the Term Fx were abſent, or if F + o, or 


B=— Z 3 that is, if the quantity E (changing its ſign) ſhould 
be equal to 5 „then the Curve would be a Parabola. But if the 
ſame Term were preſent, and equal to ſome affirmative quantity, 
that is, if 5 + 2 be affirmative, (which will always be when 


44; 3 , 
7 is affirmative, or if it be negative and leſs than Z 9 the Curve 


. F 

will be an Hyperbola. Laſtly, if the ſame Term were preſent and 
negative, (which can only be when 2 is negative, and greater than 
z) the Curve will be an Ellipſis or a Circle. 


yy I ſhould make an apology to the Reader, for this Digreſſion 
from the Method of Fluxions, if I did not hope it might contribute 
to his entertainment at leaſt, if not to his improvement. And I am 
fully convinced by experience, that whoever ſhall go through the 

reſt of our Author's curious Problems, in the ſame manner, (where- 
in, according to his uſual brevity, he has left many things to be 
ſupply'd by the fagacity of his Reader,) or ſuch other 2 
and Mathematical Diſquiſitions, whether Ar ithmetical, Algebraical, 
Geometrical, &c. as may eaſily be collected from Books treating 
on theſe Subjects; I ſay, whoever ſhall do this after the foregoing 
manner, will find it a very agreeable as well as profitable exerciſe : 
As being the proper means to acquire a habit of Inveſtigation, or 
of arguing ſurely, methodically, and Analytically, even in other 
Sciences as well as ſuch as are purely Mathematical ; which is the 


great end to be aim'd at by theſe Studies. 


ae 
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— 


Sgr. VII. The Concluſion; containing a ſhort recapitu- 
lation or review of the whole. 


TL TE are now arrived at a period, which may properly enough 
be call'd the concluſion of the Method of Fluxions and Infinite 
Series; for the deſign of this Method is to teach the nature of Series 
in general, and of Fluxions and Fluents, what they are, how they 
are derived, and what Operations they may undergo ; which deſign 
(I think) may now be ſaid to be accompliſh'd. As to the applica- 
tion of this Method, and the uſes of theſe Operations, which is all 
that now remains, we ſhall find them inſiſted on at large by the 
Author in the curious Geometrical Problems that follow. For the 
whole that can be done, either by Series or by Fluxions, may eaſily 
be reduced to the Reſolution of Equations, either Algebraical ar 
Fluxional, as it has been already deliver'd, and will be farther ap- 
ply'd and purſued in the ſequel. I have continued my Annotations 
in a like manner upon that part of the Work, and intended to have 
added them here; but finding the matter to grow ſo faſt under my 
hands, and ſeeing how impoſſible it was to do it juſtice within 
ſuch narrow limits, and alſo perceiving this work was already grown 
to a competent ſize; I reſolved to lay it before the Mathematical 
Reader unfiniſh'd as it is, reſerving the completion of it to a future 
opportunity, if IT fhall find my preſent attempts-to prove acceptable. 
Therefore all that remains to be done here is this, to make a kind 
of review of what has been hitherto deliver'd, and to give a ſum- 
mary account of it, in order to acquit myſelf of a Promiſe I made 
in'the Preface. And having there done this already, as to the Au- 
thor's part-of the work, 1 ſhall now only make a ſhort recapitula- 
tion of what 1s contain'd in my own Comment upon it. 

And firſt in my Annotations upon what J call the Introduction, 
or the Reſolution of Equations by infinite Series, I have amply pur- 
ſued a uſeful hint given us by the Author, that Arithmetick and 
Algebra are but one and the ſame Science, and bear a ſtrict analogy 
to each other, both in their Notation and Operations; the firſt com- 
puting after a definite and particular manner, the latter after a ge- 
neral and indefinite manner : So that both together compoſe but 
one uniform Science of Computation. For as in common Arith- 
metick we reckon by the Root Ter, and the ſeveral Powers of that 
Root; ſo in Algebra, or Analyticks, when the Terms are orderly 
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diſpos'd as is preſcribed, we reckon by any other Root and its 
Powers, or we may take any general Number for the Root of our 
Arithmetical Scale, by which to expreſs and compute any Numbers 
required. And as in common Arithmetick we approximate continually 
to the truth, by admitting Decimal Parts i infinitum, or by the 
uſe of Decimal Fractions, which are compoſed of the reciprocal 
Powers of the Root Ten; ſo in our Author's improved Algebra, or in 
the Method of infinite . converging Series, we may continually ap- 
proximate to the Number or Quantity required, by an orderly ſuc- 
ceſſion of Fractions, which are compoſed of the reciprocal Powers 
of any Root in general. And the known Operations in common 
Arithmetick, having a due regard to Analogy, will generally afford 
us proper patterns and ſpecimens, for performing the like Operations 
in this Univerſal Arithmetick. | 

Hence I proceed to make ſome Inquiries into the nature and 
formation of infinite Series in general, and particularly into their 
two principal circumſtances of Convergency and Divergency ; where- 
in I attempt to ſhew, that in all ſuch Series, whether converging 


or diverging, there is always a Supplement, which if not expreſs d is 


however to be underſtood ; which Supplement, when it can be af- 
certained and admitted, will render 12 Series finite, perfect, and 
accurate. That in diverging Series this Supplement muſt indiſpen- 
ſably be admitted and exhibited, or otherwiſe the Concluſion will be 
imperfect and erroneous. But in converging Series this Supplement 
may be neglected, becauſe it continually diminiſhes with the Terms 
of the Series, and finally becomes leſs than any aſſignable quantity. 
And hence ariſes the benefit and conveniency of infinite converging 
Series; that whereas that Supplement is commonly ſo implicated and 
entangled with the Terms of the Series, as often to be impoſſible to 
be extricated and exhibited ; in converging Series it may fafely be neg- 
lected, and yet we ſhall continually approximate to the quantity re- 
quired, And of this I produce a variety of Inſtances, in numerical 
and other Series. 

I then go on to ſhew the Operations, by which infinite Series are 
either produced, or which, when produced, they may occaſionally 
undergo. As firſt when fimple ſpecious Equations, or pure Powers, 


are to be reſolved into ſuch Series, whether by Divifion, or by Ex- 


traction of Roots; where I take notice of the uſe of the afore-men- 
tion'd Supplement, by which Series may be render'd finite, that 1s, 
may be compared with other quantities, which are conſider'd as 
given, I then deduce ſeveral uſeful Theorems, or other — 
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for the more expeditious Multiplication, Diviſion, Involution, and 
Evolution of infinite Series, by which they may be eaſily and rea- 
dily managed in all caſes. Then I ſhew the uſe of theſe in pure 
Equations, or Extractions; from whence I take occaſion to intro- 
duce a new praxis of Reſolution, which, I believe will be found 
to be very eaſy, natural, and general, and which is afterwards ap- 
ply'd to all ſpecies of Equations. 

Then I go on with our Author to the Exegeſis numeroſa, or to 
the Solution of affected Equations in Numbers; where we ſhall find 
his Method to be the ſame that has been publiſh'd more than once in 
other of his pieces, to be very ſhort, neat, and elegant, and was a great 
Improvement at the time of its firſt publication, This Method is 
here farther explain'd, and upon the ſame Principles a general Theo- 
rem is form'd, and diſtributed into ſeveral ſubordinate Caſes, by 
which the Root of any Numerical Equation, whether pure or af- 
fected, may be computed with great exactneſs and facility. 

From Numeral we paſs on to the Reſolution of Literal or Speci- 
ous affected Equations by infinite Series; in which the firſt and chief 
difficulty to be overcome, conſiſts in determining the forms of the 
ſeveral Series that will ariſe, and in finding their initial Approxima- 
tions. Theſe circumſtances will depend upon. ſuch Powers of the 
Relate and Correlate Quantities, with their Coefficients, as may hap- 
pen to be found promiſcuouſly in the given Equation. Therefore 
the Terms of this Equation are to be diſpoſed in longum & in latum, 
or at leaſt the Indices of thoſe Powers, according to a combined 
Arithmetical Progreſſion in plano, as is there explain'd ; or according 
to our Author's ingenious Artifice of the Parallelogram and Ruler, 
the reaſon and foundation of which are here fully laid open, This 
will determine all the caſes of exterior Terms, together with the 
Progreſſions of the Indices; and therefore all the forms of the ſe- 
veral Series that may be derived for the Root, as alſo their initial 
Coefficients, Terms, or Approximations. | 

We then farther proſecute the Reſolution of Specious Equations, 
by diverſe Methods of Analyſis ; or we give a great variety of Pro- 
ceſſes, by which the Series for the Roots are eaſily produced to any 
number of Terms required. Theſe Proceſſes are generally very ſim- 
ple, and depend chiefly upon the Theorems before deliver'd, for 
finding the 'Terms of any Power or Root of an infinite Series. And 
the + A is illuſtrated and exemplify'd by a great variety of In- 
ſtances, which are chiefly thoſe of our Author. 
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The Method of infinite Series being thus ſufficiently diſcuſs'd, 
we make a Tranſition to the Method of Fluxions, wherein the na- 
ture and foundation of that Method is explain'd at large. And ſome 
general Obſervations are made, chiefly from the Science of Rational 
Mechanicks, by which the whole Method is divided and diſtinguiſh'd 
into its two grand Branches or Problems, which are the Direct 
and Inverſe Methods of Fluxions. And ſome preparatory Nota- 
2 are deliver d and explain'd, which equally concern both theſe Me- 
thods. 

I then proceed with my Annotations upon the Author's firſt Pro- 
blem, or the Relation of the flowing Quantities being given, to de- 
termine the Relation of their Fluxions. I treat here concerning 


Fluxions of the firſt order, and the method of deducing their Equa- 


tions in all caſes. 1 explain our Author's way of taking the Fluxions 


of any given Equation, which is much more general and ſcientifick 
than that which is uſually follow'd, and extends to all the varieties 
of Solutions. This is alſo apply d to Equations involving ſeveral 
flowing Quantities, by which means it likewiſe comprehends thoſe 
caſes, in which either compound, irrational, or mechanical Quan- 
tities may be included. But the Demonſtration of Fluxions, and 
of the Method of taking them, is the chief thing to be conſider' d 
here; which I have endeavour'd to make as clear, explicite, and ſa- 
tisfactory as I was able, and to remove the. difficulties and objections 
that have been raiſed againſt it: But with what ſucceſs I mult leave 
to the judgment of others. | 
I then treat concerning Fluxions of ſuperior orders, and give the 
Method of deriving their Equations, with its Demonſtration. For 
tho' our Author, in this 'Treatiſe, does not expreſſly mention theſe 
orders of Fluxions, yet he has ſometimes recourſe to them, tho' ta- 
citely and indirectly. I have here ſhewn, that they are a neceſſary 
reſult from the nature and notion of firſt Fluxions; and that 
all theſe ſeveral orders differ from each other, not abſolutely 
and eſſentially, but only relatively and by way of compariſon. 
And this I prove as well from Geometry as from Analyticks ; 
and I actually exhibit and make ſenſible theſe ſeveral orders of 
Fluxions. 

But more eſpecially in what I call the Geometrical and Mechani- 
cal Elements of Fluxions, I lay open a general Method, by the help 
of Curve-lines and their Tangents, to repreſent and exhibit Fluxions 


and Fluents in all caſes, with all their concomitant Symptoms and 
Affections, 
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Affections, after a plain and familiar manner, and that even to ocular 
view and inſpection. And thus I make them the Objects of Senſe, 
by which not only their exiſtence is proved beyond all poſſible con- 
tradition, but alſo the Method of deriving them is at the ſame time 
fully evinced, verified, and illuſtrated. | | 

Then fojlow my Annotations upon our Author's ſecond Problem, 
or the Relation of the Fluxions being given, to determine the Re- 
lation of the flowing Quantities or Fluents ; which is the ſame thing 
as the Inverſe Method of Fluxions. And firſt I explain (what our 
Author calls) a particular Solution of this Problem, becauſe it cannot 
be generally apply'd, but takes place only in ſuch Fluxional Equa- 
tions as have been, or at leaſt might have been, previouſly derived 
from ſome finite Algebraical or Fluential Equations. Whereas the 
Fluxional Equations that uſually occur, and whoſe Fluents or Roots 
are required, are commonly ſuch as, by reaſon of Terms either re- 
dundant or deficient, cannot be reſolved by this particular Solution ; 
but muſt be refer'd to the following general Solution, which is here 
diſtributed into theſe three Caſes of Equations. 

The firſt Caſe of Equations is, when the Ratio of the Fluxions 
of the Relate and Correlate Quantities, (which Terms are here ex- 
plain'd,) can be exprefs'd by the Terms of the Correlate Quantity 
alone; in which Caſe the Root will be obtain'd by an eaſy pro- 
ceſs: In finite Terms, when it may be done, or at leaſt by an 
infinite Series. And here a uſeful Rule is explain'd, by which 
an infinite Expreſſion may be always avoided in the Conclufion, 
which otherwiſe would often occur, and render the Solution inexpli- 
cable. 

The ſecond Caſe of Equations comprehends ſuch Fluxional Equa- 
tions, wherein the Powers of the Relate and Correlate Quantities, 
with their Fluxions, are any how involved. Tho' this Caſe is much 
more operoſe than the former, yet it is ſolved by a variety of eaſy 
and fimple Analyſes, (more ſimple and expeditious, I think, than 
thoſe of our Author,) and is illuſtrated by a numerous collection of 
Examples. 2; | 

The third and laſt Caſe of Fluxional Equations is, when there are 
more than two Fluents and their Fluxions involved; which Caſe, 
without much trouble, 1s reduced to the two former. But here are 
alſo explain'd ſome other matters, farther to illuſtrate this Doctrine; 
as the Author's Demonſtration of the Inverſe Method of Fluxions, 
the Rationale of the 'Tranſmutation of the Origin of Fluents to other 
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places at pleaſure, the way of finding the contemporaneous Incre- 


ments of Fluents, and ſuch like. 

Then to conclude the Method of Fluxions, a very convenient and 
general Method is propoſed and explain'd, for the Reſolution of all 
kinds of Equations, Algebraical or Fluxional, by having recourſe 
to ſuperior orders of Fluxions. This Method indeed is not con- 
tain'd in our Author's preſent Work, but is contrived in purſu- 
ance of a notable hint he gives us, in another part of his Writings. 
And this Method is exemplify'd by ſeveral curious and uſeful Pro- 
blems. | 

Laſtly, by way of Supplement or Appendix, ſome Terms in the 
Mathematical Language are farther explain'd, which frequently oc- 
cur in the foregoing work, and which it is very neceſſary to appre- 
hend rightly. And a ſort of Analytical Praxis is adjoin'd to this 
_ Explanation, to make it the more plain and intelligible ; in which is 
exhibited a more direct and methodical way of reſolving ſuch Alge- 


braical or Geometrical Problems as are uſually propoſed ; or an at- 


tempt is made, to teach us to argue more cloſely, diſtinctly, and Ana- 
lytically. , 
And this is chiefly the ſubſtance of my Comment upon this part 
of our Author's work, in which my conduct has always been, to 
endeavour to digeſt and explain every thing in the moſt direct and 
natural order, and to derive it from the moſt immediate and genuine 
Principles. I have always put myſelf in the place of a Learner, and 
have endeavour'd to make ſuch Explanations, or to form this into ſuch 
an Inſtitution of Fluxions and infinite Series, as I imagined would 
have been uſeſul and acceptable to myſelf, at the time when I firſt 
enter'd upon theſe Speculations. Matters of a trite and eaſy nature 
I -have -paſs'd over with a ſlight animadverfion : But in things of more 
novelty, or greater difficulty, I have always thought myſelf obliged 
to be more copious and explicite ; and am conſcious to myſelf, that 
I have every where proceeded cum ſincero animo docendi. Wherever 
I have fallen ſhort of this deſign, it ſhould not be imputed to any 
want of care or good intentions, but rather to the want of {kill, or 
to the abſtruſe nature of the ſubject. I ſhall be glad to ſee my de- 
feats ſupply'd by abler hands, and ſhall always be willing and thank- 
ful to be better inſtructed. | 
What perhaps will give the greateſt difficulty, and may furniſh 
moſt matter of objection, as IJ apprehend, will be the Explanations 
before given, of Moments, vaniſhing quantities, infinitely little quan- 
z1lies, 
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ities, and the like, which our Author makes uſe of in this Treatiſe, 
and elſewhere, for deducing and demonſtrating his Method of Fluxions. 


I ſhall therefore here add a word or two to my foregoing Explana- 


tions, in hopes farther to clear up this matter. And this ſeems to 
be the more neceſſary, becauſe many difficulties have been already 
ſtarted about the abſtrat nature of theſe quantities, and by what 
name they ought to be call'd, It has even been pretended, that they 
are utterly impoſſible, inconceiveable, and unintelligible, and it may 
therefore be thought to follow, that the Concluſions derived by their 
means muſt be precarious at leaſt, if not erroneous and impoſſible. 

Now to remove this difficulty it ſhould be obſerved, that the only 
Symbol made uſe of by our Author to denote theſe quantities, is the 
letter o, either by itſelf, or affected by ſome Coefficient. But this 
Symbol o at firſt repreſents a finite and ordinary quantity, which 
muſt be underſtood to diminiſh continually, and as it were by local 
Motion ; till after ſome certain time it is quite exhauſted, and termi- 
nates in mere nothing. This is ſurely a very intelligible Notion. 
But to go on, In its approach towards nothing, and juſt before it 
becomes abſolute nothing, or is quite exhauſted, it muſt neceſſarily 
paſs through vaniſhing quantities of all proportions. For it cannot 
paſs from being an aſſignable quantity to nothing at once; that were 
to proceed per ſaltum, and not continually, which is contrary to the 
Suppoſition. While it is an aſſignable quantity, tho' ever ſo little, 
it is not yet the exact truth, in geometrical rigor, but only an Ap- 
proximation to it; and to be accurately true, it muſt be leſs than 
any aſſignable quantity whatſoever, that is, it muſt be a vaniſhing 
quantity. Therefore the Conception of a Moment, or vaniſhing 
quantity, muſt be admitted as a rational Notion. 

But it has been pretended, that the Mind cannot conceive quan- 
tity to be fo far diminiſh'd, and ſuch quantities as theſe are repre- 
ſented as impoſſible. Now I cannot perceive, even if this impoſſi- 
bility were granted, that the Argumentation would be at all affected 
by it, or that the Concluſions would be the leſs certain. The im- 
poſſibility of Conception may ariſe from the narrowneſs and imper- 
fection of our Faculties, and not from any inconſiſtency in the na- 
ture of the thing. So that we need not be very ſolicitious about 
the poſitive nature of theſe quantities, which are ſo volatile, ſub- 
tile, and fugitive, as to eſcape our Imagination; nor need we be 
much in pain, by what name they are to be call'd; but we may 
confine ourſelves wholly to the ufe of them, and to diſcover their 

properties. 
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properties. They are not introduced for their own fakes, but only 
as ſo many intermediate ſteps, to bring us to the knowledge of other 
quantities, which are real, intelligible, and required to be known. 
It is ſufficient that we arrive at them by a regular progreſs of di- 
minution, and by a juſt and neceſſary way of reaſoning ; and that 
they are afterwards duly eliminated, and leave us intelligible and 
indubitable Concluſions. For this will always be the eonſequence, 
let the media of ratiocination be what they will, when we argue 
according to the ſtrict Rules of Art. And it is a very common 
thing in Geometry, to make impoſſible and abſurd Suppoſitions, 
which is the fame thing as to introduce impoſſible quantities, and 
by their means to diſcover truth. | 

We have an inſtance ſimilar to this, in another ſpecies of Quan- 
tities, which, though as inconceiveable and as impoſſible as theſe 
can be, yet when they ariſe in Computations, they do not affect 
the Concluſion with their impoſſibility, except when they ought 
ſo to do; but when they are duly eliminated, by juſt Methods of 
Reduction, the Concluſion always remains ſound and good. Theſe 
Quantities are thoſe Quadratick Surds, which are diſtinguiſh'd by 
the name of impoſſible and imaginary Quantities ; ſuch as / — 1, 
222, = 3, - 4, &c. For they import, that a quantity or 
number is to be found, which multiply'd by itſelf ſhall produce a 
negative quantity; which is manifeſtly impoſſible. And yet theſe 
quantities have all varieties of en to one another, as thoſe 
aforegoing are proportional to the poſſible and intelligible numbers 
1, Hz, V3, 2, &c. reſpectively; and when they ariſe in Compu- 
tations, and are regularly eliminated and excluded, they always leave 
a juſt and good Concluſion. 5 | 

Thus, for Example, if we had the Cubick Equation x* — 12x* 
+ 41x — 42 o, from whence we were to extract the Root x; 
by proceeding according to Rule, we ſhould have this ſurd Ex- 
preſſion for the Root, x = 4+ y3 + / = LVZ  —222, 
in which the impoſſible quantity / — 522 is involved; and 
yet this Expreſſion ought not to be rejected as abſurd and uſeleſs, 
becauſe, by a due Reduction, we may derive the true Roots of 
the Equation from it. For when the Cubick Root of the firſt vin- 
culum is rightly extracted, it will be found to be the impoſſible 
Number — 1＋ /— +, as may appear by cubing; and when the 
Cubick Root of the ſecond vinculum is extracted, it will be found 
to be m1 —/— +. Then by collecting theſe Numbers, the 
| X Xx im- 
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impoſſibie Number / 4 will be eliminated, and the Root of 
the Equation will be found x = 4 -— 1 — 1 = 2. = 
Or the Cubick Root of the firſt vinculum will alſo be 5 + — E;, 
as may likewiſe appear by Involution; and of the ſecond vincu- 
lum it will be — SJ — r. So that another of the Roots of 
the given Equation will be x=4 +4 +4 = 7. Or the Cu- 
bick Root of the ſame firſt vinculum will be — 4 — — 25; 
and of the ſecond will be — 2 + J/— 25. So that the third 
Root of the given Equation will be x = 4 — 2 — 2 = 3. And 
in like manner in all other Cubick Equations, when the ſurd vin- 
cula include an impoſſible quantity, by extracting the Cubick 
Roots, and then by collecting, the impoſſible parts will be exclu- 
ded, and the three Roots of the Equation will be found, which 
will always be poſſible. But when the aforeſaid ſurd vincula do not 
include an impoſſible quantity, then by Extraction one poſſible 
Root only will be found, and an impoſlibility will affect the other 
two Roots, or. will remain (as it ought) in the Concluſion. 
And a like judgment may be made of higher degrees of Equa- 
tions. | ty + 1 | 
So that theſe impoſſible quantities, in all theſe and many other 
inſtances that might be produced, are fo far from infecting er de- 
ſtroying the truth of theſe Concluſions, that they are the neceſſary 
means and helps of diſcovering it. And why may we not conclude 
the fame of that other ſpecies of impoſlible quantities, if they muſt 
needs be thought and call'd ſo? Surely it may be allow'd, that 
if theſe Moments and infinitely little Quantities are to be eſteem'd 
a kind of impoſſible Quantities, yet nevertheleſs they may be made 
uſeful, they may aſſiſt us, by a juſt way of Argumentation, in find- 
ing the Relations of Velocities, or Fluxions, or other poſſible Quan- 
tities required. And finally, being themſelves duly eliminated and 
excluded, they may leave us finite, poſſible, and intelligible Equa- 
tions, or Relations of Quantities, | 
Therefore the admitting and retaining theſe Quantities, how- 
ever impoſſible they may ſeem to be, the inveſtigating their Pro- 
perties with our utmoſt induſtry, and applying thoſe Properties to 
uſe whenever occaſion offers, is only keeping within the Rules of 
Reaſon and Analogy ; and is alſo following the Example of our 
fagacious aud illuſtrious Author, who of all others has the greateſt 
right to be our Precedent in theſe matters. Tis enlarging the num- 
ber of general Principles and Methods, which will always greatly 
- con- 
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contribute to the Advancement of true Science. In ſhort, it will 
enable us to make a much greater progreſs and proficience, than 
we otherwiſe can do, in cultivating and improving what I have elſe- 
where call'd The Philoſophy of Quantity. 
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